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Bakerian Lecture 

The structure, function and synthesis of polysaccharides 

By W. N. Haworth, F.R.S. 

{Received 31 July 1945. Delivered 15 June 1944) 

Cellulose is probably the most abundant organic compound occurring in nature, 
where it plays an all-important role in buildiug up the skeletal framework of the 
plant cell wall. The accepted molecular structure of cellulose represented as re¬ 
peating units of cellobiose was derived by chemical methods which I have pre¬ 
viously summarized (Haworth 1939 ), and the constitution so assigned has received 
support in a remarkable way by the X-ray studies of Sponsler and Dore and of 
Meyer and Mark. The skeleton chain of cellulose can be illustrated by the model 
shown in $gure 1 , where four yS-glucopyranose units are assembled side by side, 
such an arrangement being repeated many times to give a long extended chain 
structure. The arrangement is perfectly symmetrical since the hexagons are linked 
through the 1 :4-positions, and the side chains, representing the primary alcohol 
groups at Cg of the glucose residues, lie alternately above and below the axis of 
the main chain. In this representation each alternate hexose is rotated through 
180° so that deviation from the linear structure is almost completely obviated. The 
constitution is in keeping with the fact that cellulose occurs in fibrous form and is 
highly resistant to solvent action and to chemical attack. It is suggested that there 
are possibly some infrequent points of bondiag between adjoining chains to provide 
a kind of cross-linkage. 



Figtjbb 1 

It will be apparent from the above model that the constitution of cellobiose is 
the important factor in deciding the structure of cellulose, and this crystalline 
disaccharide can readily be obtained from it by acetolysis methods. It has been 
my endeavour to support the constitutional studies of this fundamental repeating 


Vol. 186. A. (4 June) 


[ 1 ] 


I 



2 


W. N- Haworth 


unit by simple direct synthesis, a result which has now been attained by three of 
my colleagues (Stacey, Smith & Gilbert 1944 ). The sodio-derivative of 1:2:3:6- 
tetra-acetyl glucopyranose was condensed with a-acetobromo-glucose (figure 2 ) 
in the liquid state, thereby forming crystalline octa-acetyl cellobiose which could 
be smoothly de-acetylated to cellobiose. An earlier and ingenious synthesis of 
cellobiose had been reported (Haskins, Hann & Hudson 1942 ); but that which I 
have outlined above is the more direct, and both syntheses furnish a convincing 
proof of its constitution and of its recognition as glucopyranose-1:4-/?-gluco- 
pyranose. A notable synthesis of cellulose from glucose, using the micro-organism 
Acetobacter Xylinum, has been achieved by Hibbert ( 1931 ). 


tetra-acetyl 

CHaOAc 
— 0 ^ 



HBr 


4-sodio derivative of 
tetra-acetyl glucose 

CHgOAc 

-0. 



AcO 



Starch,, which functions as a food reserve in plants, and glycogen, an energy 
source in animals, contain the disaccharide maltose as a repeating unit corre¬ 
sponding to the repeating unit of cellobiose in cellulose. Maltose and cellobiose 
are identical in structure but not in configuration, maltose being gluoopjnranose- 
1 : 4 -a-glucop 37 ranose. Natural starch, prepared from a variety of sources, contains 
two different polysaccharides, namely, amylose (20 %) which gives a deep blue 
coloration with iodine, and amylopectin (80 %), giving a reddish coloration under 
the same conditions of test. Various methods are available for the separation of 
these two components, a suitable one being the butyl alcohol fractionation devised 
by Schoch ( 1943 ); but new and less complex methods of separation have recently 
been devised by my co-workers. It is now, indeed, a comparatively simple pro- 
^dure to obtain either component in the pure state. As already described, amylose 
is a long-chain component (Hassid & McCready i943)> 'W'hile amylopectin consists 
of highly aggregated or branched short chains, a comparison of their properties 
bdng shown in the table (figure 3) firom a publication by R. W. Kerr. 
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straight-chain amylose branched-chain amylopectin 

solubility in HgO originally soluble as isolated soluble after separation from 

amylose 

colloidal stability - spontaneously precipitates from very stable in 5 % solutions 

solution >0*5 % 

gel properties 5 % solution sets quickly to tough, form soft gels which redis- 

irreversible gels solve 

viscosity (dilute lower, but enormous increase with higher, simple function of 

solution) concentration concentration 

protective colloid low, negative at high concentration high 

effect (clay) 

iodine colour blue reddish purple 

enzymes: 

(1) liquefying (a- attacked very slowly. Retrogrades readily converted to lower 

amylases) . and is then resistant dextrins 

(2) saccharifying readily converted 95-1.00 % to mal- converts 52 % to maltose, 

{y?-amylase) tose at low substrate concentra- 48 % to soluble dextrin 

tion. At high concentration retro- (dextrin-A) 

grades to resistant form 

estimated moLwt 35,000 (200 glucose units) 350,000 (2000 glucose units) 

Figxjbe 3. Comparison of com amylopectin and amylose. (From Rerr 1942 .) 

An outstanding achievement of recent years has been the study of the enzyme 
systems concerned in the orderly breakdown of starch to glucose-1-phosphate and 
the resynthesis of amylose from this product by the same agency (Hanes 1940 ). 
This has revealed the mechanism of the biological synthesis of a starch poly¬ 
saccharide from glucose. Synthetic amyloses produced from glucose-1-phosphate 
by the potato phosphorylase of Hanes and by the muscle phosphorylase of Cori & 
Cori ( 1939 ) have properties remarkably similar to those of natural amylose. They 
are completely hydrolysed to maltose by the agency of yff-amylase and their 
molecular structure (Haworth, Heath & Peat 1942 ) can be represented by a chain 
of more than 100 a-glucopyranose members linked as in maltose at the 1:4 positions, 
a portion of such a chain being portrayed in figure 4. It is possible that the chain 
exists in the form of a helical structure of the type modified by Hanes ( 1937 ) 
(figure 5) from my own studies of the geometric arrangements of six glucopyranose 
residues which close to form a ring. (This closed ring formula probably represents 
one of the Schardinger dextrins.) Such a hehcal structure is also envisaged for the 
starch-iodine complex (Rundle & French 1943 ), where each iodine molecule occupies 
the interior of one coil made up of six glucopyranose members in the continuing 
convolution of the helix. Under certain experimental conditions the spiral may 
uncoil to give an extended chain structure. 

Sharply distinguished from amylose is the major component of starch: amylo¬ 
pectin. As an approximation to the structure of amylopectin we have evolved the 


1-3 



4 


W. N. Haworth 

concept of a branched chain or laminated formula. In this the short basal chain, 
which is the repeating unit, consists of twenty glucose members linked together 
as in figure 4 , these chains being joined in the manner shown diagrammatically 
in figure 6 , where the arrow-heads represent the polymeric linkages. The nature 
of these linkages is not yet fully understood, but there is reasonable evidence to 
show that primary valencies are involved and that these are of the 1 : 6 -glucosidic 
type. 



Figure 5. A, hexagonal arrangement of six a-linked glucop 37 ranose units (Sachse conformation) 
modified after Haworth ( 1939 ). B, hypothetical spiral model of a-linked chain of 30 glucose 
units, showing possible mode of combination with a-malt-amylase. 

(Taken from a publication by G. S. Hanes in The New Phytologist, 1937, 36, 231.) 


starch (and glycogen) 


Figure 6 

The laminated structure serves well to explain certain facts concerning the 
amylolytic degradation of amylopectin (Haworth, Kitchen & Peat 1943 ) (figure 7 ). 
Under the action of y?-amylase this component of starch yields maltose and a limit 
dextrin, *dextrin-A^, which is not further attacked by yff-amylase until it has been 
* sensitized’ by brief contact with salivary amylase. Thereafter the action of 
^-amylase continues until a second resting stage is reached, giving ‘dextrin-B’, 
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This dextrin-B is not attacked by ^-amylase even after sensitization with saliva, 
but it is attacked by longer contact with salivary amylase, giving maltose and a 
" dextrin-C The latter is slowly hydrolysed by pancreatic amylase to ' dextrin-D \ 
The lengths of the branching chains in dextrins B, C, D are 7-8, 5-6, and 4-5 
glucose members respectively. It seems clear that the impediment to jff-amylase 
action is represented by the polymeric linkages mentioned above. Further, the 
polymeric linkages are broken by a yeast glucosidase (Meyer 1940 ) and by an 
enzymic constituent of saliva and of malt a-amylase. It has been postulated that 
by some as yet unrecognized agency the liberated chains immediately recombine 
wdth the formation of new polymeric linkages having a different orientation in the 
respective chains (figure 8 ). This may conceivably be effected by a "Q’-enzyme 
of the type mentioned below. 

Glycogen has many relationships to starch. It gives rise to maltose by enzymic 
action and its structure is represented by a chain of twelve a-gluoop 3 rranose mem¬ 
bers united by lateral linkages to form a laminated structure similar to that of 
amylopectin. Thus in figure 6 (above) the curved lines indicate the limits of shorter 



sensitized 

dextrin-A 




Fiourb 7. Degradation of starch by amylases. 
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glycogen chains. Although composed of shorter chain units, glycogen has a mole¬ 
cular weight of from one to two millions, higher than that of starch. It gives a 
reddish or orange coloration with iodine. Neither starch nor glycogen has the 
complete symmetry of structure exhibited by cellulose. 

acid-solubilized starch 


i 

amylopectin 
(80 % of starch) 
(chain-length, 22-24) 

amylose 

(20 % of starch) 

;(?-amylase 

)^-amylase 

dextrin-A 

(50 % of amylopectin) 
(chain-length, 11-12) 

4 ''' 

maltose 

salivary 

amylase 


‘sensitized’ dextrin-A 


yff-amylase 



^ 'I' 

dextrin-B maltose 

(60 % of dextrin-A) 

(chain-length, 7-8) 

FiGtJBB 8 

The mechanism of the synthesis of a starch polysaccharide by enzymes is of 
absorbing interest. It is emphasized that these synthetic products prepared in 
vitro reveal that they are very similar to amylose. There are, however, indications 
that other polysaccharides closely related to glycogen can be synthesized by a liver 
extract which contains phosphorylases. Latterly, the endeavour in my laboratory 
to achieve the synthesis of both components of natural starch has given reasonable 
proof of the synthesis of amylopectin by another agent described as the Q 
enzyme to be found in potato. The product obtained by Bourne, Haworth & 
Peat ( 1944 ) has been studied in some detail and has many properties in common 
with amylopectin (figure 9). Its repeating chain-unit is composed of twenty a- 
glucopjuranose members, and the polysaccharide behaves towards yff-amylase 
exactly as does amylopectin. 

Con and his colleagues, who have devoted much care to the study of animal 
phosphorylases, have obtained muscle phosphorylase in crystalline form. It is of 
singular interest that this enzyme requires the nucleotide adenylic acid as a co¬ 
enzyme, and the effect on the substrate, glucose- 1 -phosphate, is the production of 
an amylose. Liver phosphorylase appears to synthesize a product more closely 
resembling glycogen. 
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The importance of hexose phosphates in carbohydrate metabolism has long been 
known, and their significance as substrates for polysaccharide formation is apparent. 
Other sugar phosphates, e.g. ribose phosphates, present in nucleic acids and co¬ 
enzymes, are of high biological significance, and different substituent groups, such 
as sulphate, may also play important roles in biological synthesis (see figure 10 ). 
Indeed, Jones & Peat have made an interesting speculation on the part played by 
galactose- 1 -sulphate in the formation of the polygalactose, agar-agar. The structure 
of this constituent of a seaweed, of value in bacteriology and industry, has been 
worked out by Percival and by Peat and their co-workers (Percival and co-workers 
1937 , 1939 ; Jones & Peat 1942 ). 


whole starch 


amylose 

y^-amylase 

maltose 


amylopectin 

y?-amylase 

Y 

maltose and 
dextrin-A 


whole starch 


(HPO 7 “)+P-enzyme (phosphorylase) 
glucose- 1 -phosphate 


P-enzjnne 

4 - 

amylose -I- H 3 PO 4 
(blue-staining) 


Q-enzyme 

4 ^ 

polysaccharide -f H 3 PO 4 
(red-staming) 


amylopectin 

Figube 9 



Glucose -1 -phosphate 



Galactose -1 -sulphate 



(OHlaOP.O HO 
Ribofuranose-3-phosphate 



Galactose- 6 -sulphate 


Figxtbb 10 
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Almost every type of micro-organism possesses enzjme systems which can syn¬ 
thesize polysaccharides, although little is known of these enzymes or of the sub¬ 
strates they utilize. The polysaccharides may act as a cell food reserve, they may 
form cell-building material, or they may have the function of a protective cell 
capsule where the filmy outer layer consists of the capsular polysaccharide. When 
isolated by cautious methods most bacterial polysaccharides possess highly specific 
physiological properties; they contain hexuronic acids and amino-sugars as con¬ 
stituent units. The nature of the bacterial capsular substance is best exemplified 
in the Pneumococcus group. An extended study initiated by the discoveries of 
Avery and Heidelberger at the Rockefeller Institute, and occupying more than 
two decades, has resulted in the diiBFerentiation of about forty different types of 
Pneumococcus. The distinction between each type is measured by serological 
methods and is due to differences in the chemical composition of the capsular 
polysaccharide. The properties of a few of these polysaccharides are illustrated in 
figure 11 . Of these the type III polysaccharide has been subjected to thorough 
structural investigation by W. F. Goebel and his colleagues, who have represented 
the constitution as that of a condensed system of cellobiuronic acid umts mutually 
linked through of one glucose member with C 3 of the adjoining glucuronic acid 
member of another unit (figure 12 ). Goebel { 1936 ) was able to isolate cellobiuronic 
acid from the type III polysaccharide, and he showed the capacity of this aldo- 
bionic acid to determine serological specificity. Preparing p-aminobenzyl y?-oeUo-^ 
biuronide (figure 13), he coupled this by means of the diazo-reaction with normal 
horse-serum globulin. Using the complex as an antigen (Goebel 194 ^) showed 
that it could confer active and passive immunity on mice not only against type III 
pneumococcal infection but against types I and II infections as well. 

Since degraded products prepared from gum arabic give cross-reactions with 
pneumococcal antisera (Heidelberger, Avery & Goebel 1929 ), the aldobionic acid from 
this plant gum was prepared some years ago in my laboratory and its structure 
was determined (Challinor, Haworth & Hirst 1931 ). It is formulated as glucuronic 
acid- 1 ; 6 -galactopyranose and this constitution has been confirmed by synthesis 
(Hotchkiss & Goebel 1936 ). 

The hexuronic acid constituent of aldobionic acid consists simply of a hexose in 
which the primary alcohol group at O 3 has been oxidized to a carboxyl, those com¬ 
monly occurring being glucuronic acid (from plant and bacterial gums), galac- 
turonic acid (from pectin) and mannuronic acid (from alginic acid). The complexity 
of the problems confronting the chemist who is investigating the constitution of 
the gum polysaccharides is well illustrated by the constitution ultimately assigned 
to the repeating unit in gum arabic (figure 14) by my colleague. Dr F. Smith, and 
by the researches of Hirst on other plant gums. 

The relationship between serological specificity and chemical structure in the 
carbohydrate group, as shown by the reaction of pneumococcal antisera with plant 
gums and aldobionic acid (Marrack 1941 ), has received further support from the 
work of Heidelberger & Hobby ( 1942 ). These investigators showed that any oxy- 
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cellulose could react in high dilution with Pneumococcus antisera types III and 
VIII. Interesting also in this connexion is the work on the capsular polysaccharide 
from Rhizobium radicicola (Clover strain). This non-pathogenic nitrogen-fixing 
organism Kves in symbiosis with Leguminosae. Its mucilaginous capsular material, 
isolated as a thread-like substance, probably has the function of a defence mechanism 
against soil protozoa, and can readily be synthesized in artificial culture. It reacts 
in high dilution with type III Pneumococcus antiserum. Its constitutional com¬ 
ponents are shown in figure 15 and its relationship to the type III polysaccharide 
is apparent (Stacey & Schliichterer 1945 ). 

galactose—^galactose—^galactose—^galactose—^galactose—galactose 

R—^galactose galactose—^R galactose— 

1, , I . I I 

xv.—^gmcuromc glucuronic glucuronic 

acid acid—^R acid—^R 

R = arabofuranose, or rbamnop37ranose, or galactosido-arabofuranose 
Figijbe 14. Gum arabic (repeating imit). 


P-Aminobenzyl y?-cellobiuronide 



PiGxjRE 15. Rhizobium polysaccharide. 



Figube 16 


Another kind of capsular material is that produced from sucrose by smooth 
sfradM of Betacocci {Leuconostoc species) and by strains of Betabacteria, colonies 
which on agar plates have the unusual appearance shown in figure 16 (see 
Mayer 1938 ). The capsular material encrusting the colonies is composed of a poly¬ 
glucose which is described as a dextran and it possesses a high dextro-rotation. 
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The structure which has been determined for the dextrans as a class is that 
of an extended chain in which the a-glucose members are linked through the 
1: 6 -positions (figure 17) (Peat, Schluchterer & Stacey 1939 ). The dextran from 
L, deocbranicum has a chain length of c. 200 glucose units (Stacey & Daker 1939 ), 
that from BetabacL vermiforme has a shorter chain length, while that from 
L, mesenteroides prepared by Hibbert has a branched chain structure. 



Figtjbe 18 


A dextran structure has been assigned to luteose, a polyglucose produced from 
glucose by the mould Pemcillium luteum {Zukal) (Anderson, Haworth, Raistrick 
& Stacey 1939 ). In this extended chain formula (figure 18) gentiobiose (glucose- 
1 : 6 -)?-glucose) is the repeating unit. This disaccharide has recently been syn¬ 
thesized in high yield by my colleagues Stacey and Smith, who employed a method 
analogous to that outhned above for cellobiose. Dextrans have been synthesized 
directly from sucrose by means of cell-free enzymes (Hehre & Sugg 1942 ; 
Stacey 1942 ) but the mode of synthesis is not yet understood. Only the 
glucose portion of the sucrose molecule is utilized and it is not clear if phosphory¬ 
lation processes are involved. 

Amino-sugars occur widely in nature as constituents of biologically important 
polysaccharides, A typical example is the chitin of Crustacea and insects, and here 
the polysaccharide functions as a building material of great strength and stability. 

Some bacterial polysaccharides, although protein-free, have a nitrogen content 
which is often appreciable and is due entirely to the presence of amino-sugar 
constituents, usually glucosamine (figure 19). Only two naturally occurring amino- 
sugars are known; these are chitosamine or glucosamine ( 2 -amino-glucose), and 
chondrosamine ( 2 -amino-galactose) (figure 20 ). The constitution of glucosamine 
was determined by chemical methods (Haworth, Lake & Peat 1939 ) and the con¬ 
figuration of the amino-group on Cg was confirmed independently by my colleagues 
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Cox & JeflFrey ( 1939 ) who, using the X-ray method, were able to determine 
accurately the atomic positions in glucosamine hydrobromide without reference 
to previous stereochemical assumptions. The results proved that glucosamine is a 
glucose and not a mannose derivative. The decision that chondrosamine is a galac¬ 
tose and not a talose derivative has just been achieved in that it is now shown by 


polysaccharide from % nitrogen 

type I Pneumococcus 5*5 

type rV Pneumococcus 6*0 

Pneumococcus somatic (group) 5*5 

BacL dysenteriae (Shiga) 2-3 

Pact, typhosum 2-3 


Figure 19. Nitrogen content of polysaccharides of bacterial origin. 


CH2OH 



CH2QH 



2- Amino-glucose 
(glucosamine or chitoamine) 


2 -Amino -galactose 
(galactosamine or chondrosamine) 


Figure 20 


A. Mucopolysaccharides 

I. Containing uronic acid 

(a) Sulphate-free 

(1) Vitreous humour, xunbilical cord, synovial fluid, group* A haemolytic 
Streptococcus 

( 2 ) T 57 pe I Pneumococcus 

(b) Sulphate-containing 

(1) Chondroitinsulphuric acid 

(2) Mucoitinsulphuric acid (from gastric ‘mucin’ and cornea) 

(3) Heparin 

n. Neutral mucopolysaccharides of known composition 

(а) Chitin 

( б ) Gastric polysaccharide 

(c) Bacterial polysaccharides (Shiga Kruse (?), type IV Pneumococcus (?)) 

B. Glycoproteins, containing neutral mucopolysaccharides of unknown composition 

(а) Ovomucoid-a (formerly called ovomucoid) 

( б ) Ovomucoid-;^ (formerly called ovomucin) 

(c) Serum mucoid, serum glycoid 

(d) Globulins (egg white, serum, thyroglobulin) 

(e) Pregnancy urine hormbne 

C. Nitrogen-free polysaccharides 

Pneumococcus t 3 ^es 11 and III 
From non-pathogenic bacteria 
From the lower fungi 


Figure 21 
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Stacey and his co-workers to be 2-amiao-galactopyranose. It gives a series of 
derivatives analogous to those in the glucosamine series (Stacey 1944). Carbo¬ 
hydrates containing both amino-sugars and hexuronic acids, with other sub¬ 
stituents, are often found naturally in firm combination with proteins. These 
complexes have high physiological significance and constitute the muco-poly- 
saccharides and muco-proteios. A classification of them is shown in figure 21, 
which has since been modified by Stacey (1943) from the earlier classification by 
Karl Meyer (1938). 

Their physiological function is dependent upon the combination of carbohydrate 
and protein. Work on this subject by distinguished pioneers (Boivin & Mesro- 
beanu 1934; Raistriek & Topley 1934) has been continued and advanced, and from 
BacL typhosum it is possible by means of guanidine salts and other agents to 
separate the essential immunizing somatic antigen of the ceU (Haworth, Jenner, 
Stacey & Wilson 1938). As shown in figure 22 hydrolytic, breakdown of the complex 
separates a toxic from a specific component. The latter compound is a poly¬ 
saccharide composed of glucosamine, mannose and galactose units (Stacey 1939) 
but their precise mode of linking is not yet established. Similar specific poly- 


BacL typhosum cells 

guanidme 

extraction 


somatic antigen 

(toxic and actively immunizing) 

[a]x> ± 0° in NaOH, N, 12; 
P, 1; S, 1 


acetic acid 


insoluble precipitate 
(toxic) 


4 ^ 

solution 


N, 14; P, 2; S, 1% 


alcohol 


saponification specific polysaccharide ^ acetylated poly- 
(non-toxic) saccharide 


peptide 

lipoid 

desoxyribo¬ 
nucleic acid? 


la]j) +114° in HjO 
N, 2 <% 


[a]j> + 75°inCHCl3 
acetyl, 38; N, 1*8 % 


N-HCl at 100° 


y 

d-mannose 

d-galactose 

d-glucosamine 


Fiourb 22 
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saccharides exist in other orgardsms of the Salmonella group (Topley and co- 
workers 1937; Morgan 1937). The carbohydrate residues constituting the prosthetic 
groups (the function of which is unknown) in proteins have properties similar to 
the somatic bacterial polysaccharides, and they all appear to contain glucosamine 
residues. Ovomucoid from egg protein contains as much as 70 % of this consti¬ 
tuent, and the structure of this typical muco-protein has been studied in some 
detail (Stacey & Woolley 1940, 1942). AH the glucosamine units are acetylated at 
the nitrogen atom and are present as terminal residues giving the unique, highly 
branched chain structure shown in figure 23 . 

glucosamine glucosamine 

I I 

glucosamine-^mannose-^mannose-^mannose-galactose 

glucosamine glucosamine 
glucosamine glucosamine 
Figure 23. Polysaccharide of ovomucoid 

It will be seen from the table in figure 21 that some muco-polysaccharides contain 
sulphated sugar residues in addition to uronic acids and amino-sugars. Some 
interesting groupings are found in these compounds, the individual units of which 
may be regarded as types of amino-acid. From hog gastric mucin a neutral poly¬ 
saccharide having the properties of the specific Blood Group A factor has been 
shown to contain sugar components identified, in the form of their methylated 
derivatives, as ?-fucose, glucosamine, mannose and galactose. From cartilaginous 
tissue chondroitin sulphate has been prepared (Bray, Gregory & Stacey 1944). 
This complex carbohydrate, the only known source of chondrosamine, functions 
as one of the body plastics and it has been shown by Karl Meyer (1938) that it can 
form salts with proteins such as edestin to reconstitute fibres closely resembling 
those found in connective tissue. A methylated degraded chondroitin has been 
examined in my laboratory and one is able to picture the repeating unit in chon¬ 
droitin as being of the type shown in figure 24 , while the fibrous tissue itself is 
probably constituted along the lines shown in figure 25 . 

Heparin, the blood anticoagulant of the body, contains glucosamine, glucuronic 
acid, and sulphate residues. On the basis of analytical studies of a crystalline 
barium heparinate Wolfrom and his co-workers (1943) have postulated structures 
of the kind shown in figure 26 . 

The firm resistance of heparin to acid hydrolysis, and the apparent absence of 
acetyl residues have led Wolfrom to suggest that some of the glycosidic linkages 
engage the nitrogen atoms. In all other instances the naturally occurring amino- 
hexoses have acetyl residues attached to the amino-groups. 

Polymem containing pentose sugars occur chiefly in the hemicellulose group, 
but one of the most important members of the pentose series, d-ribose, occurs in 



GH2OSO3H COOH CHaOSOjH COOH 


Bakerian Leciwre 


15 



Fioube 26 



16 


W. N. Haworth 


the furanose form in the highly complex nucleic acids. Two types of these, the 
riho- and the desoxyribo-nucleic acid, are recognized as being of high significance 
in cell generation and metabolism. The tentative structures suggested by Levene 
must merely be regarded as first approximations. Recent investigations on yeast 
and on some gas gangrene bacilli (Henry & Stacey 1943) have revealed that ribo- 
nucleic acid forms an essential constituent of the gram-positive complex. Thus 
when gram-positive CL welchii cells (figure 27 ) are extracted by sodium cholate 
they assume the appearance of gram-negative cells (figure 28 ), but the gram- 
positive character can readily be restored (figure 29 ) by depositing the magnesium 
salt of ribo-nucleic acid on the stripped cells. Certain organisms such as Strepto¬ 
coccus (shown growing in the smooth phase, figure 30 ) in the living stage can be 
made to assume a gram-negative character by starving the organisms of mag- 
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nesium. At the same time the colonies change to a rough phase (figure 31 ). This 
rough phase indicates not only a lack of ribo-nucleic acid but also a failure of the 
organism to synthesize its capsular polysaccharide. Both constituents can be 
restored by subculturing the rough organism on the magnesium-rich medium. 

In the case of Streptococcus salivarius and related streptococci such as S. viridans, 
the capsular material consists mainly of the po^yfruotofuranose known as levan. 
Levans are synthesized only from sucrose and raffinose by a wide variety of micro¬ 
organisms, such as the plant pathogens or their extracellular enzymes. The in¬ 
dividual polysaccharides differ markedly in their physical characteristics but the 
studies of Stacey have shown that they all possess the same repeating unit, 
an extended chain of fructoforanose residues linked through the 2:6-positions 
(figure 32 ). They thus appear to be similar to the plant levans, and differ therefore 
from inulin which possesses a chain of fructofuranoses linked through positions 
1 and 2 (figure 33 ). 




Fiqtjbe 33 

The purpose of my lecture has been to demonstrate the wide significance of 
polysaccliarides in the multitudinous variety of problems confronting the chemist 
and the biologist, and to direct attention to the rich fields which await cultivation 
by future endeavour. 
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Turbulence and diffusion in the lower atmosphere 

• By R. Fbost, B.A. 

[Communicated by E. Gold, ER.S,—Received 16 December 1944) 

The only existing theory of atmospheric turbulence which is capable of giving a quantitative 
approach to the complex problems of difiEusion in the lower atmosphere is the classical theory 
in which it is generally assumed that the effect of eddies in the atmosphere is completely 
analogous to that of molecules in a gas apart from a difference of scale. This assumption, which 
later evidence has shown to be incorrect, is not essential to the theory, and in the present 
paper is replaced by the assumption that the mixing length of an eddy increases with both 
height above and nature of the earth’s surface. 

With this assumption a self-consistent treatment of diffusion is developed which is able to 
account quantitatively for such meteorological phenomena as the distribution of water 
vapour over land and sea (including evaporation from the oceans) and the diffusion of smoke 
near the ground. The treatment is mainly confined to diffusion in an adiabatic atmosphere. 

1. Introduction 

The classical treatment of diffusion in the atmosphere, which is largely due to Taylor 
and Richardson in England and Schmidt in Austria, showed that it was possible to 
give a rational explanation to many of the complex problems of diffusion in the 
atmosphere by replacing the molecular coefficient of diffusion of the order of 
10""^ cm.^/sec. by a virtual coefficient of diffusion of the order of 10^-10® cm.^/sec. 
The first and natural assumption that the virtual coefficient was a constant was 
unsatisfactory and measurements of K, the virtual coefficient of diffusion, showed 
that in the lowest few hundred metres above the earth’s surface it increased rapidly 
with height, being of the order of 10“^ cm.^/sec. a few cm. above the ground and 
increasing to 10^—10^ cm.^/sec. at 300—500 m. above the ground. 

In the first section of the present paper a semi-empirical expression is obtained 
for K, and in subsequent sections with the aid of this expression solutions of the 
equations of eddy diffusion and the equations of motion with given boundary 
conditions are obtainM which are self-consistent and which are in good agreement 
with observations. In the absence of a satisfactory dynamical theory of turbulence* 
it is probable that this method of attack gives the most profitable approach to the 
complex problems of diffusion near the earth’s surface. 


2. The derivation of the power laws 

Let F be the mean velocity of the air at a height z above the surface of the earth 
and p the density of the air. 

According to Prandtl s development of Taylor’s theory the coefficient of eddy 
diffusion may be written 

( 2 . 1 ) 


dz’ 


* Por a good general exposition of the present position of the theory of turbulence see 
Goldstein (1938), and for its application in meteorology. Brunt {1939). 
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and T, the eddy shearing stress, by 
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( 2 * 11 ) 


where Z is a length of somewhat indefinite nature which he defines as the mean 
vertical distance traversed by an eddy before it mixes with its environment. 

Owing to the lack of knowledge of the djmamical processes involved in the motion 
of an individual eddy from one layer to another it is not possible to derive a theoretical 
expression for I in terms of measurable quantities. Observations of pipe flow, how¬ 
ever, suggest that I is independent of the velocity and depends only upon the 
distance from the nature of the boundary surface. 

Rossby & Montgomery in their work assume that over a rough surface and in an 
adiabatic atmosphere I can be represented by 


I = a{z-\-ZQ), 


( 2 - 2 ) 


where a is a non-dimensional constant and Zq is a length proportional to the mean 
height of the surface irregularities. This particular expression for I leads to difiSculties 
when dealing with the differential equations involved in the problems of turbulent 
transfer near the earth’s surface, and furthermore, observations of flow in tubes by 
G. I. Taylor, Goldstein and others, show that the so-called constant a decreases 
with increasing distance from the boundary. 

In the present paper, as a working hypothesis, it will be assumed that over a 
rough surface 

I = (2-3) 


where m is a non-dimensional constant and Zq is a length characteristic of the degree 
of roughness of the surface. For I to increase with both height above and roughness 
of the surface it follows that m must lie between 0 and 1 . 

Equation (2-3) gives for K and r 

K = (2-4) 


T = pZ^~^^ 



(2-41) 


Now Ertel ( 1933 ) has shown that in the lowest 100 ft. or so of the atmosphere rjp 
is very nearly a constant, and hence, taking the square root of (2-41) and integrating, 
one obtains if F and z vanish together. 



F = - /-(-)”* 
m^p\zj 

(2-5) 

or 

^- 4 )’ 

(2-51) 


where is the mean velocity measured at a standard height A. 
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Observations by many investigators (summarized by Carruthers 1943 ) have 
shown that the variation of wind with height near the surface of the earth can be 
expressed by a power law such as ( 2 * 51)5 where m can have any value between 0 
and 1 and appears to be mainly, if not entirely, a function of the stability. Thus when 
the lapse rate is very large and negative m tends to 0 and when there is a large 
inversion m tends to the value 1 . Under conditions of thermal equilibrium in wind 
tunnels m=\ approximately, and the same is true in the atmosphere. With strong 
winds M. A. Giblett’s observations at Cardington indicate that m = \ apparently 
irrespective of the lapse rate. 

Thus, write K = ( 2 * 6 ) 

T ^ ' (2*61) 

and for purposes of computation take m — For comparison, observations made 
only when the winds are moderate or strong wiQ be used. 

Rossby, from wind measurements by Wust ( 1920 ) at different heights above the, 
sea, found with moderate and strong winds, when the sea has the character of a 
rough surface, that r, the shearing stress, could be represented by 

t = 2*6x10-VF|, (2*7) 

where was measured at a height of 15 m. Ekman derived a similar result as early 
as 1905 by an entirely different approach. 

If (2*7) and (2*61) be identified it can be seen that 

2*6 X 10“VF| = 2*5 X 10~34/>7|, 

whence % = 1 cm. (2*71) 

G. I, Taylor, from pilot balloon observations by Dodson over Salisbury Plain, 
obtained for the shearing stress with moderate and strong winds 

T = 2*7 X 10-3/>F|, (2*8) 

where was measured at a height of 30 m. above the ground. 

If this be identified with (2*61) a value of 2*6 cm. is obtained for 2 q. (2*81) 

K in ( 2 * 6 ) was derived as a coefficient of eddy viscosity. Observations by Sverdrup 
(^ 93 ^) cf wind velocities, temperatures and vapour pressures at various heights 
over a snow surface, however, show that the coefficients of eddy viscosity, eddy 
diffusivity and eddy conductivity obey the same power laws, and hence in sub¬ 
sequent sections this expression for K wiU be used as a general coefficient of diffusion. 

3. The EVAPokiTioisr problem 

It is assumed that the water surface is flush with the ground over which the air 
stream has been passing, and that the moisture content of the air initially over the 
land is invariant with height. Let x bo the quantity of water vapour per unit volume 
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of air in excess of that present in the air stream before it reaches the water surface, 
and let x be measured downwind from the windward edge of the water surface. 
Neglecting horizontal diffusion, the equation stating that advection and diffusion 

which, may be written 

pr ^ ||| {3-11) 


or 


where a = mzf^. 


ox 






(3-12) 


It is assumed that evaporation takes place in such a way that % = Xo a constant, 
over the water surface, i.e. over the area for which z = 0 and x is positive. 

Examination of the dimensions of the terms in (3-12) suggests that it should be 
possible to obtain for that equation a solution in which x is a function of the variable 
^ defined by 




ax 


(3-2) 


Denoting differentiation with respect to ^ by dashes, such a solution must satisfy 

{(2m+l)(m-hl) + ^}x' + (2m+l)^^X" == (3“3) 

The first integral of this equation is 

(3-4, 

where (r is a constant. 

Now ^^00 both when x^O and when z-^co. In either case x is to be zero. It 
follows that all the conditions of the problem are satisfied by the solution 


provided that <? = 1 ( 201 +• 
Writing ^ = ( 2 m+equation (3-5) becomes 


Xo 

r/ 

m+1 

1 


m "I 

\ 

^2wi •+• 1 j 


(3-5) 

(3-51) 


(3-62) 


Thus X is determined by an incomplete F function. 0. Q. Sutton ( 1934 ), working 
with the same assumptions, obtained for x ^ expression involving an integral 
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of the modified Bessel function which was not suitable for mathematical com¬ 
putation.**® 

For m = y, the ratios xlXo ^*^r varjnng values of d are given in table 1, and are shown 
graphically in figure 1. 

Table 1 


$ 

0 

10-“ 

10-“ 

10-10 

10-0 

10-® 

10”’ 

10-« 

10-5 

io-‘ 

X/Xo 

1-000 

0-9510 

0-9367 

0-9182 

0*8944 

0-8636 

0-8239 

0*7724 

0-7062 

0-6206 

e 

10”® 

2x10”® 

3x10”® 

4x10-3 

6 X 10-» 

6 X 10-3 

7 X 10-» 

8 X 10-3 

9x10-3 

10-2 

XlXa 

0-5099 

0-4707 

0-4463 

0-4285 

0-4143 

0-4022 

0-3918 

0-3828 

0-3749 

0-3676 

e 

10-2 

2x10-2 

3xl0”2 

4x10-2 

5 X 10”2 

6x10-2 

7 x 10-2 

8 X 10-2 

9 X 10-2 

10-1 

xta 

0-3676 

0-3176 

0-2869 

0-2645 

0-2467 

0*2321 

0-2196 

0-2087 

0-1990 

0-1903 

e 

10-1 

2x10”! 

3 X 10”! 

4 X 10”i 

5 X 10”! ■ 

6x10”^ 

7 X 10-1 

8 X 10-1 

9x10-1 

1-0 

XjXt 

0-1903 

0-1337 

0-1019 

0-0807 

0-0654 

0-0538 

0-0448 

0*0376 

0-0318 

0-0271 

e 

1-1 

1-2 

1-3 

1-4 

1-5 

. 1-6 

1-7 

1-8 

1-9 

2-0 

XlXa 

0-0231 

0-0198 

0-0171 

0-0147 

0*0128 

0-0111 

0*0096 

0-0084 

0-0073 

0-0064 


1*0 

0-10 

1-1 — 

0-08 

-1- 1 - 1 — 

e 

006 

-1- 

0*04 

T-1- 

002 

1 i i 




0-5 



g 

0*4 I 

I 

03 $ 


.01 


Figube 1 . Curve A; values of xlXo plotted agaiast values of logd for values between 
lO*"^ and 10”®. Curve B; values of xlXo plotted against values of 6 between 
$ = 10”® and 6 = 10”^. It will be seen that GB on curve A corresponds to C'l)^ on curve B. 


* The above solution was communicated to Mr 0. G. Sutton early in 1934 and later in the 
same year to the late Dr F. J. W. Whipple, who showed by a previously unknown identity 
that Sutton’s solution (with two errata corrected) could be reduced to the above form. The 
identity involved is 

j exp = 2 -^m~p) el-® 6“ J”e-“M®-idu. 
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, Since with m y and sJq = 1 cm. and therefore 

4-23z7 

Six a? X ' 

it is a simple matter with the aid of table 1 , or figure 1 , to find the increase of water 
vapour at any given height above the sea surface after any specified distance of 
travel. For example, with initially dry air, the relative humidity at a height of 
1-2 m, (4 ft.) above the surface of the sea would be 62 % when d = 10"^ or when 

X = 4-23 X (120)f X 10^ 

=: 198km. 

Similarly, from figure 1 the relative humidity would be 70 % when 

a; = 4-23 X (120)^x10^ X 9 
= 1800 km. 


N.B. It should be noted that with moderate and strong winds the increase of 
water vapour depends only upon the length of sea track and is independent of the 
wind speed. 

The rate at which water vapour is carried away by the air stream can readily be 
derived from (3*4), for 


dz ^ dz 


(2m+l)GXo „ 1 
-® 

(aa;)2»'+i 


( 2 m+ 1 ) 2 )’ 


(3-6) 


and hence e(x), the rate of evaporation per unit area at a distance x from the land, 
is given by i ^ 


e(x) = Lt _ 

z->0 


^dx _ 2m+lQ^2m+l|;r^~ 


\ 2 m+l/ 


(3-61) 


By integrating the right-hand side of (3-61) with respect to x it is found that the 
rate of evaporation from a surface of unit breadth and of length Xq downwind is 
given by 2 m +2 

^ _ ( 2 m + 

2m+2 m+1 

Thus when m = y and % = 1 cm. 

^ = 2-85xl0-24;4l5iA-^. 


(3-63) 
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For small values of 6, (3-52) is to a high order of approximation given by 


X = Xo 


1 -- 


^2m+l 


and so 






[(2m+ + 


(3-7) 

(3-71) 


(3-8) 


Eliminating x between (3-61) and (3*71) we have 

^ mHl^Vj,{Xii^Xh) 

^2m 

or writing m = \,Zq = I cm. and A = 15 m. 

= (3-81) 

where and pj^^ are the vapour pressures at the surface of the sea and at a height 
A = 15 m. respectively. Thus the empirical formula E — where is 

a constant, suggested by many writers for use with moderate and strong winds, 
can be derived theoretically and a numerical value of the constant obtained. 

As an illustration of the use of these equations, consider the evaporation from a 
large belt of water approximately 5000 km. in length, and with a surface temperature 
of 40° F, into a turbulent atmosphere in which the rUean wind speed at a height of 
10 m. is 7 m./sec. The air will be assumed to have initially a mean moisture content 
of 6-3 g./cu.m. These figures represent approximately the mean annual values over 
the Atlantic Ocean between latitudes 50 and 55 ° N. According to equation (3*63) 
the mean rate of evaporation in mm. per day is 

2-85 X 10-2 X 700 X {1000)-4 x (5 x 10^)-^ x (909- 6-3) x lO"® x 3600 x 24 x 10 

= 1*87 mm./day. 

The value of /i, the moisture content at a height of 4 ft. above the surface after a 
sea crossing of 5000 km., is readily obtained, for with 2 = 120 cm., = 5 x 10® cm. 
and Zq^ 1 cm., 0 = 4-1 x 10 “®, and hence from table 1 


/^-6*3 73 

9-09-6*3 “Too' 

Therefore, /i = 8-3 g./cu.m. 

Wust ( 1920 ) gives the following values of the mean rate of evaporation from the 
Atlantic Ocean: 

latitude 50—60°N: 1-0 mm./day, 
latitude 40-50° N: 1-8 mm./day. 
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Bilham ( 1938 ) gives the mean moisture content at Valentia as 8-3 g./cu.m. and 
at Falmouth as 8-2 g./cu.m. Thus the observed annual values are in very good agree¬ 
ment with the calculated values. 

X could equally well have been taken to represent the increase of potential tem¬ 
perature of the air over that initially in the air stream before it reaches the water 
surface provided that the potential temperature of the air kdtially was invariant 
with height. 

More generally, since 0, the potential temperature of the air (or fi the moisture 
content of the air) over the land surface, initially satisfies (in the steady state) 



where K oc it follows that 


where 0 , is the potential temperature at the ground. 

But since this solution also satisfies the differential equation { 3 d 2 ), it may be 
combined with (3-52), and thus 

0 - 01 -h + (00 ^ 

is the solution of the differential equation (3-12), which satisfies the more general 
boundary conditions. 

The following examples taken from the Daily Weather Reports serve to illustrate 
and confirm the above theory. Thus on 26 March 1939: 

"The temperatures of the air at Skagen and Blaavands Huk in Denmark were 32 
and 31°, respectively, and the dew-point at both stations was 26° F. The temperature 
of the North Sea from ships’ observations was 43° F. The temperature of the air 
reaching England was 38° F at Spurn and 39° F at Gorleston and the dew-point of 
the air had risen to 37° F.’ 

From figure 1 , taking the height above sea surface as 120 cm. and the sea track 
600 km., the temperature should have been 

31H 0*63(43^-32) 

= 38i 

Now a dew-poiut of 26° F corresponds with a moisture content of 3*8 g. water 
vapour/cu.m., and a dew-point of 43° F corresponds with 7*3 g./cu.m. Thus the final 
moisture content should be 

3*8-h 0*63(7*3 ~ 3*8) 

== 6*0 g./cu.m. 

which corresponds to a dew-point of 37° F, 
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On 10 December 1936: 

‘The air temperature on the English coast was 33°E, whilst the temperature of 
the sea fiom ships’ observations was 47° E. The temperature of the air on arrival in 
Norway was 41° E.’ 

According to the above theory the temperature should have been 

33° +0-63(47-33) 

= 42° E. 

On 15 December 1936: 

The air temperature leaving Scotland was 36° E. The sea temperature jBrom ships’ 
observations was 47° E, and the air temperature on the Norwegian coast on the 
16th was 43° E.’ 

. According to the present theory the final temperature should have been 

36°+ 0-63(47-36) 

= 43° E. 

Erom the meteorological aspect the corresponding problem of the distribution of 
water vapour in an air stream which, after flowing over the sea, flows over a dry 
surface, is of equal importance. This problem, however, is compheated by the fact 
that m general the roughness parameter of the land is greater than that of the sea, 
and that K in consequence changes when the air passes from sea to land. An exact 
solution may be obtained for the particular case in lyhich the roughness parameters 
of the land and sea are the same, and is given in § 4. It is not easy to obtain an exact 
solution of the more general problem, but in § 6 an approximate solution of this is 
given, which is sufficiently accurate for all practical purposes and which is very 
suitable for computation. 


4. An infinite line soubce 

The problem of the distribution of matter in an air stream due to an infinite line 
sour^ flush TOth the ground and at right angles to the air flow, which is continuously 
eimt^ IS of considerable importance both from a theoretical and practical aspect. 
Let a: be measured downwind from the line source and z vertically upwards from 
e ground, and let ^ be the density of suspended matter in g./cu.m. A solution is 
therefore required of the dimensional equation 




(4-1) 

characteristic roughness of the surface, which 
satishes the foUowmg boundary conditions : 

( 1 ) when a?-> 0 , 2 : 560 . 

{^) X“^0, when ^-> 00 . 

oftie 

source. ^ is the rate m g./sec./umt length of the line source. 
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As in § 3, an examination of the dimensions of the equation suggests that x is a 
function of d, where 

d = 




( 2 m-(- 


A simple solution x =/(^) gives 

l+w ^00 


which depends upon x. It suggests, however, that it should be possible to find a 
solution 

(4-2) 


Denoting differentiation with respect to 0 by dashed letters, f{d) must satisfy 


or 


whence 


P 1 +m 

Sid) = Be-® + Ce-® e® ^ 1 + 2 ™ dS. 


(4-3) 


Since, however, 0 when 5-»-oo, it follows that (7 = 0, and hence 

m-f 1 

^ == Bx ^ 

clearly satisfies all the conditions of the problem providing 

m+l 


(4-4) 


(4-41) 


foo m+L t \ 

<f=\ Be-®a; 

^ / m-H \ 


Thus 


m +1 

<f)X 2m+l, 


;\: = 


(2TO+l)^aia; 


^ 2 m+l 


^ 4-1 \ * 

7^A-»(2m + 


(4-6) 


(4-6) 


m +1 


Thus the concentration of smoke downwind at the ground should vary as x 2^+1 
or with m = ^ as 

From (4*6) it can be seen that the distribution of smoke with height at a distance x 
downwind is given by ^ 

'I 

■{2m+l)2TO2|f‘a:j’ 


X{oo,z) = 0) exp 
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or with m = f and = 2-6 

( 3'223zh 
Xi^> 2) = Xi^> J —-—I. 

The height of a smoke cloud is usually defined as the height at which the con¬ 
centration of smoke has fallen to one-tenth of the concentration at the ground. 
Thus equating the exponential term to log^ 10 , then 


2-3 = 


3»223g7 

X 


(4-8) 


Thus at a distance of 100 m. downwind from the line source the height of a smoke 


cloud is 


z = 9*97 m., i.e. approximately 10 m., 


and at a distance of 2000 m.z= 100 m. 

Observations by the meteorological staff at a Ministry of Supply Experimental 
Station confirm these results. Thus they found that the concentration downwind 
over land with an adiabatic lapse rate varied as and the height of a smoke 
cloud at a distance of 100 m. from a line source was 10 m., irrespective of the wind 
speed. 

0. G. Sutton ( 1932 ) has given a different expression for the distribution of matter 
in an air stream due to an infinite line source which is continuously emitting, i.e. 

_ 

Bx 

X = —^expj-^1, 


where B and C are constant for any given value of p, and u does not vary with height. 

Unlike (4* 6 ) this expression was not obtained as a unique solution of the differential 
equation with appropriate boundary conditions, but was an expression selected 
arbitrarily to comply with certain boundary conditions. 

It can be seen, however, that this expression is a solution of the two-dimensional 
equation of eddy diffusion 


9% 9 

u-^ = — 
dx dz 



with the usual boundary conditions providing 




Ghi 

2(1 


X l+p. 


An expression for however, which is constant with height and which increases 
with distance downwind from the line source, does not accord with observation. 

An exact expression for the distribution of water vapour in an air stream which 
after passing over a water surface passes over a land surface whose roughness 
parameter is the same as that of the sea may now readily be obtained. 
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For this problem x is measured downwind from the windward edge of the water 
surface whose length downwind is 6 (cc is accordingly greater than b). 

The evaporation at a distance A downwind over the sea is, by (3-61), 


^A 


m+1 


where A is given by 


A = 


(2m + 


\2m4‘ 1 / 


(4-9) 

{4-91) 


The amount of vapour per unit volume at a height z and at a distance x due to a 
strip of water of length dX downwind evaporating at a rate given by (4-9) is, by (4-6), 




(2m + l)^a(a;-"A) 


1 /w-i -1 \ 


(4*92) 


The amount of vapour at a distance x downwind due to a sea track of length b is * 
obtained by integrating this expression with respect to A between the limits 0 
and b is 

m m+1 


X = ' 


Xo 


rj: 


J m \ / m+l \ 
\2m+l/ \2m + l/ 


A ^^+^{x-X) 2w+iexp - 


^2m+l 


(2m+l)2a(a:-A), 


;)"• 

(4-93)* 

This form, which only applies to a special and rather artificial case, is not suitable 
for computation and is only given here for the sake of completeness. An approximate 
solution which is suitable for computation is given in the next section. 

For 2 = 0 (4*9) becomes 

_m m+1 

^Jo 


X = 


Xo 


\2m + l/ \2m+l/ 


A 2’^+i(a;-A) 


(4*94) 


or writing x = by and A = by^, then 


X = 


Xo 


p/ m +1 \ 

\2m+l/ \2m+l/ 




m+1 


2m+l n _ 


( 1-0 


Xo 


1 -- 


m 


For m = ^ 


\2m + 




pi m m+1 

I J 2m+l(l_£) 2m+ia^ 


x-Xo_i r(or(|)Ji^ i) > 


(4-96) 


(4-96) 


An alternative method of deriving this result has been given by W. G. L. Sutton ( 1943 ). 
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or "writing /{ = 1—| 
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If one now writes y — 1 + e, where e is small, then 


(4-97) 


X 




(4*98) 


, x—b 

where e = — 7 — 


X = A:o[l-0-98ei], 


(4-99) 


The ratio xlXa given for values of e jBrom 0-001 to 0-10 in table 2. 


Table 2 


e 

0-001 

0*002 

0*003 

0-004 

0*005 

0*006 

0*007 

0*008 

0*009 

0*010 

TdXt, 

0*545 

0*507 

0-486 

0-469 

0*456 

0*445 

0*435 

0*427 

0*419 

0*412. 

e 

0*01 

0*02 

0-03 

0-04 

0-05 

0*06 

0-07 

0-08 

0-09 

1*0 

XlXa 

0-412 

0*365 

0-337 

0*314 

0*297 

0-283 

0*270 

0*260 

0*250 

0*240 


As an illustration of the use of this table consider our earlier example in which air 
with an initial moisture content of 6*3 g./cu.m. flows over the Atlantic Ocean a 
distance of 5000 km., the surface temperature of the water being 49° F and the mean 
wind at a height of 10 m. being 7 m./sec. 

After a further passage of 500 km. over land the moisture content at the ground 
should, from table 2, be given by ^ 


/6-6*3 = 0*24[9*09-6*33 
or = 6*96 g. 

The mean moisture content of the air at Kew Observatory given by Bilham is 
7*4 g./cu.m., which is not in good agreement with this calculated value. 

Further consideration will be given to this problem in the following section, in 
which the degree of roughness of the land will be taken into account. 


5. The distbibutioh oe water vapour in air which after 
PASSING over the SEA FLOWS OVER THE LAND 

From (3*7) the distribution of water vapour with height after a sea crossing of 
length 6 is to a high degree of approximation given by 




1 -^ 




( 6 - 1 ) 
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where a = and similarly after a sea crossing of length b 


where 


D = 






— a constant. 
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(5-2) 

(5-3) 


Now in considering the subsequent distribution of water vapour over land the 
equation stating the adveotion and diffusion balance is as before 


dx 


where where is a measure of the roughness of the land. (In this equation 

X is measured downwind from the windward edge of the land surface.) 


If 

then 




8 = 


3a: 


3zl’ - 


(5-4) 


and a solution of (5-4) is required subject to the boundary conditions 

(1) S-^Dxo 'w^lien 

(2) whep z->0, x>0. 

(It is assumed that the land is a dry surface impermeable to water vapour.) 

As in § 3, an examination of the dimensions of the terms of (5-4) suggests that it 
should be possible to find a solution 8 =f(0), where 






(5-41) 


(2m + lYa-^x' 

Denoting differentiation with respect to 0 by dashes, such a solution must satisfy 

m 


and hence 






\2m + l/ 

clearly satisfies all the conditions of (5*4), 
but ;8 = 

oz 


(5-5) 


( 6 - 6 ) 
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therefore 




e-^d ^■^+^dd, 


and hence, integrating by parts, it is seen that 


X = XoJl- 


= Xoil- 


rs __2L_ 
azH e-^d 


tth: 


e~^6 + + 


m "1 

Vf 


az^ e~~^ 6 ^d6 + e“^a[(2m +1 )2 ^ 




L /a\2m+l/x 

■H'-fe) te 


is the required solution. 
Or writing m = ^, then 


m \ ” 

[(2m+ l)2o6]2”‘+i 
r ”» fo TO 

/„x:;r^ I e-® + ( 92 m+l 

/'/i+—!!L_\ 

\ 2m+l) \2m+lj 


X = + {5-71) 


For small values of 6 (5-71) becomes 

,.^I-„..s(?)*(j)«(.+|)), (5.S) 

which is suitable for computation. 

The problem of the previous section may now be reconsidered, in which air with 
an initial moisture content of 6-3 g./cu.m. flows over the Atlantic Ocean a distance of 
5000 km., the surface temperature of the water being 49° F, and the mean wind 
speed at a height of 10 m. being 7 m./sec. 

On reaching the English coast the amount of water vapour per cubic metre of air 
at a height of 1-2 m. above the surface has been shown to be 8-3 g./cu.m. 

Afer a further passage of 500 km. over the land the amount of water vapour per 
cubic metee of air at a height of 1-2 m. above the surface would be, from (5-8), 

/« - 6-3 = (9-09 - 6-3) r 1 - (io ^ x 0-98 (1 +__ \] 

L \^oi) \10/ \ 5x lO'^xSx 81 x^i/J 

sh^i^'^ste^ ^ derived from Taylor’s observations of the 

/i = 7-4 g./cu.m., ( 5 - 81 ) 
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which is in excellent agreement with the value of the mean moisture content at Kew 
Observatory given by Bilham. 

I should like to express my thanks to Mr E. Gold for his encouraging interest in 
this work and to acknowledge my debt to the late Dr F, J. W. Whipple for his help 
with § 3 of this paper. 
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Contributions to the theory of chromatography 

By E. Gluckatip 

{Communicated by E. J, Bowen, M,A., F.R.S.—Received 6 June 1945) 

A complete analysis has been given of the process of chromatographic separation for two 
solutes, the adsorption of which follows a Langmuir isotherm. Development of the bands, 
both with pure solvent and with a solvent containing another solute, has been discussed. 
Very simple conditions were found to hold for both the volume of solvent and the amount of 
adsorbent required for complete separation of the two solutes. Provided that the concentra¬ 
tions used are not too low—^which is \mfavourable—^the influence of the initial concentrations 
is very small. For substances difficult to separate, the minimTim amount of adsorbent Xq 
(in g.) is proportional to the quantities to be separated (in mol.), and inversely to the 

saturation capacity of the adsorbent (1//^) (in mol./g. adsorbent) and to the square of the 
relative difference of the adsorption coefficients (% and Og) of the solutes 

Xq = approximately >5(?% +— 1)®. . 

The accurate equations are given in the paper. 


The main contributions to the theory of chromatography have been made by 
Wilson (1940), by de Vault (1943) and by Weiss (1943). 

Wilson was the first to develop the differential equations governing the process of 
chromatography, but, as both de Vault and Weiss have shown, these equations are 
capable of more than one solution. The solution fotmd by Wilson gives correct results 
only, when the adsorbed amount is strictly proportional to the concentration of 
solute in the solvent. 


3-2 
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Weiss has shown how the properties and positions of a band of a single solute 
change with progressing chromatographic development, but the case of two or 
more solutes has so far not been treated beyond the stage of the differential equations. 
Wilson’s deductions have left the impression that the length of column and the 
amount of pure solvent required for the separation of two substances are inversely 
proportional to ^here and % are the adsorption coefficients of the 

two solutes (^2 > %)• As will be shown in this paper this result is by far too optimistic, 
especially in cases where the differences of adsorption intensities are only slight. 

In the following discussion the adsorption isotherms have been assumed to be of 
the Langmuir type, which is the only isotherm showing the mutual influence of the 
concentrations on the adsorption isotherms of the components of the system; 
During formation and development of the bands, the equations of motion for the 
different parts of the bands have often a form similar to those given by Weiss for a 
single solute, and frequent comparison wiQ be made with his equations (marked W.). 
In the following, the subscripts 1 and 2 mark the two bands to be separated while 
the superscript 0 refers to the original concentrations; letter subscripts refer to the 
positions in the band as shown in the diagrams. It is assumed that the subscript 1 
refers to the faster moving solute. 

1. The case oi’ two solutes sepaeated by normal development 

As in the case of a single solute, the bands formed originally are of constant 
intensity throughout, except where they overlap, and the rate of movement of the 
forward edge of the constant part is given by 

= (v + v<^).c§/(/2(co,cOa)+a4) ' (1) 

(see figure 16, also compare with equation W. (11) and de Vault, equation 9), where 
X is the distance of the particular point from the top of the column (best expressed 
in grams of adsorbent), 

is the original volume of solvent in which the solutes of concentration cj and C 2 
were-contained {v^ in c.c.), 

v is the amount of pure solvent used for developing the chromatogram (in c.c.), 
c concentration of solute in moL/c.c., 
a is the pore volume of the column per g. of adsorbent. 

/ 2 (cica) = ff 2 is the equilibrium amount of substance 2 as function of the concentra¬ 
tions Cj and C 2 , adsorbed on a gram of adsorbing material {q in moL/g.). 
ifs^cic^) +^^ 2 ) thus represents the amount of solute II contained in the space filled 
by 1 g. of adsorbent, if the local concentrations of solutes in the solvent are and 02 - 
The corresponding amount of solute I is (/i(c,c.,) + aCi). When the development 
proceeds, regions of varying concentration appear in the chromatogram, as in the 
case of a single solute. In these regions, the movement of any points of given con¬ 
centrations proceeds according to 


a: = «/(a+/ifcw) = 


(2) 
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where= dqJdciSind vice versa.* De Vault ( 1943 , equations 19,20 and 23) has 
shown that equation ( 2 ) results directly from the consideration that the difference 
between the amounts of solutes entering and leaving a small section of the 
column must necessarily find their balance in the change of the amount of 
solutes contained in that section. As pointed out by de Vault, it is not possible 
to write down a simple solution for the case of multiple solutes, as the dependence 
of Cl and can normally not be expressed in general terms. However, equations 
( 1 ) and ( 2 ), together with the Langmuir adsorption isotherms (3, 4) of the two sub¬ 
stances, permit of a general solution of all questions affecting the development of the 
chromatogram. Other isotherms, e.g. that of FreundKch, are quite unsuitable, 
because the mutual influence of two solvents cannot be formally expressed. 

The Langmuir adsorption isotherms in the case of two solutes are 

fliCiCi) — ?1 = (^) 

f2{ciCi) = ^2 = ^2 ^ 2 /( ^ % A % + ^2 ^2 ^ 2 ) > (^) 

where a = adsorption coeffi.cients (dimension c.c./g. adsorbent) 

JS = mol. capacity,i.e.theamountofadsorbentrequired by Imol.ofsubstance 
if fully covering the adsorbing surface in a mono-molecular layer (dimen¬ 
sion g./mol.). For simplicity use is also made of the letters, 

b = aJ3, 

= (a2—tti)Mi. 

It follows from equations (3) and (4) that 

/l(ciC2) ^ "i"^2^2~^2^*^2/^^l)/(^ + 61 Cl-{-62 ^2)^* 

/2(c2tfa) “ ^2( 1 + 61 Cl — 61C2. dcJdC 2 )l{ 1 -j- 6i Ci -j- 63 C2)^- 

From the equality of f[ and/g (see equation ( 2 )) at any given point or stage of the 
chromatogram it is possible to calculate the relation which must exist between any 
two coe;xistent concentrations of the two solutes. 

Equating (3a) and (4a) results in the differential equation 

^2 “ ^1 + <^2 ^2 ^ 2 + b% Cl. dcjdci —ag . dc-^jdo^ == 0, (5) 

the only general solution of which is 

agiiCi = ai 62 C 2 A-(a 2 -ai)A/(l + A), (6) 

where A is an integration constant which can be calculated from the boundary 
conditions appl 3 dng, e.g, 

Ci = c5, when Ca = c§, (7) 

* / 2 (--) always stands for the complete differential the contents of the bracket 

indicating the values of <\ and Cg, if these are defined; e.g./ 2 (o.c,o) = If 

one of the concentrations is omitted, e.g. this means that the missing concentration 
is zero throughout, thus:/^(c 3 ^) = The same applies to the/{-functions. 
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wMch applies to the development of the chromatogram from its beginning if the same 
solvent is used. Equation (6) is linear for and C 2 but quadratic for A: 

The positive root A^ (or shortly A) of equation (8) is shown in figure 2 as function of 
^ 2^2 ^/^ 2 ^ 2 j applies to all cases where dcijdc^ is positive. The 

negative root (Ag) can be used only for a single point at the frontal edge of the 




Eigtjios Id. v=30c.c. 



0 


30 
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Figure le, V = 174c.c. 

Figure la-e. Development with pure solvent of a band of two solutes (^= 1), {a) Band 
before development. (6) Initial development; original concentrations still preserved in the 
forward part of the band, (c) Mixed band fully developed, but separated part of band I still 
has its original concentration, {d) Further development and spreading of the bands, (e) Separ¬ 
ation completed; development of band I is also completed. Apparent equality of and q^v is 
only a coincidence. 

slower band II because, as shown by de Vault, the general solution for the front 
boundary of the differential equations on which equation (2) is based is unsuitable 
for this type of adsorption isotherm and has to be replaced by a discontinuity. 
Ag does, however, represent correctly the sudden change of at this discontinuity. 
No table is given for Ag, as its values follow directly from A^ and equation (8) as 

~ ^2 ^2 ^ 2 * ( 9 ) 

It can be seen from figure 2 that for substances very difidcult to separate (d<^l), 
Ai is approximately cj/c§, (usually while in the event that S is large or c\ 

is very small, A^ = djb^cl. The conditions in the variable parts of the chromatogram 
can now be given as functions of v, x and or Cg by substituting the differentials 
and one of the variable concentrations of (3a) and (4a) from equation (6) and using 
the/'-functions in equation (2). If a is neglected, this results in 


a; = «?(1 + J5iCi)2/^i = v/F{{cf), 
X = -2;(i + J?2<52FM2 = ^1^2(02) 


( 10 ) 

(11) 
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(compare equation W. (26) for single solute), where 

^=:ai(l + A)/(l + A + (5), 

5i=.6i(l + A)/A, 

^ a2(l + (J) (1 + A)/(H-A+(J), 

B 2 = 62 ( 14 -A). 

It can he shown easily that the equations (10) and (11) fulfil the fundamental 
equations for mass conservation (see de Vault equation (19)) 

ScJSx + dqJdv == 0 . 



I^GUBE 2^ Valu^ of A as function of and a 2 ^-io\jaybi^c\* Optimum separation con¬ 

ditions which would require a m i nimu m of both solvent and adsorbent are obtained below 
the dotted line. 


2. POEMATIOIT OS’ BAND 

If an amount of a solvent containing two solutes I and II of the concentrations 
Cj and C 2 (where the adsorption intensities are a 2 > %) is poured on to the chromato¬ 
graphic column, the mitial band has the form as shown, e.g, in figure \(t. The pro- 
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perties of this band with the exception, of c^j, can be derived immediately from 
equations (1), (3) and (4): 

= ai(^/(l+6ic;+6ac§),'j 

22 ~/2(o“i(!“j) ~ ®2<^/(l+ &iCi + 62 <^ 2 )J 

If and mg are the total quantities of the solutes (in moL), the amount of solute 
I within the length is 

(14) 

while the amount of solute I separated off already during band formation is 

= mi(a 2 -ai)/a 2 . (Ua) 

As predicted already by de Vault the concentration of the less adsorbed solute 
(I) rises sharply at the discontinuity at to a value which follows from equation (6) 
for Cg = 0 

Ciy = —(Ug — Ui) Ag/ug^iCl+^2)' (1^) 

Replacing Ag from equation (9) and then Cg by means of equation (6), this leads to 

Ci^ = c;(l+Ai)/Ai, (15a) 

As can be seen from figure 2, must have values between cj and (c5+,c|). It also 
follows from equation (3) that 

= %W(l+^i%)^ (1^) 

and from equation (1) applied to this case, that the position of the forward edge is 

(17) 


( 12 ) 

(13a,6) 


3. Development of the chromatogram 

If, after formation of the original chromatogram, a further amount v of solvent is 
poured on the column, the bands, dissolving from the top end and travelling down 
the column, undergo certain changes, some of which are similar to those occurring 
with a single solute (see figure 1 b-d). The first stage in the development is shown 
in figure 15. The concentrations in the most forward parts of the column remain 
unchanged; then follows a part in which both concentrations decrease, the less 
adsorbed one decreasing to zero; then comes a constant region of pure substance II, 
followed by a variable region m which this concentration, too, diminish^ to zero. 
Figure Ic shows the end of the first stage, with band II completely developed. 

The concentration of the constant region of pure substance II follows directly 
from equation (6) for.c^^ = 0: 


^20 = ^/Ml 


(18) 
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= WAej-=o) == (se® equation W. (23)), (19) 

*6 = = ■y(l + b^c^Yla^ (see equation W. (24)), (20) 

Xg — v/jF'i{(j), (see equation 10) (21) 

Xg, = (see equations 10, 11) (22) 

«„ = (® + w®) = {v+v°) (1+6ic5+ bzcDIa^, (23) 

x^=(v + ««) = («+^®) (1 + 6iCiy)K. (24) 


It is worth while noting that Xj, can never catch up with a:^, as xjx,) = 1 + ^ 

It is also interesting that the pure tail fraction between x^ and x^ contains the same 
amount of material, as if the curve of the variable part between Xg and x^ would take 
its uninterrupted course. 

The content of the pure tail fraction m^nor-^) at any stage of the separation process 
follows from a very simple consideration: 

If the separated band conta ining m^a-o) not constantly fed from the tail 
end of the mixed band, its forward edge would travel at the rate 


Av ac^+Uo,e,^ 
Actually travels according to 


(see equation (1)). 


- (se® equation (2) or (21)). 

In order to maintain a continuous chromatogram, the amount of solute II intro¬ 
duced by feeding froih the mixed band must be 


from which follows 


= [Ax^-Ax'^) (ac2o-^/j(o,o,<^), 


_ /2(0,Cso)~®2o/i(0,Cso) 


(25) 


Neglecting a and introducing from equation (18) leads to the very simple condition 


^ 2 (a-o) = + A). (25a) 

The effect of this equation on the question of complete separation will be shown later. 

The contents of the pure head fraction at this stage, i.e. as long as its concentration 

is constant, is / nx a, ^, 

= (v+ v^) cl{a^ - ai) la^. (26) 


These conditions persist until overtakes when“development of band II is 
complete (see figure Ic). This stage is reached when an amount of solvent has 
been used, which can be obtained by equating equations (22 a) and (23): 


+ A) = (1 + A). 


(27) 
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After band II has been fully developed, its frontal concentration (see figure 1 d) 

starts to decrease according to 

+^)). (28) 

in complete analogy to the conditions of a single solute (see equation W, 32)). The 
movement of the frontal edge of band II is given by 

V««, = V(®M2)+a/(«^2 -B 2 M 2 ) (29) 

(compare equation W. (31)). 

The concentration of band I at the forward edge of band II (c^^) follows from 
equations (28) and (6): 

<^xw == + + (30) 

The concentration at the other side of the discontinuity also follows from 
equation (6) for 02 ^? = 0: 

c^yj = — A2(a2—ai)/(l+ A 2 ) 052^1* (81) 

The boundary condition for determining the integration constant A 2 is in this case 
no longer = cj when C 2 = c§, but when Cg = This gives the same 

value of Aj, but we obtain now 

X2 == (82) 

Substituting A 2 into equation (31) results in 

After band II has been fully developed, the head fraction of pure solute I, too, 
undergoes development. Being a pure solute, a point of given concentration 
moves forward according to 

Ax = -dt;(H-6iCi)2/a^ (34) 

(see equation (2)), and the boundary conditions are that this movement starts at 
a point where which occurs according to equation (33) and (30) at 

+ (35) 

and Xyj = v[l + (36) 

which latter can be shown to be the locus of all points Combining equations 
(30), (34), (35) and (36) one obtains for the movement of points between 21 ;^^ and 
(where x^ is the most forward part of the head fraction, which has been reached by 
the development) 

X = ^?(l + 6 lCl)^/c^l+^m 262 (l-^ 6 ^Cl)^/%(^+^> 2 ^l)^• 


(37) 
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While equation (37) permits of the calculation of at any given x and v, it seems 
no longer possible to obtain a simple equation for the end-point and the frontal 
concentration c^g, though these facts are well defined by the condition of mass 
conservation 

I qidx+ 1 qj^dx = 

and thus can be constructed in any given numerical case (as has been done in 
figure le). 

In some instances, e.g. when only partial separation is required, it may be desirable 
to know the amount of solute in a particular region for the mixed band. 

The amount of solute I between x^ and x^ is 

I ’ aj^cl{l + biC^+bzCz)dCi. 

J Xp 

Eeplacing firom equation (6) and by dx from equation (10) this leads to 


Similarly, 


f CidCj = Elv(Ci| - Ci|). 

J Xp 


(38) 

(39) 


4. Complete separation 

Development continues to proceed until the bands separate whereby the frontal 
concentration in band I becomes continually smaller. The stage of complete separa¬ 
tion can be obtained from a number of previous equations, e.g. 

(1) from equation (26) by making 

(2) by equating Xg (see equation (21)j and x^ (see equation (29)), 

(3) by making Ci„ (equation (30)) or (equation (33)) zero. 

The result is in aU oases that the volume F required for complete separation is 

V = m2bz{l + X)l$i. ( 40 ) 

The pomt of separation of the two bands has a distance from the top of the column 
wnicli IS given by 

Xg = F/^1 = mzb^(l+X+d)la^S^. (41) 

The tail end of band II is at 


^/®2 — ^2^2(1 ^■^)/® 2 ^^• 

The length of band II at the time of separation is thus 


(42) 


( 43 ) 


an?wt«S.°' ^ 

and, assuming that d< 1, ^ - v /5, 
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= ra^lSa^cl == ^2/^32 = ^a/^- 

The length of band II at the point of separation is then 


— I2J 


(43a) 


i.e. it has remained unchanged. These are the equations obtained by Wilson ( 1941 ) 
for non-developing bands. At the same time, it can be seen from equations (40)--(42) 
that this is the most unfavourable condition for a chromatographic separation, as 
it requires an unnecessarily large amount of both solvent and adsorbent. 

The most favourable conditions obviously occur when A is small. The smallest 
values of A usually occur when moderately high adsorption in¬ 

tensities.* As can be seen from table 2 , optimum conditions can be defined as 

b^cl > S^ilOcl/cl) or 62 ^J{cl4) > 3^, 


which condition obtains below the dotted line in figure 2 . 

Under these optimum conditions, where A == approx, equations (40) and 

(41) change into 


and 




(406) 

(416) 


which means that within this region both the amount of solvent and the weight of 
adsorbent required for the complete separation are independent of the original 
concentrations used, and depend only on the total quantity of solutes to be separated. 

In this connexion it may be noted that is the necessary amount of adsorbent 
in the chromatographic tube up to the point of separation and that consequently, 
as long as the effect of diffusion is neglected, a short column of large diameter will 
serve equally well as a long and narrow one. 


5. Pore space oe the adsorbent 

In most of the preceding calculations the question of pore space has not been 
considered for reasons of simplicity. It may, however, be worth while to consider 
its effect on the volume of solvent and the length of column required for complete 
separation. It follows from equation (25) that 

K = +/i(0.C2o))/(/2(O,C2o) ““ ^2o/i(0,Cao))> 

eliminating this results in 

y ^ + (45) 

a,(l+A) ^ ^ 

Further, it follows from equations (44) and ( 2 ) that 

X ^ = 1(0,C20)) ~ -^o* 

This shows that while a correction is required for the volume of solvent, the amount 
of adsorbent is not influenced by the pore space of the chromatographic column. 

* According to the theoretical interpretation of the Langmuir equation, represents 
the ratio of active surface covered by solute U to surface not covered by this solute. 
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6. Development -with a solvent containino another solute 
A. Devdopment of band of single solute 

The subscript 3 is used here for the properties of the developing solute, and 
the index 2 for the band. According to the concentrations employed and to the 
adsorption intensities involved, different conditions arise as regards the effect of the 
developing solute. 

Case 1 . / a ( o ) ^/ 3 (<!“ 3)/^3 

In this case the developing solution acts like a pure solvent, as all the solute III 
is adsorbed before it makes contact with band II. This is obvious, as the forward 
edge of solute III advances according to 

while the rear of band II progresses with 

= W/ko)- 

Cdse 2 . ko) ko) ^3/(1 + h ^3) < ^2 < ^s* 

In this case, band II undergoes only partial development (see figure 3a). The 
concentration Cgo is given by the condition 

^ fziC2o)I^^Of 

in the case of the Langmuir isotherm by 

C20 = 

With progressing development band II eventually assumes the form shown by the 
dotted line. This condition also applies, if C 2 <C 2 o« lu this case a discontinuous 
development results (see figure 36) which, after completion, leaves band II in the 
form shown by the dotted line. Once the development of band II has been completed, 
no farther change in the length or concentration of band II occurs. 



o o 


Figitbe 3a, 6. Development of*a band containing one solute with a solvent containing a solute 
which is more strongly adsorbed, (a) Small concentration of developing solute. (6) Large 
concentration of developing solute. 
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The various conditions which arise during development are shown in figure 
Eventually band III completely envelopes band II, its frontal concentration being 
eg. Band II continues to develop according to equation (51) and it is of interest to 
note that the spreading of the band after travelling a given distance x is considerably 
smaller than it would have been, if pure solvent had been used. 


B. Development of a band of two solutes 


The indices of the two solutes are chosen so that the faster moving solute has the 
index 1 and the slower one the index 2. As before, the developing solute has the 
index 3. 

Again we have several cases: 

Case 1. / 1 ( 0 ) </ 2 ( 0 ) ^fz{c\)l where the solute III has no infiuence on the separation. 

Case 2, fm<fz(c^J4<fko)<fkoh where the solute III has only little infiuence 
on the separation. 

Case 3. /<f i(o) </ 2 ( 0 ) <f 3 ( 0 ) 

Case 4:, fm<fi(o)<fko)- 
Both cases 3 and 4 will be discussed in detail. 


Case 3 


Only the case will be dealt with, where solute III is present in sufficiently high 
concentration to result in a development corresponding to that in figure 36, as this 
appears to be of more practical importance. 

During the development the band passes through the stages shown in figure Sa-d. 
The original band (figure 5a) is compressed during the development to concentra¬ 
tions which are determined by the concentration of the developing solute. At the 
^me time the process of separation starts, so that a moderately complicated system 
(figure 66) results, which persists until the original concentrations c?, c» and c, 
have disappeared (figure 6c). Thereafter the separation continues until it is complete 

mcrriT'A K/7\ ^ 


Apart from the mitial compression development, it will be noticed that conditions 
here are similar to those considered by Wilson, as the concentrations of the bands 
remain coMtant during the whole process of separation. 

The ori^l concentrations c® and o§ are in this case of no influence on the separa¬ 
tion, as t^ depends only on the value of eg' which itself depends on c§. This also 
concerns the final concentrations c,, and which, as the bands musJ be able to 
move with the same velocity as the forward edge of solute III, adjust themselves 
to concentrations whiob are deterniined. by 


Ax/Av - c®// 3 (^^, = = Ci„//i(,^, 

or, in tbe case of the Langmuir equation, 

Ax/Av = (l-fhjcgl/flSa = {l + b^c^)/a^ = {1 + bj^CjJ/aj^. 


(62) 


(52a) 
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If the difference between the adsorption factors of the two solutes to be separated 
is only small, then—^with negligible error— 

and (l + i»iCi'+624')/oi = (l+^»3C3)/a3- (53a) 



O 


Figube 5 a. ‘^0’= 100, = 0. Figure 56. -y = 50. 



Figxjbe 5 c. y = 300. FiGtrBE 5d. y = 550. 


Figure So-d. Development of a band containing two solutes with' a solvent containing a 
stronger adsorbed solute, (a) Band before development. ( 6 ) Compression of band and start 
of separation, (c) Compression completed; separation further advanced- (d) Separation 
completed. Both boundaries are sharp and the band has not spread. 

Equation {53a), together with the condition 



cS7c§''= 414 = 

(64) 

results in 


(65)* 


* The correct deduction leads to a similar expression in which is replaced by 62 ^, where 
(}> = Gi 6 iCig/(a 2 -ai + a 26 iCia) and where can be replaced by 4 hy means of equation (52a), 
If and differ only little, ^ is, under normal workmg conditions, almost unity. 
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The volume of solvent V required for complete separation of the bands I and II 
is (see equation (25a)) 

y _ ”^ 2 % _ bj^tn^+aibzniz^la^ 

. ~ cg'(a2-ai) ~ (Oj-aj), 




(56) 


The Tnininm im amount of adsorbent required for a complete separation is then 
(see equation (2)) 

Xq = + ^240/%- 

Again use may be made of the simplifying approximation (53a), leading to 


Xq — V{l + b^c^)lci,^^ 


^0 


+ 62 ^ 2 ?^/^ 2 ) (’^ ^ 3 ^ 3 ) 
% I®" «i / 


( 68 ) 


A close scrutiny of the meaning of this equation shows that it is almost identical 
with Wilson^s equation 

r_7^2-% 

^0 — ^0—;;— j 


only that in this case Iq does not represent the length of the band after formation, 
but after compression in the course of development by the more strongly adsorbed 
solute in. 

If the process of development is conducted with a sufficiently high concentration 
of the developing solute, i.e.: 

1 63 C 3 ^ (a 3 


equation (58) can be sim plified into 


Xq = {b^mja^ + bzm2la^)ld, (69) 

If one compares this with the value obtained for development with pure solvent 
. Xq = (see (41a)), 

the advantage of developing with a solute is very obvious, if 5 is very much smaller 
than umty. It must, however, be borne in mind that this method leads only to a 
separation into two adjoining, but not completely isolated bands, because, as has 
been pointed out, the final concentrations adjust themselves in such a way, that 
their speed of travel along the chromatographic column is equal. Complete separa¬ 
tion into isolated bands can take place only when a method of development resulting 
in variable concentrations is employed. 


Case 4 

In this case development takes place similar to that produced by a pure solvent. 
But, as has been shown before in the case of a single solute, the developed band 
spreads very much less, especially if solute III is only slightly less adsorbed than the 
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solutes to be separated. In this case the amount of adsorbent required for complete 
separation may be only little more than that required in case 3 , and it provides the 
possibility for the separation of the solutes I and II into completely isolated bands. 
As the eventually separated bands I and II will contain substantial amounts of 
solute III which has to be removed separately afterwards, it is obvious that this 
procedure only offers advantages for very difficult separations, or, if the substance 
III can be removed easily by a different process, e.g. by chemical separation or by 
chromatography with a different adsorbent. 

As the general equations, even in the case of the Langmuir isotherm, are fairly 
cumbersome, a solution will be produced only for the case (ag—and 
^^3 > which assumptions permit considerable simplifications. Equations which 
have been simplified in this way, will be marked with the letter 

The fundamental equations governing the relations between coesistmg con¬ 
centrations of Cg and Cg are again (see equation ( 2 )) 


/l(CiC2C3) “ /“ / 3(CiC2C3)» 

where /K^caCs) = %Ci/(l + 6101 + 62 ^ 2 + 6 ^ 03 ) 

and vice versa. Complete differentiation results in the two equations 

fl&i+0^16g Og + o&i 63 C3 “ o&i 6g 0i • dog/dci ■“ c^i 63 0i. dc^j dcy^ 

= <^Oi/dOg d^b^c^,dc^jdc^ 

“ ctg + + ®'3*6i0i ““0^36303 • dc^jdc^ 0^36103 • dc^jdc^ 



(60) 

(61) 


(63) 


The solutions of these differential equations are 

C 2 =:a 0 i + 02 ^ 

and <>3 = 701 + 030 . 


(64) 

\65) 


For indices see figure 6. The values of these four constants—a, 7 , Cg^ and O 30 —can 
be calculated exactly from the two equations obtained by the substitution of Cg 


and 03 into equations (62) and (63) (which process removes 0 i as weU); 

ai(l+ 63020 + 63030) = <3^2(1 + 63030 — 61020/^ — 630207/^)9 

= a 3 (l + 6202o-6i03o/7 “• 63030 ^/ 7 ), (67) 

together with the boundary conditions applied to equations (64) and (65): 

<>2(2 “ O^Ol(2 + <'2o> 

<"3^ ~ y<'l<2 + <^30 ” 

where (70) 

Further, Ogo and Ogo are connected by the single-solute equation (50) which for the 
respective indices assumes the form 

O30 = O3 €C2o'J 


where 


_ <^36303 

0 ^ 2 -^3 +<^2 63 of 
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Equations (66)-(71) permit the calculation of which is required for the facts 
about the complete separation of the bands I and II (see equations (25) and (25 a)). 
The final equation for after elimination of the other unknown factors is, however, 
too complicated to give an impression of what is happening, unless numerical 
examples are used. For this reason a few simphfying assumptions are made, which 



Figure 66. v = 101 . 

Figure 6a-c. Development of a band containing two solutes with a solvent containing a less 
adsorbed solute { v ^ = 100 c.c., ^21 = 0*01, ^23 = 0*1). (a) Initial development, preceded by com¬ 
pression of band. Original concentrations have not yet fully disappeared, {b) Development 
complete. Solute III has overtaken the band. Separation well advanced, (c) Separation 
of solutes I and 11 is complete. Note the relatively large amount of solute III with which 
the separated solutes are mixed, 

do not a£Fect the general result. It is assumed that (aa-ai)^ = 1. This permits 

us to consider (Cj^+C 2 (j) as the concentration of a single substance, the value of which 
could then be obtained from equation (50) for Cg = 0: 

Ci<2+CM = C3/e. (72s) 

This additional equation can replace the much more complicated equation (66). 
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El im i n ation of and from equations (68)-(72) leads to 

Cao/r = e {73s) 

and Czo^ly = c^-m^c%l{rn^+m^)e. (74s) 

Substitution of c^, a and y by means of equations (71), (73), (74) in (67) results in 


Uj(l+ 62C20+63C3 + 


SiTOicg , 


(mj+mg) 6 (m^+m 2 ) e 


;)■ 


(76s) 


The resulting expression for 

assumption that , , 

bxK 


can be very greatly simplified by making the 
= 62/% ~ ^5 


which, in the interpretation of the Langmuir equation, means that the surface 
requirements per mol. of the three solutes are equal. Then 


c = ^ 3 [(^ 2 ~~%)/%]"t^2^3^2/(^1 ^2)] _ ^0 


(76a) 


where rj is likely to have values between 0-5 and 1 . The volume V of developing 
solution required for reaching complete separation of the solutes I and II then 
follows from equation (25a); , . 

bzC%{d^?7, 

To reach this state requires a mtuimum quantity of adsorbent 


Thus 


-^0 1^(1+ ^2^2o^"^3^3o)V% 

= approximately V{l-\-b^c^^la^ (see equation (53a)). 
~ __ 62 ^2 *^23 (1- ^3 ^3)^ 


(78a) 


To get a minimum value for X^, the concentration of the developiog solute should 
be chosen so that b^c%=^ 1 , i.e. half of the adsorbing capacity is filled by substance 
III. Comparison with the,separation conditions obtained without a solute in the 
developing solvent (see equation (406)) shows that, apart from the factor 

9922 /(^ 1 +m 2 ) 9 ? 63 c§, 


which'has little influence unless m^jm^ is very small, the decisive improvement in 
equation (77) is contained in the additional factor {a^—CLz)l<^z^ TJtiis shows that the 
use of an extra solute which is less adsorbed than the substances to be separated 
is only worth while if the adsorption properties of this solute are closely similar to 
those of the substances to be separated, i.e. if (ag—a 3 )/a 3 <^ 1 . 

The physical reason why the development with another solute gives a faster 
separation with less adsorbing material, is that the presence of the other solute 
impedes the developmental spreading of the bands. The fact that, if the concen¬ 
tration of the developing solute is high, the band first undergoes a contraction, is 
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oiily of a secondary importance; this can be seen from the fact that, in the case of 
pure solvent development, an initially high concentration of the solutes makes little 
dilfference to the complete separation. The decisive fact which emerges clearly from 
these calculations is that the concentration (Cg^) of the ban^ II at the point where 
separation takes place {x^) is higher, if the solvent contains a solute which is either 
more (case 3) or only a little less adsorbed than the substances to be separated. 


7. The case of othee isotheems 

It is fuUy realized that the Langmuir isotherm does not often occur in the case of 
adsorptions on liquid-solid phase boundaries. This is most probably due to the fact 
that the adsorbents used do not consist of uniformly adsorbing surfaces, but of a 
large number of different types of adsorbing centres. Even if every type conforms 
to a Langmuir equation this would result in an isotherm of the form 


Tlr 

?1 = s 

. 1 


H-’ 


and, as has been pointed out by Hinshelwood, a number n as small as 2 can already 
produce a form of curve similar to that of a Ereundlich isotherm. 

It is apparent that under such conditions where the curvature of the isotherm 
towards the o-axis is due to saturation of the active centres, the process of chromato¬ 
graphic separation cannot differ greatly from the case of the ideal Langmuir isotherm. 
The only substantial difference will occur, where the total concentration is very low, 
i.e. at the traiOling end of band II, which will approach zero only asymptotically. 
However, no exact calculations are possible as the interdependence of the con¬ 
centrations cannot be determined without solving the differential equation 

/1(0^02) ” f 2 (cie 2 )» 

which in aU cases of > 1 leads to differential equations of higher orders. Nor was 
a solution found possible for any conceivable mixed isotherm apart from the linear 
Langmuir isotherm. It must therefore be considered as a piece of extremely good 
fortune, that the only simple isotherm which has a theoretical backing, is capable 
of a solution and thus gives some insight into the process of chromatographic 
separation; by way of analogy, this may be useful also for cases where the conditions 
do not permit of a straightforward solution. 

It is, however, of interest to consider the behaviour during a chromatographic 
separation of substances following an adsorption isotherm which is convex against 
the c-axis. Such an isotherm would be obtained, for example, under conditions 
where not only single molecules are adsorbed, but also double molecules of all 
comb^tions. Assuming that the adsorbent is far from saturated, this would result 
in an isotherm of the type 


= *iCi + ^2Cf-{-A3CiC2. 


(79) 
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The differential equation ( 2 ) cannot be solved for type ( 79 ), but, writing this equation 

its form, for < 1 > ^ 302 /^?!, becomes very similar to 

1 “^2 ^1/^1'"^3^2/^! ^ ^ 

i.e. equation (3) with negative values of the constants 6162 - Here the differential 
equation ( 2 ) can be solved. 

As shown by de Vault in his treatment of a single solute, an isotherm convex 
against the c-axis results in a band with a sharp rear boundary and a diffuse front. 
In this case the separation condition which can be calculated in a similar way as for 
a Langmuir equation, leads to a distribution as shown in figure 7. 



Figtjbe 7. Developed band of two solutes with adsorption isotherms which are convex 
against the c-axis (see equation (80)). The development is almost exactly the reverse of that 
obtaining in the ease of a Langmuir isotherm. 


Complete separation is reached, when 


V + Vo = 



(1 + A) 
A 


= approx. 61 (m^+mj) 



(81) 


The minimum amount of adsorbent required for complete separation is 

6t jWj (1+A+^) ^ y/fflg— fQC)\ 

In equations (81) and (82), A is defined by equation ( 8 ), but with a negative value 
of 62 - 

It is of interest to note that here, too, the amount of adsorbent and solvent 
required for complete separation depends on (m^+Wg) and on (5)^ and not, as might 
be inferred from Wilson’s deductions, on S and only. 


I wish to express my thanks to the Department of Scientific and Industrial 
Research for permission to publish these investigations, and to Dr A. E. Green, 
Lecturer in Mathematics at Durham, for solving the differential equation (5) and 
for discussions concerning the possible use of other adsorption isotherms. 
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Postscript added est proof 14 November 1945 


Other general equations for the chromatogram of two solutes formed 
by normal development 

Since this paper went to press, a new fundamental equation of mass conserva¬ 
tion has been found for multiple chromatograms (see Gliickauf 1945 ), which makes 
it possible to give general solutions for most of the equations previously derived 
for the Langmuir isotherm only, where this has not already been done. These 
equations still require that the relations between and 0 ^ within the mixed band 
are known, and thus demand the solution of equation 2 by calculation or graphical 
evaluation. 

In the following general equations (marked g) which, for the sake of brevity, are 
given without deduction and under the same number as the corresponding Lang¬ 
muir relationships, and (see equations 10 and 11 ) are given the wider 

mea^ and =A(o.o,). 

the mathematical connexion being suppKed by equation ( 2 ), which requires that 
Cj is a function of Cg- 

The fundamental equations are: 


’^ 2 ( 0 - 2 ) = ®/ 2 ( ciC ») + *®^ 2~'^®2 

where Cj and Cg are the concentrations at the point x, and where 

Xo<x<x^or x^. 

The additional general equations are: 
for 


(g 2 a) 

(g 26 ) 


for Cgu, as function of v (can also he used for if = c§) 


v=m2 




for as function of c. 


■^2(Cs») ~ ®2«! ■^2 (Csm,) ' 


'2io 


~ ^2/(-^<C8«;)“^2U?-^2(C2ic))5 


for as function of and 








2 (catf) 


for the movement of the fully developed frontal band I: 


a; _ _|. ”^2(/l(ei)--^2(<;»3„)) 


/l(Ci) /l(Ci) (■^2(c*sa) <^210 ■^2(c*2tt)) 


(g 15) 

(g 28) 
(g 29) 

(g 33) 

(g 37) 
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{c%jo is a function of c^; it is defined by equation (g 33) with a value of as 
following from equation (2) and with = c^), for the contents of any section of 
the mixed band: 

(g38) 

L. -P i(ci) Jcip 

and vice versa for 

If the pore space is to be taken into account, the corresponding occ has to be 
added to every function, and a has to be added to every differentiated function. 
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The plastic deformation of non-cubic metals 
,by heating and cooling • 

By W. Boas ajstd E. W. K. Hokbycombb, Council for Scientific 
and Industrial Research, Lubricants and Bearings Section, Melbourne 

{Communicated by Sir David Rivett, F.B.S,—Received 1 September 1944) 

[Plates 1-5] 

Several pure metals were subjected to cyclic thermal treatment between 30 and 150® C. 
Specimens of zinc, cadmium and tin showed signs of plastic deformation which were evident 
after a small number of cycles, and which became more pronounced as the nxunber of cycles 
increased. On the other hand, the phenomenon was not observed in lead. Evidence is 
brought forward to show that this deformation is due to the anisotropy of thermal expansion 
in the crystals of non-eubic metals. The persistence of the lattice distortions is shown by 
X-rdy photographs, and also by recrystaUization subsequent to the cyclic treatment. In 
certain metals, grain boundary migration is associated with the deformation. The implica¬ 
tions of the phenomenon are particularly exemplified in a comparison of certain tin-base and 
lead-base bearing alloys. Some possible theoretical and practical implications of the pheno¬ 
menon are discussed, 

1. IXTRODXJCTIOK 

In the course of a comparative study of the properties of tin-base and lead-base 
bearing alloys, marked differences were observed between the two types of aUoy. 
Small steel cylinders coated on the inside with these bearing aUoys were alternately 
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heated and cooled by immersion in oil. After a few cycles between 30 and 150° C, 
cracking was observed on the surface of the tin-base bearing, but the surface of the 
lead-base bearing was ftee ftom such defects. Moreover, after fifty cycles of heating 
and cooling, the formerly smooth surface of the tin-base lining had become quite 
rough. The lead-base lining, however, showed no signs of surface roughening. After 
two hundred cycles, the general roughening and cracking of the surface of the tin- 
base bearing had proceeded to a very marked degree. After a similar treatment, no 
such change was apparent on the surface of the lead-base ahoy. 

If internal stresses due to the difference in thermal expansion between the steel 
cylinder and the bearing lining were the cause of these effects, it would be expected 
that they would be more pronounced the wider the difference in thermal expansion. 
Although the mechanical properties of tin-base and lead-base bearing alloys are 
similar (A.S.T.M. 1939 ), difference in thermal expansion between a lead-base 

alloy and steel is greater than between a tm-base alloy and steel, the surface deforma¬ 
tion has been observed only with tin-base alloys. This suggests that the effect was 
independent of the bimetallic nature of the bearing. 

To verify this point, specimens of lead-base and tin-base alloys not bonded to steel 
were subjected to thermal cycles. Again, the tin-base alloy showed surface deforma¬ 
tion whilst the lead-base alloy did not. Figure 1 (plate 1 ) represents an area on a 
tin-base bearing alloy which had been subjected to fifty thermal cycles between 30 
and 150° C. The rough and deformed state of the originally smooth surface is apparent. 
These experiments show that the phenomenon is not due to the differential expansion 
between the steel shell and the bearing metal, but is an inherent property of the* 
alloy, and possibly even of the basis metal. It was therefore decided to in¬ 
vestigate the behaviour of pure metals under similar conditions, and specimens 
of tin and lead were subjected to thermal cycles. After a small number of 
cycles, tin specimens showed deformation, while no signs of deformation were 
detected in the lead specimens. The investigation was later extended to cadmium 
and zinc, and with these metals slip lines were detected even after one thermal 
cycle. 

It was thought that the phenomenon might be due to the anisotropy of thermal 
expansion, inherent in metals which do not possess a cubic crystal structure. In 
this paper experimental evidence is advanced to support this explanation. 


2. ExPERIMENTAn 
(a) Materials 

The metals used were the purest available. The tin was approximately 99-85 % 
pure with antimony, arsenic, lead and copper as principal impurities. The lead was 
of a punty exceeding 99*99 %. The zinc and cadmium used were electrolytically 
refined and were both 99-97 % pure, with lead and zinc respectively as the main 
impurities. 
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Typical compositions of the bearing alloys already referred to were: 



tin-base 

lead-base 

tin 

/o 

91-9 

/o 

14-5 

antimony 

4-0 

13-0 

copper 

4-0 

0-5 

lead 

— 

72-0 

nickel 

0*1 

— 


( 6 ) Preparation of specimens 

It was essential to obtain the specimens used for the experiments in a state free 
from any residual stresses which might be produced by mechanical working or 
polishing. Small ingots of the various metals were cast and rolled to strip approxi¬ 
mately 0-20 in. in thickness and 1 in. in width. The specimens were cut from the 
strip and filed to the shape shown in figure 2 , this shape being adopted in order to 
facilitate handling of the specimen. One surface of each specimen was then rubbed 
on wet carborundum papers up to 600 grade. The specimens were subsequently 
annealed for at least 30 min, at a temperature equal to or exceeding the maximum 
temperature used in the cyclic thermal treatment. 



Figtjee 2 . Shape of specimens used. 

Finally, the specimens were electrolyticaUy pohshed. The electrolytic method of 
polishing eliminates the possibility of surface deformation during the preparation of 
the specimen. Tin specimens were polished by the method of Jacquet ( 1939 ), while 
the cadmium specimens were prepared by a modification of this method. A variation 
of the technique used by Eodda ( 1943 ) was successful in the case of ziac. Lead was 
at first mechanically polished by the method of Womer & Womer ( 1940 ), but later 
the electrolytic technique of Koch & Stanau ( 1941 ) was adopted. Once a specimen 
was prepared in this manner it was not subjected to further polishing during or after 
the cyclic thermal treatment. 
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(c) Cyclic thermal treatment 

In the earlier experiments, the specimens were alternately immersed in a hot oil 
bath at 150® C and a cold oil bath at 30® C. A mechanical device was constructed in 
order to carry out a large number of cycles automatically. In this case the specimens 
were held in each bath for 2 J min, whilst the removal from one bath to the other 
occupied 1 min. Originally the specimens were in direct contact with the oil; how¬ 
ever, it was later found advisable to enclose them m glass tubes to avoid undue 
staining. Moreover, the glass containers reduced the cooling and heating rates, thus 
minimizing the stresses due to a temperature gradient in the specimen. Under these 
circumstances the duration of the cycle was lengthened. Some experiments were 
carried out with a still slower rate of heating and cooling, the specimens being heated 
and cooled in the one oil bath. In this case, the temperature rose to 150® C in 40-60 
min., while the cooling to room temperature occupied several hours. The specimens 
were examined microscopically after a varying number of cycles. 

In order to examine the deformation during a thermal cycle, specimens were 
heated and cooled on the stage of a photographic microscope. The specimen was in 
direct contact with a copper cylinder containing oil which was heated by an im¬ 
mersion heater. The temperature was measured by a thermocouple inserted in a 
small hole in the side of the specimen. This hole was drilled before the specimen was 
annealed. The specimen was insulated from the stage of the microscope by a sheet of 
mica 0-4 mm. thick in which there was a small hole through which the microscopic 
observations were made. 

3. Results 

(a) Description of observed phenomena 

Three types of phenomena were observed in the specimens after cyclic thermal 
treatment. Rirst, deformation marks appeared in the crystals, the direction of the 
lines changing at the grain boundaries. The majority of these lines was due to slip 
although some evidence of twinning was found. This was shown by the facts that 
slight etching removed most of the lines, and that usually only one set of parallel 
lines was found in each grain. Twins, on the other hand, are more readily distin¬ 
guished from the parent grains after etching because of the difference in orientation. 
Secondly, the smooth surfaces of the specimens became rough and the grain boun¬ 
daries more marked. Thirdly, migration of boundaries occurred in certain metals, 
both the old and the new boundaries being visible simultaneously without additional 
preparation of the specimen. As the number of cycles was increased, the three effects 
became more pronounced. This is shown for zinc, cadmium and tin in figures 3—5 
(plates 1 and 2). The three phenomena did not occur to the same extent in each 
metal; moreover, they were not all necessarily associated in every case. 

Zinc. Slip occurred to a marked degree as is shown in figure 3, but no grain 
boundary migration was observed. This was accompanied by a roughening of the 
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surface which was readily seen with the naked eye. In addition to this permanent 
distortion, a reversible roughening of the surface was detected by microscopic 
observation of most specimens during the cycle, although some specimens did not 
show this effect. 

Cadmium. Slip occurred to approximately the same extent as with zinc. This 
is shown in figure 4 (plate 1). The surfaces of the cadmium specimens showed 
permanent roughening which was as pronounced as in zinc. The cyclic treatment 
brought about accentuation of the grain boundaries^ and, in addition, extensive 
grain boundary migration took place. 

Tin. Only slight evidence of slip or twinning was seen (figure 5, plate 2). The 
main effect appeared to be an accentuation of the grain boundaries, some of which 
ultimately seemed to become regions of severe distortion as shown in figure 6 a 
(plate 2). Extensive grain boundary migration occurred (figure 66), similar to that 
observed in cadmium. 

Lead. No signs of deformation were detected, and no accentuation of the grain 
boundaries became apparent. In some specimens, certain grains grew at the expense 
of others, but no grain boundary network was developed. No connexion between this 
grain adsorption and the cyclic treatment was observed and there was no evidence 
of recrystaUization within the existing grains. 

(6) Factors influsncing the deformation 

Duration of cycle. Specimens of cadmium which were plunged alternately into hot 
and cold oil, and specimens which were slowly heated and cooled in the one oil bath, 
gave similar results. A fast cycle occupied between 5 and 10 min., while a slow cycle 
took approximately 7 hr. The deformation caused in a cadmium specimen by ten 
slow cycles is illustrated ha figure 7 (plate 2). This photograph also shows more 
extensive grain boundary migration than is the case in specimens subjected to fast 
cyclic treatment. 

These experiments, together with the fact that no plastic deformation was 
observed when lead was subjected to a similar treatment, support the view that the 
deformation is not due to internal stresses caused by non-uniform heating and 
cooling. 

Number of cycles. As already stated, the observed phenomena became more 
pronounced as the number of cycles was increased. It was also apparent that 
different grains showed slip to varying degrees. After only one cycle, some grains 
were already plastically deformed, and as the cyclic treatment proceeded, more and 
more grains, showed signs of deformation. This progressive increase in the deforma¬ 
tion of particular crystals and the onset of deformation in new ones was followed by 
photographing the same area of a specimen at intervals during the cycles. In 
figure 8 some photographs taken on a cadmium specimen are reproduced. 

Slight indications of deformation inay already be observed in specimens as 
polished electrolytically. This may be seen, for example, in figure 8a (plate 3). 
This might be explained in either of two ways. First, the deformation lines may be 
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xenmants of those which are produced on cooling from the annealing temperature, 
and are not completely removed by the subsequent electrolytic polishing. This 
explanation is supported by the fact that such specimens do show distinct slip and 
twinning when microscopically examined after annealing but prior to polishing. 
This deformation is at times sufficiently pronounced that a rumpling of the surface 
of the annealed specimens can be detected. For example, the surfaces of cadmium 
specimens prepared on no. 600 carborundum paper and subsequently annealed at 
approximately 250^ C have a rumpled appearance and signs of plastic deformation 
can be detected in the grains. The second possible explanation is that the specimens 
were deformed on cooling from the temperature at which the electrolytic polishing 
was carried out (usually 45-60^^ C for cadmium), although the first explanation 
appears more likely. 

In general, not only did an increasing number of grains show deformation lines 
as the number of cycles was increased, but also the lines became more intense and 
more numerous in grains deformed in a previous cycle. 

Grain size. The effect of variation in grain size was investigated specially in the 
case of cadmium. It was apparent that deformation occurs independently of grain 
size. The smallest average linear grain size investigated was approximately 0-05- 
0*06 mm. (figure 8) and grain sizes up to 100 times this have been examined. Thick 
grain boundaries observed can be resolved at higher magnifications into a large 
number of gram boundary impressions which are the result of limited migration. 

A significant difference in behaviour was observed with a single crystal of cadmium. 
The specimen was of the same shape as those previously used. It was subjected to 
50 cycles by plunging alternately into oil at 30 and 150® C. Here, one would expect 
the effect to be absent, and the results showed that this was so. The major part of 
the surface remained entirely free from any slip lines. Slight indications of deforma¬ 
tion were observed at the base of the handle which was polycrystalline, and along 
one edge where the specimen was subjected to the greatest thermal gradient. 

Temperature. Microscopic observations during the cycle revealed that the number 
of slip lines in a grain increased as the temperature was raised (figure 9, plate 4). 
Moreover, the intensity of existing slip fines increased as the cycle proceeded and 
was augmented not only as a result of the rise in temperature but also of the sub¬ 
sequent cooling. Figure 9 shows that the slip lines are at least as pronounced near 
grain boundaries as they are in the centre of the grain. The deformation is accom¬ 
panied by gram boundary migration which is also seen in figure 10 and which will 
be discussed later. 

Metal. As the preceding experimental evidence implies, the deformation is very 
pronounced in the case of zinc and cadmium. It is difficult to judge which of these 
metals undergoes the greater deformation under similar conditions. On the other 
hand, tin shows slip to a much lesser degree, but slip and twinning are not neces¬ 
sarily the only outward signs of deformation. The severe distortions near the grain 
boundaries seem to be the principal indications of deformation in tin. In lead no 
deformation can be detected. 
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Orientation of the crystals. It was thought that the effect of relatiTe orientation of 
the crystals on the deformation could be investigated statistically by comparing the 
behaviour of specimens in which the crystals were orientated at random with 
specimens possessing a preferred orientation of the crystals. To this end, two series 
of zinc specimens were prepared. In the first case, heavy cold rolling in one direction 
was carried out followed by annealing at approximately 300° C, while the material 
for the second series was hot roUed in various directions and annealed. After cyclic 
thermal treatment there was some indication that less plastic deformation occurred 
in specimens of the first series. However, further work is necessary to confirm this 
result, as the existence of preferred orientation in these specimens has not yet been 
established. 


(c) Associated phenomena 

Persistent nature of the lattice distortions. No recrystallization was detected during 
the cyclic treatment. On the other hand, it was possible to bring about recrystal¬ 
lization in specimens of cadmium by annealing at a temperature higher than the 
maximum temperature of the cycle after they had undergone a considerable number 
of cycles. Specimens, after rolling, were annealed for J hr. at 250° C, the resultant 
grain size being the same in each case. The structure was revealed by macro-etching 
(figure lOUi-ei, plate 5). They were then given 10 , 25, 50, 100 and 200 cycles 
respectively, reannealed for | hr. at 250° C and finally macro-etched. Figure 10 Ug 
shows that the deformation produced during 10 cycles is not sufficient to allow 
recrystallization to occur. Partial recrystallization took place in the specimen 
previously subjected to 25 cycles (figure 10 62 ) a^nd led to the formation of very large 
grains. RecrystaUization was complete in the specimen which had received 50 cycles 
(figure 10 Cg), resulting in a somewhat finer grain-size than that of the previous 
specimen. The specimens subjected to 100 and 200 cycles were completely recrystal¬ 
lized by the annealing treatment (figures 10^2 Cg), and the grain size of both 
speciniens was smaller than in the previous two cases. In other experiments with 
cadmium, the same general behaviour was observed, but the minimum number of 
cycles required for recrystallization on annealing varied. 

These experiments indicate that some lattice distortions produced by the plastic 
deformation of the specimen are not removed duriijg the cyclic treatment but remain 
in the specimen and, therefore, become more extensive as the number of cycles 
increases. 

This opinion is supported by evidence from X-ray diffraction photographs taken 
on zinc, cadmium and tin at stages during the cyclic treatment. Rack reflexion 
photographs were made using the continuous X-ray spectrum and the characteristic 
radiation from a copper target. Care was taken to obtain reflexions from the same 
crystals at different stages during the experiments. As the grain size was relatively 
large, Laue spots from several crystals were obtained, those produced by the 
characteristic radiation being particularly intense. In the photographs of the 
specimens in the as-annealed condition, the majority of the interferences was sharp. 
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In the three metals after 100 cycles, the spots were blurred, and both the and 
K 0 L 2 radiations were reflected from the one crystal. This is shown for cadmium in 
figure 11 (plate 5). 

These two effects are identical with those described by Gough & Wood ( 1936 ) 
and indicate that the orientation varies within the one crystal where previously no 
such lattice distortion was present. The lattice distortions increased with the number 
of cycles. In certain cases, after a large number of cycles, recovery occurred as is 
indicated by the splitting up of some of the blurred spots into several smaller ones 
sharper in outline. 

In similar experiments with lead, the sharpness of the Laue spots was not 
altered by the same cyclic thermal treatment as that applied to the non-cubic 
metals. 

Grain boundary migration. It has already been mentioned that during the cyclic 
treatment, grain boundary migration occurs in the case of tin and cadmium, but not 
in zinc. In both tin and cadmium some grain boundaries moved more than others, 
while some were stationary. In very many instances, a grain boundary moved 
during each cycle and an impression of the boundary was then formed, ultimately 
leading to a complicated network of lines. On etching, these networks disappeared 
leaving only the new grain boundaries. These boundaries coincided with the final 
impression observed before etching, thus showing that th^ lines of the network 
represented the positions of the grain boundaries at various times. The number of 
grain boundary impressions observed did not always coincide with the number of 
cycles- 

Unlike the deformation, the extent of the grain boundary migration is dependent 
on the duration of the cycle. In specimens of cadmium subjected to very slow cyclic 
treatment (7 hr. cycle) the migration was very much more extensive (see figure 7) 
than in the case of specimens which had received shorter cycles. A closer examination 
of grain boundary migration was made on cadmium and tin specimens which were 
microscopically examined during the cycle. Grain boundary migration appeared to 
occur to a much greater extent during the cooling part of the cycle. This can be seen 
in the case of cadmium in figure 9. The final state of the specimen after three such 
cycles is shown in figure 9§r and at higher magnification in figure 9 A. These photo¬ 
graphs show, moreover, that the direction of the migration may be either into the 
deformed grain or mto the undeformed grain. The slip lines formed after this grain 
boundary migration extend to the new boundary (figure 76). 

4, Discnssioir akd co^rcLtrsiOKs 

It is considered that the preparation of the specimens prior to cyclic treatment was 
carried out carefully enough to eliminate residual stresses set up in the metal by 
previous cold working. These precautions were especially necessary in view of the 
experience of Eosenhain & Ewen ( 1912 ), who observed twins on annealing silver 
which had been previously mechanically polished. They ascribed the twinning to 
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the deformation caused by this type of polishing. Those authors did not detect a 
similar effect with zinc. 

It is also unlikely that a temperature gradient in the metal, causing non-uniform 
expansion in different parts of the specimen, was responsible for the deformation. 
This is shown in the first instance by the small effect which the duration of the cycle 
had on the extent of the deformation, and, secondly, by the negative result of the 
experiments carried out with lead under the same conditions. Since the deformation 
produced by the thermal cycles was apparently characteristic of the non-cubic 
metals examined, the possibility of it bemg due to the anisotropy of thermal 
expansion became likely. 

In metals belonging to the hexagonal and tetragonal crystal systems, the thermal 
expansion varies with the direction in the crystal; consequently, temperature changes 
will give rise to stresses where two crystals of different orientations adjoin, and 
where free expansion is hindered, that is, at the grain boundary. If these stresses 
are large enough, plastic deformation of the grains will occur. In a cubic metal, on 
the other hand, no such effect can exist because the thermal expansion is the same 
in all crystallographic directions. 

If it is now’’ assumed that the anisotropy of thermal expansion is the cause of the 
deformation described above, then it would be expected that: 

(1) The cubic metal lead would not show any evidence of plastic deformation 
after cyclic thermal treatment. 

(2) The rates of heating and cooling of the specimens during cyclic treatment 
would have no effect on the deformation, since the thermal expansion is dependent 
on the temperature difference and not on the rate at which the temperature 
changes. 

(3) Specimens possessing a strongly preferred orientation would show deforma¬ 
tion to a lesser degree than those in which crystals are orientated at random, since, 
on the average, the change in orientation from crystal to crystal is smaller in the 
former case than it is in a material with a random distribution of orientations. In 
the extreme case of a specimen consisting of only one crystal, no deformation would 
occur. 

The first two expectations were borne out in the experiments described above. 
The third also appears to be supported by the experimental evidence, but this point 
needs further confirmation. It should be particularly noticed that no effect was 
observed with the cubic metal lead although its melting point (327-5® C) is very close 
to that of cadmium (320-5® C), and although it is very easily deformed. 

It is therefore considered that the deformation observed in zinc, cadmium and 
tin is consistent with the anisotropy of thermal expansion in the crystals of these 
metals. 

An estimation of the magnitude of the stresses produced during the heating of a 
non-cubic metal is found in the appendix. This calculation shows that the anisotropy 
of thermal expansion, rather than the anisotropy of Young’s modulus or the critical 
shear stress, determines the likelihood of occurrence of plastic deformation. The 
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numerical values show that plastic deformation should occur most readily in zinc, 
nearly to the same extent in cadmium, and to a lesser extent in tin. The experimental 
results appear to confirm this expectation. On the other hand, the small number of 
visible slip lines observed in specimens of tin after cyclic treatment may not give a 
true indication of the extent of deformation, since a lack of slip lines has been 
observed in some single crystals of tin which had undergone considerable elongation 
in tensile tests (Polanyi & Schmid 1925). 

It is clear jSrom the experimental evidence that the lattice distortions not only 
persist, but accumulate as the cyclic treatment proceeds. It might be expected that 
recovery would take place during each cycle, but apparently the rate of recovery is 
not sufficiently rapid to eliminate the lattice distortions. 

This is not surprising since strain hardening has been observed with single crystals 
of zinc and cadmium in tensile tests carried out at elevated temperatures (Boas & 
Schmid 1930). The accumulation of lattice distortions with increasing number of 
cycles results, on subsequent recrystallization, in a decreasing grain size. This 
behaviour is analogous to that of metals deformed by external stresses, where the 
grain size after recrystalKzation is smaller the greater the extent of the deformation. 

It has been previously mentioned that the slip lines continue through the crystals 
to the grain boundaries. This is in marked contrast to observations on metals 
deformed in a tensile test. In the latter case, slip lines become less numerous and 
tend to fade out near the grain boundaries. The emphasis of slip lines near gram 
boundaries in specimens subjected to cycHc thermal treatment indicates that, in 
these regions, stresses are unusually heavy, thus supporting the conception of the 
origin of the deformation outlined above. 

In a thermal cycle, as the temperature is raised, the stress between two crystals 
increases at first proportionately to the temperature until plastic deformation 
commences. Any greater stress is then largely relieved by plastic deformation; 
however, a slight increase in stress occurs because of the work hardening. On cooling, 
the stress decreases again proportional to the decrease in temperature, xmtil zero 
stress is reached above room temperature. As room temperature is approached, 
stresses are set up in the opposite direction, which may be large enough to produce 
further plastic deformation. This is diagrammaticaUy shown in figure 12. During 
each successive cycle, these variations in stress are repeated. Similar fluctuations 
of stress occur in specimens which are subjected to fatigue conditions, for example, 
to cycles of alternating tensile and compressive stresses. In this case, the deformation 
in the reversed direction occurs by slip along alternate parallel sets of slip planes, 
and as the number of stress reversals is increased, further slip lines accompanied by 
lattice distortions are produced. The analogy between the deformation produced 
during repeated thermal cycles and repeated cycles of externally’ applied stresses 
is striking. Bor this reason, it was thought that' thermal fatigue ’ might be a suitable 
name for the phenomenon (Boas & Honeycombe 1944). 

In the experimental results, certain facts were noted which may be of significance 
to the main phenomenon, although at first they may not seem to have any close 
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coimexioii with it. The most notable of these effects is the migration of grain 
boundaries which was observed in both tin and cadmium. Since this grain boundary 
migration is apparently associated with the cyclic thermal treatment, in so far as 
further migration occurs during successive cycles, it is possible that the deformation 
of the metal is a contributing factor. However, in addition to the deformation, the 
duration of the cycle and the maximum temperature reached seem to play some part. 
The extent of grain boundary nodgration increases in the order zinc, cadmium, tin— 
that is, with decreasing melting point. However, lead, which possesses a melting 
point very close to that of cadmium, shows little grain boundary migration after 
cycKc thermal treatment. 



Figube 12. Diagram showing the change of stress during the first thermal cycle. 

In the course of an investigation on recrystallization and crystal growth, Car¬ 
penter & Elam (1920) obtained very similar results with a tin-antimony aUoy con¬ 
taining 1-5 % antimony. Those authors used this aUoy because of its "very peculiar 
property namely, that * the position of the new boundary is marked by a line which 
is really a difference of level, almost as if the specimen had been etched They found 
that these boundary markings were produced independently of whether the specimen 
was heated in air, hydrogen or in vacuo, and that they were formed only when the 
annealing was interrupted and the specimen was cooled to room temperature. It is 
possible that the grain boundary migration observed by those authors had the same 
origin as that described above. Although Carpenter & Elam concluded that 
crystal growth would not take place unless a metal had been previously deformed, 
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they found that grain boundary movements occurred when an annealed tin- 
antimony alloy was reheated. This supports .the suggestion that the deforma¬ 
tion caused by cyclic thermal treatment is connected with grain boundary 
migration. 

As yet, no reasons have been advanced why the new grain boundaries become 
visible on cooling. Preferential volatilization at the grain boundaries is unlikely to 
be the cause, since the excess of the vapour pressure at the grain boundaries over that 
within the grains is proportional to the surface tension, which is of the same order of 
magnitude for zinc, cadmium, tin and lead. Neither can the effect be attributed to 
etching by hot oil, since it was equally observable in air, and, as Carpenter & Elam 
have shown, in vacuo and hydrogen. It is therefore thought that the impression 
indicating a difference of level is caused by the stresses set up during cyclic thermal 
treatment. 

Finally, some implications of the phenomenon might be mentioned. It appears that 
it is difficult to obtain these metals, particularly zinc and cadmium, in a completely 
strain-free condition at room temperature. Although all stresses due to previous 
cold work may be eliminated by annealing at a sufficiently high temperature, 
new stresses due to the anisotropy of thermal expansion wiU be set up even 
if the rate of cooling from the annealing temperatme is very slow. Similar 
stresses may occur in these metals on cooling after casting. Preliminary ex¬ 
periments indicate that this is the case. Although no failure in pure metals was 
observed in the above experiments, it might be brought about after a sufficiently 
large number of cycles. 

The position is somewhat different in the case of alloys containing more than one 
phase. Here, differences in thermal expansion may occur not only from grain to 
grain but also from phase to phase, and stresses may be set up even if all the phases 
present are cubic. On the other hand, the relative volumes taken up by each phase 
may be of importance as seems to be the case in bearing alloys in which the crystal 
structure of the matrix is the determining factor. Many bearings are raised to a 
temperature exceeding 100° C under normal ru nning conditions. Clearly, over 
a period of time, the bearings will receive cyclic thermal treatment, the severity 
of which depends on the number of times the bearing is allowed to cool after 
use. This may ultimately contribute to the failure of certain bearing alloys in 
service. In this respect, lead-base bearing alloys were found to be superior to tin- 
base alloys* 

It would appear that metals which possess a high degree of anisotropy of thermal 
expansion cannot be obtained in a strain-free condition at room temperature by 
casting or annealing. The observations are of some interest in the general theory of 
the strength of materials and the physical properties of metals. The stresses pro¬ 
duced during thermal cycles may be of significance when they are superimposed on 
externally applied stresses. For example, in the case of fatigue, the stresses in the 
metal may be raised in this way from the safe to the imsafe range resulting in un¬ 
expected failure. It is conceivable that these stresses play a role in the behaviour 
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of metals under creep conditions where the deformation at the grain boundaries 
is significant. 

This work forms part of a general investigation carried out by the Lubricants and 
Bearings Section of the Council for Scientific and Industrial Research. We wish to 
express our thanks to Dr F. P. Bowden for his interest and encouragement in the 
work. We also wish to thank Professor J. NeiU Greenwood for helpful discussions 
and the use of the equipment in the Rosenhain Memorial Laboratory, and to thank 
Professor E. J. Hartung for laboratory facilities in the Chemistry School of the 
University of Melbourne. 


APPE2j7BIX 

Estimation of the order of magnitude of the stresses set up on 
heating and cooling of non-cubic metals 

The basic idea of the calculation of stresses due to the anisotropy of thermal 
expansion is that two neighbouring crystals possessing different coefficients of 
thermal expansion must still conform to the same boundary after a change in 
temperature. This is possible only if the crystal with the larger coefficient of thermal 
expansion is compressed, and that with the smaller expansion is extended. An 
exact calculation is difficult, for the stresses depend on the shape of the crystals. 
Furthermore, each crystal has many neighbours, usually of different orientations, 
and the total stress is obtained by superimposing the various stress systems. A crude 
way of estimating the magnitude of the stresses is to consider a linear boundary 
element between two crystals. A somewhat similar estimation has been carried out 
by Laszlo (1943). 

When the temperature of such a specimen is raised hj AT the length Z of the 
boundary element would be increased by ol-JjA T or agZri T respectively if the crystals 
1 and 2 (with the coefficients of thermal expansion and respectively) could 
expand independently of each other. The strains set up are such that the system has 
a minimum potential energy, and this is the case when the compressive stress in one 
crystal is equal to the tensile stress in the other crystal. If is the fraction of the 
deformation taken up by crystal 1 (and/g the fraction taken by crystal 2) and E^ 
andi?2^®spectivelythe Young’s moduli of the two crystals, it follows that 
and the stress 

o-= {ai-€C^)AT 

It can be seen that the difference in thermal expansion between the two cryBtals is 
the main factor determining the stress. 

In hexagonal and tetragonal crystals, the coefficient of thermal expansion depends 
on the orientation which, m this case, is solely defined by the angle ^ between the 
principal axis and the direction under consideration, i.e. the grain boundary. If 
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and are the coefficients of thermal expansion parallel and perpendicular to the 
principal axis and y = cos a in any direction ^ is given by 


a = aj_+(a,-aj_)y2^ 

E E 

so that cr = (a„ - A T{y\ - yl) • 

It is obvious that the stress disappears not only if both crystals have the same 
orientation whatever the direction of the boundary, but also if the boundary bisects 
the angle between the two principal axes. Maximum stress occurs if the boundary is 
parallel to or perpendicular to the principal axis of one crystal, and the other 
principal axis is nearly perpendicular to it. 

The stress divided by the critical shear Sq may be taken as a measure of the 
tendency for slip to occur. The decrease in the critical shear stress with increasing 
temperature is not very marked and is similar for the different metals. Thus, as a 
first appro x i m ation, the value of determined for room temperature may be used. 

For the purpose of comparing the likelihood of occurrence of slip in the various 
metals, the values of the stresses set up are calculated for crystals of the same 
orientation relative to the grain boundaries and for the same temperature range. In 
this case, AT and the factor (yf—yf) which involves the relative orientation, are 
identical for the metals compared. In the factor containing the Young’s moduli, 
the orientation is not eliminated. This is seen for hexagonal crystals, for which 
E^E^jE^ + E^ becomes 


_ 1 _ 

(— 251 ;^+ 2 ^ 13 +544) (yi+y|)-f{%+§33—2513—544) (yi+yl)’ 

with the elastic coefficients in the Voigt notation. 

Since the variation of this factor with the orientation does not greatly infl.uence 
the magnitude of the stress, comparative values for the various metals will be 
calculated assuming that the grain boundary is parallel to the principal in one 
crystal and perpendicular to that axis in the other crystal. Table 1 contains the 
values for the elastic, plastic and thermal properties of zinc, cadmium and tin* from 
which values indicating the relative tendency for slip to occur have been determined. 
It is seen that this tendency increases in the order tin, cadmium, zinc. 


Table 1 





metal 


kg./mm.‘ 

zinc 

49-8 X 10-' 

12,130 

cadmium 

31-2 X 10-« 

8,300 

tin 

16-0xl0-» 

8,640 



So 


kg./mm .2 

kg./mjn.^ 

S,(IIE^ + IIEJ 

3,560 

0-094 

14-6 

2,880 

0-058 

11-6 

2,680 

0-133 

2-3 


Bata tabxilated by Schmid, E. & Boas, W., Kristallplastizitdt ( 1935 ), Berlin; J. Springer. 
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Desobiptiok of Plates 

Figuee 1 . Area on a tin-base bearing alloy after 50 cycles between 30 and 150° C. x 50 
(7/10 original size). 

Figure 3. Typical areas on a zinc specimen after various numbers of fast thermal cycles 
between 30 and 150° C, (a) after 50 cycles, ( 6 ) after 100 cycles, (c) after 200 cycles, x 100 
(7/10 original size). 

Figure 4. T 37 pieal areas on a cadmium specimen after various numbers of fast thermal cycles 
between 30 and 150° C, (a) after 50 cycles, (b) after 100 cycles, (c) after 200 cycles. 
X 100 (7/10 original size). 

Figure 5 . Typical areas on a tin specimen after various numbers of fast thermal cycles 
between 30 and 150° C, (a) after 50 cycles, ( 6 ) after 100 cycles, (c) after 200 cycles. 
X 100 (7/10 original size). 

Figure 6 . Distortion and grain boundary migration in tin specimens, [a) after 100 cycles, 
X 500; ( 6 ) after 100 cycles, x 100 (7/10 original size). 

Figure 7. Slip lines and grain boundary migration in a cadmium specimen after 10 slow 
cycles, [a) x 100; (5) x500 (7/10 original size). 

Figure 8 . An area on a cadmium specimen after various numbers of fast thermal cycles. 
(a) as polished, (b) after 1 cycle, (e) after 3 cycles, (d) after 5 cycles, (e) after 10 cycles, 
(/) after 15 cycles, x 100 (7/10 original size). 

Figure 9. Area on a cadmium specimen at different stages during the first three thermal 
cycles, (a) as polished, room temperature, ( 6 ) first cycle (150° C), (c) room temperature 
after first cycle, (d) second cycle (115° C), cooling down, (e) room temperature after 
second cycle, (/) third cycle (150° C), {g) room temperature after third cycle, (h) same 
as g —^higher magnification. {a)-{g) x 64; (h) x 140 (9/10 original size). 

Figure 10. Macrostructures of cadmium specimens. %—as prepared for cyclic treatment. 
052-^2 same specimens, annealed for J hr. at 250° C after (a^) 10, (dg) 25, (Cg) 50, 
(dg) 100 and (Cg) 200 cycles, x natural size. 

Figure 11. Enlarged portions of X-ray back reflexion diagrams from a cadi m u m specimen 
showing the same spots, (a) before cyclic thermal treatment, (b) after 100 cycles. Copper 
target. 
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A difixaetion theory of the Foucault test is developed which covers the practically important 
ease of a circular mirror with errors of figure of arbitrary form, tested with a kmfe-edge 
whose lateral adjustment is variable. The theory is first applied to discuss the changes in 
appearance of a true mirror as the knife-edge is advanced across the axis. Next, corre- 
spondmg formulae are obtained for the case of a mirror possessing a small amount of primary 
spherical aberration, tested near mean focus. Lastly, the theory is applied to obtain an 
estimate of the sensitiveness of the test, first as a means of determining focal position, and 
secondly as a means of detecting primary spherical aberration. 

1 . Intbobttotion 

Although more than eighty years have passed since Foucault published the first 
account of his knife-edge test, it is still by far the most widely used method of testing 
astronomical mirrors and other high-quality optical systems of large aperture 
during the process of figuring. The test is too well known to need a description here; 
it is only necessary to note that it is of unsurpassed simplicity and delicacy when 
the stigmatism of a pencil is the property to be tested. For then the interpretation 
of the test is so easy as to be in a sense intuitive; the shadow contrasts, interpreted 
as if they arose from the illumination of a nearly flat disk by light coming in at 
grazing incidence from the side opposite to the knife-edge, depict to the eye the 
deviations of the wave-surface from a sphere centred where the knife-edge meets 
the axis. And its sensitiveness is such that errors in the wave-front far too small to 
cause any observable change in the image at best focus can be clearly seen and 
accurately located. 

In his original description of the test, Foucault (1859) ^ purely ray-theoretic 

explanation of its properties. Such an explanation serves well enough when large 
errors are present. Certain unexplained effects are seen, but they can be dis¬ 
regarded without impairing the practical usefulness of the test. As the errors are 
reduced, however, these effects become more disturbing, and one of them—a brilliant 
line of hght round the rim of the disk—often causes trouble to the inexperienced 
mirror-maker through being taken (as on ray theory it must be taken) to indicate 
the presence of a steep, narrow turned edge. Dark fringes appear on the brightly 
lit areas of the disk seen under the test, and if the knife-edge is kept at a fixed setting 
there is no satisfactory way of deciding whether or not these indicate a local reversal 
of the error slope, such as might occur from rapid zonal error on the wave-front.* 
Fortunately, their characteristic behaviour as the knife-edge is moved from side to 
side makes it easy to distinguish these diffraction fringes, which evanesce and 

* Such rapid errors are often met witb during the zonal figuring of heavily aspheric plates. 

[ 72 ] 
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reform in different positions as the knife-edge is moved, from 'true knife-edge 
shadows’, which change their form and intensity much more slowly. The usual 
practice is to advance the knife-edge until no diffraction fringes remain on the zone 
under examination and then to use the ray-theoretic interpretation.* It is far from 
evident, however, that the shape of the zone profile is thereby correctly inferred 
from its variations in brightness when the errors are comparable with the wave¬ 
length of light. 

An adequate diffraction theory of the Foucault test is therefore desirable on 
practical as well as on theoretical grounds. Moreover, it is a necessary basis for any 
estimate of the theoretical limit to the sensitiveness of the test. 

The first approach to such a theory was made by Rayleigh (1917). Using a sim¬ 
plified two-dimensional model, he explained, qualitatively at least, the bright rim 
shown by an error-free mirror under the test and the rather similar bright line which 
appears at a step-discontinuity on the mirror surface. 

Zemike (1934), in a remarkable paperf on the knife-edge test and the phase- 
contrast test, developed a theory covern^ errors of arbitrary form, but under the 
restriction that the optical retardations should be small compared with the wave¬ 
length of light. Gascoigne (1945), taking the Zernike theory as his starting point, 
obtained expressions for the knife-edge intensities, valid for errors of arbitrary form 
and amount, in terms of definite integrals (BQlbert transforms) of a very simple type. 
He applied these to a discussion of the fringes which appear on the 'bright slopes’ 
when turned edge or zonal errors amount to several wave-lengths. Though derived, 
like Zernike’s, for the simplified two-dimensional model,t his formulae yield results 
of great practical value connecting the depths of errors of certain commonly 
occurring types with the number of fringes observed. 

In the present paper the three-dimensional diffraction theory of the Foucault test 
is developed in a form which allows the prediction of the appearance under test of 
a mirror possessing smooth errors of figure of arbitrary shape, and is applied to 
discuss some questions of importance to the practical optician. 

In §§2*1, 2-2 the mathematical formulation of the problem is set up, and it is 
shown thatrfor the present purpose the effect of the finite aperture of the viewing 
system can be disregarded. § 2*3 shows that, when this is done, the three-dimensional 
theory can be made to depend in a very simple way on the two-dimensional theory 
and establishes, as three-dimensional analogue of a result of Gascoigne, S general 
formula for the intensities seen under the test on a mirror of circular edge contour 
with arbitrary errors of figure. 

In § 3 this formula is applied to a discussion of the changes in the appearance of 
a true circular mirror under the test as the lateral setting of the knife-edge is varied. 

* ‘ I pushes the waves off the mirror with the kmfe-edge and then I tests with the rays alone.’ 

t Equations (18) and (20) of this paper are rendered incorrect by an error in sign in equa¬ 
tion (14). 

J The second part of Zemike’s paper, in which he discusses the phase-contrast test, is 
three-dimensional. 
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In § 4 the general case is again considered and series expressions are obtained 
which give the intensities seen under test, on the mirror disk and in the halo, in 
terms of coefficients which describe the errors on the mirror. These expressions are 
used in § 5 to estimate the theoretical limits of sensitivity of the test, first as a means 
of determining focal position, and secondly as a means of detecting primary spherical 
aberration. 

2. General theory oe the Fotjcatjlt test 

2-1. All the cases where an aberration-free pencil is being null-tested can be 
covered by supposing that the wave-fronts originate at the surface of a spherical 
mirror which is being knife-edge tested at its centre of curvature. The wave leaving 
the surface of the mirror at the point (x, y) is described by an electric wave-dis¬ 
placement 

E{x,y)exp 



the real part of which measures the electric intensity at (x, y) at the time t. Here A 
denotes the wave-length, c the velocity of light. To express the fact that a wave- 
surface of constant intensity and phase is leaving the surface of a circular mirror M 


of radius 1, we set 


E{x,y) = 1 


= 0 {x^+y^>l). 


( 2 - 11 ) 


Of course, such a discontinuous distribution of electric displacement values cannot 
be strictly realized. 


y 



Figure 1 


The more general case where the pencil under test is not fully stigmatic can be 
covered by supposing that spherical wave-fronts, originating from a pinhole near 
its approximate centre of curvature, are reflected from the surface of a nearly 
spherical mirror M, The results of the knife-edge test are then interpreted in terms 
of errors of figure of the mirror Jf. We suppose that these errors of figure amount to 
several reflexion fringes,®*® but that the error slopes on the mirror, besides being free 
from discontinuities, are not so steep as to spread out the visible image to more than 

* Since errors of figure on the mirror are transferred with a factor 2 to the reflected wave- 
fronts, it is convement to express them in ‘reflexion fringes®, a term borrowed from inter¬ 
ferometry; a reflexion fringe is half a wave-length. 
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a moderate multiple, say 5 or 10, of the size of the Airy disk. Then it makes no 
appreciable difference if one supposes that the wave is leaving a true spherical surface 
lybig ever3nivhere within a few wave-lengths of the surface M, and that at the 
point {x,y,z) on Mg the complex displacement is 


Il{x,y) = \E{x,y) 


27ri 

expL^ 




( 2 - 12 ) 


1 F{x, y) I is then the amplitude at the point (x, y) on Mg and ^(x, y) the phase there; 
the variation in <j>{x, y) expresses the distortion of the wave-fronts.* * * § The fact that 
a circular mirror of diameter 2 is illuminated with uniform intensity may be 
e=5.re.sedbysettmg 

= 0 {x^+y^>l), (2-13) 

that is, by de fin i n g E{x^ y) as zero over the part of Mq outside the circle C which corre¬ 
sponds to the boundary of the mirror Jf. Exp is the phase function 

which describes the errors of Jf. 

After leaving the mi rror, the light comes to a more or less imperfect focus in the 
neighbourhood of 0, the centre of curvature of See figure 1. By an application 
of Huyghen’s principlef the wave-displacement is calculated in the ‘intermediate 
image surface’, namely, the sphere 8 , centred at A, which passes through the focal 
point 0 , The knife-edge will later lie in the tangent plane at 0 to this sphere. It is 
supposed throughout that the pencil under test is of small angular aperture, that is 
to say, the focal distance AO ^ s is supposed large compared with the diameter 
of M. Then the distance between a point Q = y-^ near 0 in the surface 8 and 

any point P — (a;, y) on the part of enclosed by (7 is approximately given by the 
equationt 


PQ^s- 


(2-14) 


The contribution to the wave-displacement at Q from the element dxdy of area 
situated at P on Mq is thus§ a constant multiple of 

* The approximation here consists in the assumption that the amplitude is imchanged in 
passing from the point (oj, y) on M to the point {x, y) on Mq, 

t A discussion based on Maxwell’s equations meets with formidable mathematical difiSl- 
culties; see Pomear4 (1892, 1897). 

t The position of P is given by its a?, y space co-ordinates; its z co-ordinate is a first-order 
small quantity, since s is large. The position of Q in the surface S is similarly defined by the 
space co-ordinates ajj, 2/1 figure 1). The object of the device, due to Michelson (1905), of 
the spherical intermediate image surface iS' is to secure that (2*14} shall remain correct, to 
within a small fraction of a wave-length, over an area of the intermediate image surface which 
is large compared with the Airy disk of M. 

§ To replace d<r hy dxdy is here equivalent to varying the amplitude by a factor which runs 
from 1 at the centre of the mirror to cos 1/s at its edge. For a mirror working at //lO this 
corresponds to a variation in the intensity of illumination of less than J %. 



76 


E. H. Linfoot 


and the total wave-displacement at Q is 


times a constant multiple of exp 



It is convenient to omit factors of this 


form and to use the term" complex displacements ’ for the expressions which remain 
when they are removed. Thus a complex displacement is indeterminate to the 
extent of a constant normalizing factor. 


On writing 


27rXi 

'JT 




2 ^ 

As 


== V 


(2-15) 


and dropping a constant factor, one obtains for the complex displacement at Q 
the expression 


W(u, v) 


ill. 




E{x,y)e^'^^'<>ydxdy 




(2-16) 


since £I(x,y) is defined as zero for + 

It is easy to verify that, in the case (2'11) of a true mirror, (2* 16) reduces to the 
well-known expression 

the intensity in the surface 8 is then measured by the quantity 


1 W{u,v) 




(2*17) 


This agrees with the usual formula for the Airy disk and rings ib. the plane through 
0 perpendicular to the axis, which will be called the {x-^, ^i)-plane. As is well known, 
it follows from {2-17) that when is small* nearly all the. hght crosses /S in a small 
region surrounding the point 0. 

2-2. To carry out the hnife-edge test, the part of the («!, yi)-plaiie defined by 
0 is covered by an opaque screen. Immediately behind 0 , a viewing system L 
receives the light and images on to the final image surface M'^ (see figure 2). 
L may be the observer’s eye-lens and if' his retina, but for testing a mirror of long 
focal ratio a viewing telescope immediately behind the knife-edge is desirable; L 
then consists of this telescope together with the observer’s eye- or camera-lens. 
In any case, the effect of I- is to give equality of optical paths between aU pairs of 
conjugate pomtsP, P'onM^, ifj.f In particular, the optical path-lengths {PQ... P') 

* Its value is 0-0004 for a mirror working at //10 and for A = 2 x 10 ”®. 
t See p. 692 of Zemike ( 1934 ) for a proof of this statement. 
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and {PO ... P') are equal for every position of Q, It follows that the optical path 
diSerence 

{Q ... P')-{0 ... P') = -PQ+PO = (2-21) 

s 

if it be supposed, as it may be for sufficiently large s, that the approximation ( 2 * 14 ) 
is usable throughout the part of the intermediate image surface S from which light 
is passed by P.* A system of co-ordinate numbers {x', y') in the surface Mq is defined 
by assigning to the image P' of the point P = {x, y, z) in the co-ordinate numbers 
x* = X, 2/' == y. Thus the intensity at P' is the same thing as the ‘ intensity seen under 
the test’ at P, and the path difference (2*21) can be written 

y 



The complex displacement I){x\y') at the point {x\y') of is then obtained 
by integrating ( 2 * 16 ), multiplied by 

r 27Tix'x^+y'y-r\ ^ 

exp —- ^ s — ivy \ 

over that part P of the intermediate image surface S from which light is passed by 
the knife-edge and received by the lens-system L. In saying this we make the usual 
assumption, which cannot be strictly true, that the effect of a screen is merely 
to stop those parts of the wave which impinge upon it, without mfluencing the 
neighbouiing parts.f Then 

F{x\y') = ^ JJ TF(2^,‘z;)sec dudv\ (2*22) 

* It can be shown that the errors of L do not affect the general run of the intensity dis¬ 
tribution in the final image surface; they merely result in a loss of sharpness comparable 
(though not identical) with that which would be observed in the image of a self-luminous 
object lying in the surface of M, But as an adequate discussion of this point would lead too 
far afield, the problem is here idealized by supposing that the system L is error-free. 

t The error involved in this assxxmption is small provided that the Airy disk is large com¬ 
pared with the wave-length A, i.e. provided that the angular aperture of the pencil under 
test is small. 
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the factor see +ti®) j allows for the fact that the element of area in the surface 

/S is not dx^dy^ = dudv but this quantity multiplied by the secant of the angle 

between the (a?!, 2/i)-plane and the tangent plane to S at the point v). The constant 

factor {Xs/27t)^ is omitted in accordance with the present convention. 


To replace the factor sec 



by 1 is equivalent to introducing a small 


variation in the amplitude of the complex displacement W(u, v), which in the case 
of a 12 in. circular mirror M working at//10 and a viewing telescope of 1 in. aperture 
amounts to less than one part in 100,000 at the edge of F, In this case R, the value 
of ^J{u^+v^) corresponding to the semicircular edge of F, is approximately 1300. 

The effect of dropping the factor sec j therefore negligible and (2-22) 

can be replaced by the equation 


D{x\ = ^-iux'-ivy' (u, v) dudv. (2-23) 


The next step is to replace jB by oo in (2-23); this corresponds to disregarding the 
effects of the finite aperture of the viewing system. Now it is not true that the 
replacing of J? by oo in (2*23) causes only a small change in the value of D{x\y') 
over the whole mirror, since (as may be shown without great difficulty) the effect of 
the change is to makeD(ic', y') tend in general to infinity as the point {x', y') approaches 
the boundary circle C' corresponding to the edge of the mirror. But if this circle be 
covered by a narrow annulus, then, provided B is sufficiently large, the change in 
D{x\ y') on replacing i? by oo is small throughout the remainder of the surface 
It follows that, except in the immediate neighbourhood of C\ the value of D{x\y') 
is given with sufficient accuracy for the purposes of visual knife-edge testing by the 

equation 1 r°° 

D{x', y') = J duj e-iv^-ivy' v) dv, 


provided that the test is carried out with a viewing system of sufficiently large 
aperture. It remains to examine whether the apertures ordinarily used in practice 
are sufficiently large in this sense. For this purpose, an iris diaphragm was fitted to 
the front of the viewing telescope. In the actual experiment the mirror, of 6 cm. 
diameter and 275 cm. radius of curvature, was illuminated by an artificial star 
(pinhole) of diameter 0-006 mm.,t placed close to its centre of curvature. The 


* An anal 3 rtieal proof of this result will not be included here. Its truth follows from the 
fact that if, in the surface M^, the wave-function E{x, y) is given the value 

3^ 1*00 roo ^ 

~ J ^ dzi J W{u, v) dv 

aad tbe knife-edge removed, then the complex displacement in Mq is again given by (2-23). 
t I.e. about one-tenth of the diameter, 134A, of the Airy disk. 
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aperture of the iris could be varied from 3 to Id mm.; its plane was 2 cm. behind that 
of the knife-edge. An aperture of 3 mm. in the plane of the knife-edge would corre¬ 
spond to the value R = 43, one of 16 mm. to the value R = 230. The magnification 
of the viewing telescope was 6. 

The experiment was tried both with the true mirror and with smaE errors intro¬ 
duced into the pencil under test by placing pieces of annealed plate glass in front 
of the mirror. These errors appeared under the knife-edge test as flutings on the 
apparent surface of the mirror. They increased the overall size of the visible image 
at best focus to about three times its value for the true mirror. Several different 
settings of the knife-edge were used in each trial. 

When the effect of varying the aperture of the iris was examined, it was found that, 
over the whole range of variation, no change could be detected in the appearance of 
the interior of the disk or of the halo. The only visible changes, as the iris was closed 
down, were a softening in the outline of the brilliant outer rim of the disk, a decrease 
in its maximum intensity, and the appearance of a fine dark fringe, just inside the 
outer rim and separating it from the interior of the disk. At minimum aperture, 
traces of a second dark fringe could be detected inside the first. In the case of the 
true mirror, a change in the appearance of the rim could first be distinctly seen when 
the iris aperture was reduced to about 6 mm. (90 Airy disks); this corresponds to 
the value i? = 95 and to an exit-pupil diameter of 1 mm. In the case of a pencil 
with small errors, the aperture usually needed to be reduced a little below this value 
before the effect could be seen with certainty. 

We conclude that, except m the immediate vicioity of the edge contour the 
intensity I{x\y') in the final image surface is given, with accuracy more than 
sufficient for the purposes of visual knife-edge testing, by the equation 

I{x', nf) = 47r21 D{x', y') (2-24) 

■where D{x',y') = ^\ du\ W(u,v)dv. (2-25) 

JiTT Jo J — oQ 

2-3. We suppose that E(x,y) is a differentiable function of x and *y at all points 
(x, y) inside (7. Outside C7 it is differentiable since its value is everywhere zero. On 
substituting from (2-16) into (2*25) and inverting the order of integration, 

D{x\y') == I j e^dx | e-^'^^dv f E{x,y)dy. 

JO J —CO J —00 J —CO 

By FoTirier’s integral formula, the inner repeated integral 

j g-ivp’ j giw E{x, y)dy — 2 TrE{x, y'), 

J —CO J —CO 

except at points {x,y') for which x^+y'^ 1 . Thus 

27TD{x\y') — j e~^^duj e^E{x,y*)Sbc. 


( 2 - 31 ) 
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It follows from (2-31) that the intensity seen under test at the point P on the 
mirror depends only on the values of E{x, y) along the horizontal line through P, 
and is correctly given by applying two-dimensional diffraction theory along thin 
line. On making this application, 

27iD{x',y')=^7iE{x’,y')+ir (2-32) 

J~oo t — X 

for all {x\]/') not on C\ the integral being interpreted as a Cauchy principal value 
when {x\y') is inside C\ (2*32) can be derived very easily from (2-31) by appealing 
to a result of Gascoigne ( 1945 , equation 2 * 8 ). Since Gascoigne’s argument involves 
the expansion of the wave-function in Legendre polynomials and some use of Bessel 
functions, the following alternative proof of (2*32) may be of interest. 

In (2*31) 


Q-iux' j ^ixu 2 /') dx = lim e-iux' e^^E{x, y') dx, 
Jo J -00 17 - 5-00 Jo J -B 

provided B is chosen greater than 1 . The expression under the limit sign 

g-iua;' J ^ixu 2/') ia; = J E(x, y') dxj du 

J-B X'-X ’ 

J -B-x* ^ 

J -2B t 




since E{x^ y) = 0 whenever | a; | > 1 , 
r2B 

+ r[E(x'+t,y') + E(x'-t,y')]^di. (2-33) 

JO t 


■COS Ut) — 
t 


Now let U -¥■ CO. By an argument famihar in the classical convergence theory of 
Fourier series, the second term tends to the limit TiE{x',y') at all points {x',y') at 
which E{x,y) is a differentiable function of x, that is to say, at all points {x',y') 
not on G'. 

In the first term of ( 2 - 33 ) 


E{x' + 1, y') — E{x' - 1, y') 
t 




as t^Q. It foHows by an application of the Riemann-Lebesgue theorem that 



E{x' -H t, y') - E{x' — t, y') 
t 


cos Utdt^'O 
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as U-^co. Therefore 

df 

2nD{x',y') = TTl!{x',y')+i \ [E{x'+t,y')-E{x'-t,y')]- 

(*co fff 

= nE(x', y ')+iJ ^ IE{X' + 1, y') - E{x' -1, y')}j, 
provided (*', y') does not lie on C'. But 

- (C +D w'* 

for every e > 0; making e ->■ 0, we obtain from (2-34) 
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(2-34) 


27rD{x', y') = 7rE{x\ ^ -r dt, 

J-oo t — x 

which is (2-32). 

This equation, together with (2-24), gives the intensity distribution seen under 
the knife-edge test on a mirror whose wave-form is described by the arbitrary 
function E{x, y), subject only to the restrictions: 

(1) the diameter of the mirror subtends only a small angle at the focal pomt, 

(2) the errors of figure of the mirror, though they may amount to many wave¬ 
lengths, are small compared with the focal distance 5, 

(3) the errors of slope on the mirror surface are small and, except at points on 
the boundary <7, the function E{x^ j/) is a continuous function of (a?, y), differentiable 
with respect to x and y. 

It will be seen from the proof of (2-32) that its validity is not confined to the 
circular mirrors of uniform reflecting power which are discussed in the present paper. 
The equation is valid, in the same sense as above, for mirrors of arbitraiy edge 
contour, including central piercings or irregularly shaped obstructions, and of 
variable reflecting power, whenever the maximum angular diameter of the pencil 
is small and the circumstances are such as to justify disregarding the effect of the 
finite aperture of the viewing system. 

Equation (2*32) reduces the problem of computing the knife-edge intensities to 
the carrying out of a pair of single integrations at each point {x\ general 

case of an arbitrarily given wave-function E{x, y) it is practicable, though decidedly 
tedious, to carry out these integrations by numerical methods. There are some 
physically important special cases, however, in which the integrals can be evaluated 
in terms of known functions. 

The simplest such case, that of a true mirror tested with the knife-edge centrally 
set, is obtained by setting 
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E{x,y) = 1 {x^+y^^l), 

= 0 {x^+y^>l). 


6 
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as in (2*11). (2-32) then yields at once the formtilae 

2TrD^{x',y') = n-i\og +2/'^ < 1) 

= 0 (1<2/'2); 


(2-35) 


= 0 ( 1 < 2 /'^), 


(2-36) 


which predict the intensities on the mirror-disk and in the halo. The halo is therefore 
confined to the horizontal band — 1 < 2 /' < 1 of the surface ilfo. Along a thin strip 
2/' = constant lying in this band, the intensity function can be written 


/„ = ;r2+log^|^| (1X1<1) 

= log^|}^| (\X\>1), 

where X ^ runs between — 1 and 1 in that part of the strip which lies 

inside C\ It follows that the isophotal lines are ellipses with the vertical diameter 
J5J5' as a common axis (see figure 3), and that, in the three-dimensional as in the 
two-dimensional model,* the halo contains one-third of the total illumination. 



Figxjke 3. Above: Isophotal lines for a true mirror iinder the Foucault test, with 
knife-edge central. Below: Intensity distribution along horizontal diameter. 

* See Zemike ( 1934 ), p. 698. 
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Along the vertical diameter BB' in figure 3, the intensity remains constant; there 
is therefore no logarithmic infinity at the ends of this diameter. Taken together 
with the run of the isophotal lines in the interibr of the disk, this leads one to expect 
that in practice the brilliance of the outer rim will not be uniform, but will decrease 
from a maximum at A, A' to a minim um at B\ A practical test confirms this 
expectation. The effect becomes much more conspicuous when the knife-edge is 
advanced beyond the central position.* 

Babinet’s principle, the intensity distribution for a mirror with a 
pierced central hole can at once be derived from (2-35). The result, for a mirror of 
inner and outer radii a and b respectively, is 


(2-37) 

where e{t) is defined as 1 or 0 according as ] ^ | ^ 1 or | ^ 1 > 1, and r' = 

The intensity along the horizontal diameter is shown in figure 4. It is of some in¬ 
terest that its value falls to zero at the centre of the hole when the knife-edge is 
centrally set.’ 



-1 0 I oc 


Figuhe 4. Pierced mirror tested with knife-edge central. Intensity 
along horizontal diameter. 

To calculate the effects of smaU displacements of the knife-edge on the intensities, 
they may be expressed as ^ induced errors ’ of figure on the mirror. Thus, to determine 
the effect of advancing the knife-edge across the 2 J-axis through a distance c, E{x,y) 
is replaced on the right of (2*32) by e^'^E{x, y) and D[x\ y') on its left by y'), 

where c' = 27tcIXs. The resulting equation gives the new value of D{x\y% The 
effect of a change Ss in the focal setting can be calculated in a similar way by writing 

y) for E{x,y) and y') for D(x\y') in (2*32), where a = ^ 

* A photograph showing the effect in this case will be foimd in an interesting paper on edge- 
diffraction effects by Banerji ( 1919 ). 




6-2 




84 


E. H. Linfoot 


The Reduction Theorem 

The folloTODg result has now been established: 

When a mirror of circular edge contour is tested with a vertical knife-edge, the intensity 
observed along each horizontal line of the mirror can he predicted to a sufficient 
a/pproxvmation by applying two-dimensional diffraction theory along this line. In 
particular, Gascoigne’s equation (2-8), with E{x, 0) in place of e^=^\ gives with 
sufficient accuracy the values of the intensities along the horizontal diameter of a 
circular mirror whose wave-function is E{x, y). 

From this Reduction Theorem, as it may be called, we see that the placing of a 
horizontal slit-mask over the mirror leaves the intensities sensibly unchanged in the 
exposed parts of the disk and of the halo, and that Gascoigne’s (1945, §§4,5) 
computational results can be taken over as they stand into the three-dimensional 
theory, where they give the knife-edge intensities along the mam diameter of a 
circular mirror suffering from turned edge, zonal error, and hoUow centre, in a 
selected set of q)ecial cases. 


o. IHE TBtTE MIEROB 

To determine the appearance of a true circular mirror, tested with the knife-edge 
in the focal plane* but displaced laterally a distance c from the central setting, one 
must write in ( 2 ' 32 ) 

E{x, y) = (a;®+S 1 ) 

= 0 ix^-hy^>l), 

where c = 2nclXs, and multiply D{x', y') on the left by the phase factor 'e*'®'®'. It 
foUows that the complex displacement is given for | | g 1 by the equations 

2ne^^D{x',y')=Ze^-'+ir'~"'‘' ^dt. 


i.e. 


2ttD{x’, y')= ~i\ , 


according as x'^+y'^ $ 1, while for \y'\>l, D{x', y') = 0. 

. ^®“‘’'"^’^^f‘^"°®®*°(2‘^^)abo’^e;-«’Iienc'=i=0,theintegralcanbeevaluated 
m terms of the functions Si and Q to give the formulae 

27iD{x',y’) = Q-Si{c'[a:'-^V(l-y'2)]}+Si{c'[z'-V(l-2/'2)]} 

-ta{l c'[x' + ^{l-y'i)1 |}-fiCi{| c'lx'-^{l-y'^y\ |}, (3-2) 

(» . y ) = - Si{c'[a;'+V (1 - 2/'®)]} -t- Si{c'[a;' - ^(1 - 2/'^)]}J^ 

seen -under the setting which produces lefb-to-right symmetry in the intensities 
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Some of the consequences of these formulae are of physical interest. When 
^'2 10 ^ when the point {x\ y*) is outside the boundary curve O', ( 3 * 3 ) shows 

that the intensity in the halo is an even function of c', as well as of x* and y\ It is 
a familiar fact that, as the knife-edge is moved across the Airy disk, the halo 
brightens to a maximum and then fades out as the mirror disk darkens. The conclu¬ 
sion may therefore be drawn that the halo is brightest when the knife-edge is central. 
Figure 5 shows the intensity at the point == = 0 in the halo, for different 

values of c'; when c' = 3-83 the knife-edge Just covers the Airy disk and the first 
Airy dark ring. 



FiauBE 5. Halo-intensity at 0 ) for different lateral settings of the knife-edge. 

Of more practical interest are the changes in the brightness of the disk as the 
knife-edge is advanced. Banerji ( 1918 ) drew attention to the large flubtuations in 
the observed brightness on the surface of a rectangular mirror which occur as the 
knife-edge is advanced, and explained them by an application of Rayleigh's theory. 
Later writers on the practical side of the knife-edge test are almost unanimous in 
asserting that, as the knife-edge is advanced, a true mirror with circular boundaiy 
darkens evenly aU over,* and published photographs of the test often show a nearly 
uniform illumination.f The above discussion shows that, as the knife-edge cuts into 
the image, undulatory fluctuations of intensity should be seen on the surface of the 
mirror, and formula (3*3) predicts their appearance when the test is carried out with 

* Ellison ( 1939 ) and Porter ( 1939 ), to quote only two examples, 
t See, for example, CJouder (i 937 )- 
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a pioliole whose diameter is small compared with that of the Airy disk. Figure 6a 
shows the changes in intensity distribution which take place along the horizontal 
diameter as the knife-edge advances up to the central position, figure 66 those as 
the knife-edge advances beyond it. It will be seen that, far from darkening evenly 
all over, the mirror actually brightens in the centre when c' = —tt, i.e. when about 
one-tenth of the horizontal diameter of the Airy disk is occulted. Figure la shows 
the appearance of the disk at this setting. As the knife-edge is advanced, the central 
intensity maximum flattens out and at c' = — 1 the disk appears fairly uniformly 
illuminated (see figure 76). Its appearance when the knife-edge is advanced to the 
central position is shown in figure 7 c; the darkening of the central part is then easily 
perceptible to the eye. The changes described above were observed experimentally 
without any difficulty on using an jP/55 spherical mirror, a pinhole of diameter 
0*006 mm., and a viewing telescope of aperture 2*5 cm. and magnification 6, placed 
2 cm. behind the plane of the knife-edge. It is perhaps relevant that when the eye 
judgek the disk to be half lit, the knife-edge is not central but near to the setting of 
figure 7 6, while when the knife-edge is centrally set (by observing the halo intensity 
or with the help of a microscope) the disk appears considerably less than half lit 
and the darkening of its centre is easily recognized. In point of fact, as was shown 
above, the disk contains only one-third as much illumination at this setting as with 
the knife-edge withdrawn, the remaining one-sixth being sent into the halo. 
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4. CrEOXJLAB MEBEOR WITH ARBITRARY ERRORS 


4'1. To apply (2*32) to the discussion, of arbitrary errors on a circular mirror, we 
suppose that the function E{x, y) can be represented on the mirror by a double 
power series in x and y, and write 


Thenif -Igy'Sl 


F{x,y)= S {x^+y^^l) 

= 0 {x^+y^>l). 


f" 

J —00 X t J X t 

— S ^mny ” I ly f > 
m,n^0 J -r® “■<' 


(4-11) 


where T sbamisior f(l—y'^). Here 


_ r 

]-yx'-t~].. 


, ._du 

‘ (x —u )”^— 

af-Y ^ 

f 


= S ( 

O^r^m 

= a:'”® log 


fx'+Y 
'm-r I vT-^dv, 
JaT-r 


c'+V(l-2/'") ^ f 


Thus in the strip — 

2nD{x',y') = 7rE{x',y')-i S 


l^r^T 
71^0 

2nDo{x',y')E{x',y') 


■i S a^^x'”^y”^{-ir 


x'+f{l-y'^) 

x'-f{l-y'^) 

m\{x'+7Y-ix'-7Y 


0 ’ 


■i S 


Igrgr 




m\(a;' + r)’--(a;'-rr 

r 


(4.12) 


where Df^x',y') is the value {2-36) of !>(»', y') for a true mirror. Outside the strip, 
i)(a;', 2 /') = 0by(2.32). 

(4-12), together with (2-24), gives the intensiti^ seen under test on the disk and 
in the halo of a circular mirror whose error coefficients are defined by the 
equation (4*11). 

As a special case suppose that in the e 35 )ansion 

^{X,y)=^ S 
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of the eiTor fanction y) the squares of the quantities ure small enough 

to be neglected. Then on the mirror 

E{x,y) - expj^^V(®>2/)J = (^’13) 

to a sufficient approximation, and tlie a„j„ satisfy the equations* 

aoo=l+x“®®’ = K+»®>0). (4-14) 


The equations (4*12) and (2*24) then give 
l{x',y')==\2nD{x',y')\^ 

A I^r^m \^/ ^ 


w^O 


{ir_27r^,, x'+T . 27r^\2 , x'+T 7r27r \ 

= irrr + a 2) +r® "0 A^) 




x'+T 


\x’-T 

on discarding terms in {^na^JXY, 


x'-Y 
27r2n^ 

^o-X^ 




2 < 




<:) 


{x'+TY-(x'-TY 


(4-15) 


■where is the value (2-36) of the intensity for a true mirror and -where the upper or 
lower alternatives are to be taken according as x'^+y'^ >1. It follows that small 
errors on the mirror do not appreciably affect the halo, a result which it is easy to 
derive directly from (2-32) and (4*13). 

The further socialization 

®oo ~ Ij ®ao ~ ®02 ~ 

®40 = i ®22 = ®04 = all other a„,„ = 0, {4-16) 

where a and fi are small enough for their squares to be neglected, corresponds to 
the wave-function 

E(x, y) = 1+ia(r® —r^)+i^r^. (4:-17) 


* It makes no physical difference if it be supposed that = 0. 
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(4'12) and (4‘15) now reduce to the equations* 

27iD[x', y’) = 2nDo{x', y') E{x', y') - foa: V(1 - y'^) (2 - - 5y'^) - 2px' - y'^), 

(4-18) 

^ (4-i9) 

which, therefore give the intensity seen on a mirror possessing a small amount of 
primary spherical aberration, tested with the knife-edge centrafly set near mean 
focus. 

4-2. In deriving formulae which shall predict the effects of varying the knife- 
edge setting, we treat lateral displacements of the knife-edge in a different way 
from variations in its focal setting. The difference in treatment corresponds to the 
circumstance that an optician using the Foucault test does in practice use these two 
adjustments of the knife-edge in different ways. Having chosen a focal setting which 
shows up as prominently as possible the error on which he is working, he tests by 
moving the knife-edge laterally to and fro and noting the changes in the appearance 
of the shadows. 

If the errors on the mirror are small, the different focal settings which can be 
usefully employed are all covered, in the manner explained in § 2-3, by multiplying 

TT 

E{x,y) by a factor in which a = is small. In the formula (4-13) 

Ss 

<j>{x^y) is replaced by <}){x,y)+—^{x^^y^) and in (4-15) Ssj^ls^ is added to 
and ao 2 . 

The situation is different with regard to the factor which expresses the effect 
of a lateral shift of the knife-edge, since c' cannot be supposed small even in testing 
a true mirror, while values of c' up to 5 or 6 may be used in the observation of a 
fairly narrow zone only ^ fringe in depth. 

We therefore take the equation 

2nD{x', y') = ^ E{x', y') + i di, (4-21) 

obtamed on •writing e*^^E{x, y) for E{x, y) and e^^D{x', y') for D{x', y') in (2-32), set 
F{x,y)= S a^^x'^y^ {x^+y^Sl) 

= 0 {x^+y^>l), (4-22) 

as before, and (supposing the errors of the mirror small compared •with A/27r) ■write 

E{^,y) = i + (4-23) 

* In an earlier veision of the present paper, th^e equations were obtained from an extension 
of the analysis of Zemike. I was not able, however, to obtain (4*26) in this way. 
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to express the effects of an increase Ss in the focal distance s of the knife-edse from 
the mirror. {4-21) then becomes ^ 


2nD{x',y') = j^ 


. rx^+va-in 


du 


Elx'—u,y')e^^ 
a'-Vd-j/'*) u 


IT 


= Six',y')-i. 2 a^^y'n 2 (■ 

m,n^0 O^r^m 


O 


X'm^rr 


■r-V 


where 


rx'+r 

-4-1= I ^ (r^O) 

J x '— JF 


and T is written for ^(1 - y'^). 

Here 

/_! = a{I c'ix'+ T] |}+ a{| c'{x'-7) |}-iSi{c'(a:'+ r)}+iSi{c'(a;'- r)}, 
as in § 3*1, while for r ^ 1 


When c = 0, these expresaons are to be interpreted as their 1iTni t.ing values; for 


example, J_i becomes log 




. For general c', it follows that 


2^D{x',y') = '^Eix',y')-i 2 

m,w^0 




where 


= 27TDoix',y')Eix',y') 

2 a„ 

n^O- 




(4-24) 


= 0-iC!i{| c'[x'+^il-y'2)^ |}+ici{[ cV-V(1 -y'm 1} 

-Si{[c'[cr'+V(l-2,'2.)][} + Si{c'[a:'-V(l-2/'2)]} 

Writing for shortness 

sui[cV(l-3y'®)l 

~c'V( 1 - 2 ^' 2 ) - = S, cos [c'V (1 -ys)] = 
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we find M{0) =—2ic'TS, 

if(l)= a:'Jr(0) + 2rC', 

M{2) = (cc'2 + ya) M{Q) +4a:' TG, 

if(3)= (a:'®+3a:'r2)jf(0) + 2(3a:'2+r2)7O. (4-25). 


Primary spherical aberraiion of small amount, tested near mean focus 
Suppose that in (4'24) all the are zero except ago; ® 02 > ® 40 > ®225 ® 04 - Then 
2nD{x\ y’) = 2ttD^(x', y') E{x', y') - ie-^^'E, 

where 

ISSSrSm \C/ (?• —Oj! 

91^0 

= (a20+«222^'") [--^(0) ?] 

+a,o[-if(0) S 1 )!(p)'Q + M(1) (J) 

= (a2o+«222/'^)[-2*'r^+^(C7->S)] 

+a«,[ - 2a:' F^SCa:'® + 7®)+^ (C - S) ^a:'®+^ i - ^ + 7®j - ^. 2S 7®j. 

(4-26) 


The intensity distribution for a mirror possessing a small amount of primary 
spherical aberration, tested, with the knife-edge near mean focus but not necessarily 
central, is now obtained on giving the six coefficients the 

values (4*16). 


5. THEORETIOAIi SENSITIVITY OF THE KNIFE-EDGE TEST 

The results of the last section can be used to estimate the theoretical sensitiveness 
of the Foucault test for errors of different types. Only the two simplest cases are 
considered here, namely, the determination of the focus of an aberration-free pencil 
and the detection of primary spherical aberration, and it is supposed that the knife- 
edge intersects the axis of the system. In practice, the lateral adjustment of the 
knife-edge would of course be varied. 

In the first case, the effect of an error 8s of excess in the determination of the 
focal distance is an apparent error r^5^/16jF^ on the surface of the mirror on which, 
as in § 2, the errors may be supposed to be located. F denotes the aperture ratio of 
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the pencil, or of this mirror, and i(r) = r^sjSF^ measures the variation in optical 
path distance from points on a wave-front just leaving this mirror to the axial point 
of the knife-edge. At the edge {r = 1) of the pencil, the variation reaches its greatest 
value dsjSF^. Thus the maximum variation will be JjjA if & = |AF^, d{r) — 

For an//5 pencil this corresponds to a focusing error Ss = 0-0002 in. 

For such small path differences d{r), the approximation 

exp d(r)J = 1 -I- ^ d{r) = 1 + ^ (5-1) 

can he used without introducing more than a fewper cent of variation in the amplitude 
of the wave leaving the mirror. The expression for the intensity is then obtained 
by taking a = 0, /? = in (4-19). On the disk its value is 

/, = 7o-|7rVV(l-y'^). (5-2) 

Figure 8 shows the isophotal lines in this case, and figure 9 the intensity distribution 
along the horizontal diameter as calulated from (6-2) and also as calculated from the 
more exact formulae (4-12), (4-13) and (2-24).* 

In the second case, namely, primary spherical aberration, the retardation function 
at mean focus has the form d{r) = r®). To obtain a maximum variation 

of optical path distance of ^A, we take A = ^A and obtain, to a sufficient 
approximation, 

-^d{r) = l+-^ci:(r) - I-f—(5-3) 

The intensity is then obtained from (4*19) by taking a, — ^n,§ = 0, and its value 
on the disk is 

^ k = Jo-^g (2-Zx'^-5y'^). (5-4) 

Figure 10 shows the isophotaljines in this case and figure 11 the intensity distribution 
along the horizontal diameter as calculated from (6-4) and from the more exact 
formulae (4-12), (4-13) and (2-24).t 

To draw numerical conclusions about the limit of sensitivity of the knife-edge 
test in these two cases, some assumptions must be made about the least departure 
from symmetry in the intensity distribution which can be detected by visual in¬ 
spection. If it be assumed that a 40 % difference in intensity between two fairly 
large, symmetrically disposed areas of the disk is easily detectable, then one can say 
that an error of focus which results in optical path differences of fringe is easily 
detectable by the knife-edge test, and that the same is true of jBringe of primary 
spherical aberration tested at mean focus. If it be assumed that the observer can 

* The error of approximation in (4-13) was reduced by using for the more exact calculation 
the retardation function d{r) =-^A(r®—^). 

t The retardation-function was taken a8~(r^-r*~i) for the more exact calculation. 
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Figubb 8. Disk-intensities under knife-edge test of a true mirror with fringe 

focus-error; d{r) = Ar^. 



Figxjbe 9. Intensities along horizontal diameter of a mirror with ^ jQringe of focus error, 
tested with knife-edge centrally set. I = intensity calculated from (4-12), (4-13); = intensity 

calculated from the approximate formula (5-2); ^ = intensity for a true mirror. 


primary 
3ed from 
intensity 
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detect with certainty a 20 % difference of intensity, the corresponding conclusion 
is that he can detect with certainty ^ Mnge of error of either of these two types. The 
calculation is simplified by observing that, for small errors, 7 — /q linear in the 
coefficients a, consequently its values for amounts up to ^ firinge of spherical 
aberration or of focus error, or of a mixture of the two, can be deduced by linear 
interpolation from the cases abeady discussed (figures 7 c, 8 and 10). 

As a rule, a sufficiently good idea of the knife-edge shadows can be got from the 
intensity distribution along the horizontal diameter. In table 1 the intensity changes 
along this diameter caused by amounts of focus error and of primary spherical 
aberration are given, together with the intensity values for a true mirror. The table 
enables the intensity distribution to be calculated for small amounts of primary 
spherical aberratiop., tested at different axial settings of the knife-edge near best 
focus. 

Figures 12 and 13 show the intensities calculated in this way for mirrors with ^ 
fringe and fringe of primary spherical aberration, tested with the knife-edge on 
axis at equidistant focal settings ranging from paraxial focus (curve A) through mean 
focus (curve F). Curves A and B of figure 12, in which extrapolation is pushed 
farthest, are rather rough approximations to the true values of the intensities. It 
is of interest that the illumination near the centre of the disk appears most uniform, 
not when the knife-edge is at paraxial focus, as ray theory would predict, but when 
it is about midway between paraxial and mean focus. 

Table 1 

Iq = intensity for a true nobror; Ij—J q = intensity change for -^A of focus en:or; 

Jg—Jo = intensity ch^ge for ^A of primary spherical aberration. 


X 

lo 



0 

9*870 

0 

0 

0-1 

9*910 

-0*395 

-1*037 

0-2 

10*034 

-0*790 

-1*979 

0*3 

10*253 

-1*184 

-2*732 

0-4 

10*587 

-1*579 

-3*200 

0*5 

11*077 

-1*974 

-3*290 

0*6 

11*791 

-2*369 

-2*906 

0-7 

12*878 

-2*763 

-1*953 

0*8 

14*697 

-3*158 

-0*337 

0-9 

18*539 

-3*553' 

+ 2*037 


In the estimate made above of the sensitivity of the Foucault test as a means of 
detecting primary spherical aberration, it was taken for granted that the knife-edge 
could be accurately located at mean focus. In practice this is not the case; the ^focal 
setting ’ of the knife-edge is tacitly defined as that which makes the disk intensities 
satisfy some condition of leffc-to-right symmetry. When the mirror errors are of the 
order of a fringe or more, or when fably rapid zonal error is present, a convenient 
condition is that the right and left halves of the disk shall become completely dark 
simultaneously. This is analogous to de fining the position of best focus by means of 
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the circle of least confusion. When, however, the errors are slow and very small, 
the dominance of the bright rim defeats this method, and it is more practicable to 
use a different condition, namely, that when the knife-edge bisects the image the 
total illumination in the two halves of the disk shall be judged equal. 

To estimate the sensitivity of the test in a way which shall have a practical 
meaning, one must therefore consider a whole range of settings near mean focus. 
This can be done, in the two cases already discussed, by means of figures 12 and IZ, 
provided we are content to consider only intensities along the main diameter. From 
the practical point of view this is not a very serious restriction. Figures 12 and 13 
show that the selected setting will in both cases he between those corresponding to 
curve C and to curve E, i.e. a httle inside mean focus, Appl 3 dng the above sensitivity 
criteria to the intensities along the horizontal diameter (which are taken to represent 
those over the whole disk sufficiently well for this purpose), we conclude that an 
error of ^ fringe of primary spherical aberration can still be detected with ease, 
and one of ^ fringe with certainty, in the case where the focal setting has to be 
chosen empirically. 
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An integral-equation metiiod of solving plane 
diffraction problems 

By E. T. Copson 


{Communicated by Sir Edmund Whittaker^ F,R.8.—Received 16 April 1945) 


1. Inteodtjction 


When monochromatic electromagnetic waves with electric and magnetic vectors* 
E^, are incident on a perfectly reflecting screen ;S, the waves are scattered at the 
surface of the screen. The problem of reflexion and diffraction consists in determining 
the scattered field E®, H®, which satisfies the foUowiag conditions: 

(i) it is a solution of Maxwell’s equations 

iJbE = curlH, iiH = —curlE, divE = 0, divH=:0; 


(ii) on S, (E^ + E®) x N = 0, = 0, 


where N is the outward normal unit vector to 8; 

(iii) it satisfies Sommerfeld’s radiation condition at infinity. 
There is only one field E®, H® which satisfies these conditions. 


The simplest form of the radiation condition is to assume that k P'-iq, where 
p and q are positive and q is small, and to require each field component to vanish at 
infinit y. This corresponds physically to assuming that the medium has a small 
conductivity. The imaginary part of k can be paade zero at the end of the analysis. 
It is important to note that a field which satisfies the radiation condition and which 
has no singularity anywhere in space is null. 

If y is a rectangular cartesian component of E® or of H®, it satisfies the wave- 
equation 


and the radiation condition, and is therefore completely determined by the values 
on 8 either of F or of its normal derivative. The exphcit formulae are 




(M) 

( 1 - 2 ) 


wkere N is the outward normal umt vector to S at the integration point P', and 
and ©2 ^e the Green’s fonctions of the first and second kinds. These formulae, 
have been little used in difiEraction theoryf for two reasons. First, if F is a component 

* Here and throughout the paper, a time factor e*«* (w>0) is imderstood. 
t The only e^e I know is Sohwanzschild’s work (190a) on diffraction by a slit. 

C 100 1 



An integral-equation method of solving plane diffraction problems 101 


of E« or the boundary conditions do not determine V or dVjdN on 8. Secondly, 
the determination of the Green’s functions is difficult and is equiTalent to the 
solution of a scalar diffraction problem. 

It was for the first of these reasons that recourse has been had to vector solutions 
of Maxwell’s equations, such as the Larmor-Tedone formulae (Baker & Copson 
1939 ). But these formulae are no better suited to the solution of dififraction pro¬ 
blems, since they require a complete knowledge of the scattered fileld at the surface 
of the screen. There is no special merit in a vector solution; for if the correct boundary 
values could be inserted in (Id) or ( 1 - 2 ), the resulting expressions for E® and H® 
would satisfy Maxwell’s equations automatically, since these boundary value prob¬ 
lems have unique solutions. Unfortunately it is not, in general, possible to do this- 

The problem of reflexion by a perfectly conducting plane is quite exceptional. 
If the plane is 2 = 0 and if P lies in > 0 , ( 1 * 1 ) and ( 1 - 2 ) simplify (Rayleigh 1896 ) to 


V{x,y,z) = - 




1 a 

^Ttdz 


(1-3) 

rJi 


(1-4) 


where integration is over the plane z' = 0 and ^ with 

= {x-x')^ + (y-yy + {z-z')\ 

When 2 ; = 0 , we have E% = = <4, Hi = 

where iy, are functions of {%, y) known from the boundary conditions, and 
so ( 1 - 3 ) gives the components E%^ E^^, Hi of the reflected field in the half-space z>0. 
Again, by Maxwell’s equations, one can express the values on 2 ; = 0 of 8H%ldz, 
dHl^IdZy dEljdz in terms of ^ and and (1*4) will give the remaining field com¬ 
ponents in > 0 . A complete solution of the problem of reflexion of electromagnetic 
waves by a perfectly conducting plane z = Ois thus provided by the scalar formulae 
( 1 - 3 ) and (1 • 4 ). A similar procedure will solve the reflexion problem in 2 : < 0 , provided 
that the signs of the expressions on the right-hand sides of (1*3) and (1*4) are changed. 

Now consider the problem when the screen lies in the plane 2 — 0 but does not 
cover the whole plane. It has one or more holes say; the metal of the screen will 
be denoted by so that and 8^ fill up the whole plane. The boundary values of 
El,, El, HI, dHlJdz, dH^dz, dEljdz are the same as before on 8^, but are unknown 
on 8^, Equations ( 1 ’ 3 ) and (1’4) will still give the scattered field in 2 J >0 but will 
involve certain functions unknown on 8^; and similarly in 21 < 0 . The continuity of 
the field through the holes gives a set of integral equations to determine these 
unknown functions. These integral equations are found below, and turn out to be 
of an unusual type. They are, in effect, of the form 


= F{x,y), 

where integration is over the whole plane; the nucleus K is singular, f{x,y) is zero 
on 8^ and unknown on 8-^, and F{x, y) is unknown on 8^ but known on 8^. 
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This formulation of the problem of dLBFraction by a perfectly conducting plane 
screen is equivalent to assuming that the scattered field is due to a magnetic charge 
and current sheet over the holes Si in the screen, a device which has recently been 
used successfoUy by Bethe ( 1944 ) in connexion with diffraction by a small circular 
hole. 

By using properties of the scattered field revealed in this new formulation of the 
diffraction problem, a second set of integral equations involving functions unknown 
on the screen S 2 is obtained. This second formulation of the problem is equivalent 
to assuming that the scattered field is due to electric charges and currents induced 
in the screen by the incident field, an idea originally suggested by Poincare and 
recently used by W. Magnus ( 1941 ) is his solution of Sommerfeld’s diffraction 
problem. 

Section 5 shows how the two methods may be applied to the Sommerfeld problem 
of the diJBfiaction of plane polarized waves by a perfectly conducting half-plane. They 
can also be used to solve approximately the problems of diffraction by a narrow slit, 
a narrow blade, a small circular disk or a small circular hole. All these problems were 
solved by Eayleigh ( 1897 ) nearly fifty years ago for incident plane waves; the last 
has recently been solved by Bethe* for a general incident field. Both authors make 
considerable use of physical arguments. Bethe uses a fictitious magnetic charge 
and current sheet. Rayleigh, on the other hand, in dealing with diffraction by a 
small ellipsoid (of which a circular disk is a limiting form) assumes that the field near 
the obstacle can be calculated by the methods of electrostatics and magnetostatics; 
the field at large distances is then deduced by comparing the field near the obstacle 
with that due to a Hertzian oscillator. The methods developed here make no appeal 
to physical intuition. 

The two formulations of the problem of diffraction by a plane screen are comple¬ 
mentary, in the sense that one involves functions unknown on the screen, the other 
functions unknown on the gaps in the screen. It is shown in § 7 that this leads at 
once to the rigorous form of Babinet’s principle recently enunciated by H. G. Booker. 

2. The EXJHDAMENTAIi EOBMUXAE 

It was seen in § 1 that, under certain conditions, an electromagnetic field can be 
expressed in terms of the values on the plane z = 0’of the two tangential components 
of E and the normal component of H. Theorem 1 shows this dependence on the 
boundary values explicitly. 

Theobem 1 . Let E, H be an electromagnetic field which is regular inz'^0 and satisfies 
the radiation condition in z>Q. Let iy, denote the values of E^, Ey, at the 
boundary point {x\ y\ 0) and let 

* Bethe { 1944 ) seems to be unaware of Rayleigh’s work; for he remarks that ‘the available 
theoretical methods are entirely inadequate for the treatment of our problem’. 
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tend to zero as r' = f{x’^+y'^)->co, uniformly in alt directions. Then the field in the 
half-space z>0 is given by 


V -JJl 

dz’ 


jp _^ 

~ az ’ 


IP 

® dx'^ dy’ 


where 


„ _ dW „ -TTr rr 

iW , Sy — ikU , -Sg — 


3z’ 


{ 2 - 1 ) 


U=^^jj^^4>dx'dy', V = ~^j^y4>dx’dy', W = ~jj Je’jdx'dy'. (2-2) 


The integrals are extended over the whole {x\y') plane, and 



where = {x—x')^ +(y— 

The functions U, V, W are connected by the relation 


ilcW = — 


dx^ By * 


(2*3) 


By saying that the field is regular in J25 ^ 0, it is meant that all the components of 
E and H and their first and second partial derivatives are continuous in z > 0. This 
imphes that S'g., Sy, are continuous functions of {x\ y'), a restriction which will 
have to be removed later. The radiation condition is assumed to hold only in z > 0, 
and lighter conditions are applied to the boundary values. 

Under the conditions of the theorem, (1*3) and (1*4) can be applied to each rect¬ 
angular cartesian component of E and H, and the formula for Ej., Ey, follow 
at once. Next, by Maxwell’s equations, it follows that 




dx ’ 


so that H, = -^11 \^My+^-^<}>d^'dy’ 

But the integral of 3(.^^)/3a;' over the whole plane vanishes by Green’s theorem, 
since tends to zero as r'-^oo unif ormly in all directions. Hence 




^ikV- 


m 

dx * 


The formulae for By, E^ can be obtained in a similar way. The formula (2-3) is also 
a consequence of Green’s theorem and Maxwell’s equations. It should be noted 
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that t£TJ,V,W are any solutions of the "wave-equation, the expressions ( 2 - 1 ) satisfy 
Maxwell’s equations if, and only if, TJ, V, W satigfy (2'3). 

The corresponding theorem for the half-space 2 < 0 is 

Theoebm 2 . Let E, H be an electromagnetic field which is regular in 2^0 and 
satires the radiation condition 2 < 0. Let Sy, ^ denote the values of E^, Ey, 

at the boundary point {x', y', 0 ), and let 


tend to zero as r'-^co, uniformly in all directions. Then thefidd in z<0 is given by 

\ 


“ 02 ’ 


w 

0 ^’ 


W -JJLJZ 

dx by' 


„ „ ^ dW' „ .7 rr ,9^ IT 

- lhV+ , Hy - ihTjjr - g^ , 


(2-4) 


where V, W are defined by ( 2 * 2 ) and are connected by (2-3). 

One would expect that the field defined by (2*4) would be the analytical con¬ 
tinuation of that defined by ( 2 * 1 ), but this is not so. For if it were, ( 2 * 1 ) and (2*4) 
would define a field regular in all space and satisfying the radiation condition; it 
would therefore be a null field which is certainly not the case. The explanation is, 
as will be seen in § 3, that (2*1) and (2*4) define a field due to a magnetic charge and 
current sheet in the plane 

It will be necessary later to use the fact that Ey^ defined by ( 2 * 1 ) and (2*4) 
are even functions of z, whereas Hy^ E^ are odd functions of z. 

Since Maxwell’s equations are invariant under the transformation E->H, 
E, a second set of fundamental formulae involving the boundary values of 
fig, E.y^ E^ can be written down without proof. 

Theorem 3. Let E, H be an electromagnetic field which is regular inz'^Q and satisfies 
the radiation condition in z>0. Let Jfy, derate the values of Hy, E^ at the 
boundary point {x\ y', 0 ), and let 


tend to zero as r'->oo, uniformly in all directions. Then the field in the half-space z>0 
is given by 

E, = ikV'-^-^, Ey^-ikU'-^-^, E. = -^^' 


H, = - 


dUf 

02 ’ 


Tt -JIL 
02 ’ 


where 


3y ’ " 02 ’ 

rr ^ 

^ dx^ dy ’ 


(2-5) 


= ^^\K4>dx'dy', V' = -^jjjfyf>dx'dy', W'= ^jj^^dx'dy'. ( 2 - 6 ) 


The functions U', H', W' are connected by the relation 

dV dU' 

%kW' = -5 - 

ax ay 


(2-7) 
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The corresponding formulae for the half-space z<0 are 


( 2 - 8 ) 


The field defined by ( 2 * 8 ) is not the analytical continuation of the field defined by 
(2*5). The physical reason is that both are due to an electric charge and current sheet 
in the plane z = 0, 

When these theorems are applied to diffraction problems, the boundary values 
vdll not be continuous. For example, in the applications of theorem 1 , 
will be discontinuous on certain curves which are the boundaries of the^metal screen. 
The formulae of the theorem will, however, still hold provided that the integrals 
( 2 - 2 ) converge; Ey, will tend respectively to Sy^ as tends to 

any boundary point {x\ y\ + 0 ) at which these functions are continuous. 


F *7 17 /, 3 w' _ aif' ^ aw' 


Tj 


dw dT 
8x dy ‘ 


3 . CoiOTEXION WITH THE LaRMOB-TeDONE FORMULAE 

The formulae of § 2 may also be deduced from the Larmor-Tedone vector solution 
of Maxwell’s equations, which has the advantage of showing the physical meaning 
of the formulae. The Larmor-Tedone vector solution (Baker & Oopson 1939 ) of the 
boundary value problem for the half-space » > 0 is 

E = — grad curl B, H = — grad!?—ifcB 4 -curlA, (3*1) 

where 0 and A are the scalar and vector potentials of an electric charge and current 
sheet in the plane z = 0, whereas T and B are the scalar and vector anti-potentials 
of a magnetic charge and current ^heet. When z<0, the expressions on the right- 
hand sides of equations ( 3 * 1 ) are identically zero. In the notation of § 2 , the explicit 
formulae for the potentials are 

(3*2) 

y = A JJ jfjdx'dy', B = 

Equations (3*1), then give for a > 0 


0 = A JJ S,^dx'dy', A = ^ JJ (jX - i^y)<l>dx'dy'. 
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but when z<0, the expressions on the right-hand sides of equations (3*3) are 
identically zero. 

Now 0, W, A^, Ay, Bg., By are all even functions of z, and so, when the sign of z is 
changed, the sign of aU the derivatives with respect to z must be changed. Hence, 
when z>0, the first term on the right-hand side of each of equations (3*3) is equal to 
the sum of the second and third terms. It follows that the components of E and H 
can be expressed either in terms of the magnetic potentials or in terms of the electric 
potentials, the two sets of formulae being 




E = - 2 ^ 
az ’ 



F 9^-®^ 


^ dx 

w 



^dW 

' 0 ^’ 

H^ = -2ihBy-2-^, 

dz ’ 

^d0 


■EL = 

^d0 


T, 

Ey = -2%]cAy-2^, 



E — 2^^ 
dz’ 


2^- 

dx 


,9-4, 

dy ’] 


when 2 > 0 . But these are precisely equations (2*1) and (2*5), with U = —2By, 
V = 2 jB^, W = 25?“, TJ* = 2 Ay, F' = — W = 20. Moreover, the relations (2*3) 
and (2*7) are simply the relations ikW+div'B = 0, t^04-div A = 0 connecting the 
scalar and vector potentials. The formulae for the.half-space z<0 can be obtained 
in a similar way. 


4. The iNTEGitAii equations oe diffraction by a plane screen 

Theorem 4. Let an electromagnetic field E^, be incident in the half-space z>0 
on a perfectly condvcting screen in the plane = 0, the holes* in the screen being denoted 
hy S-^, the metal of the screen by 8^, Then the total field in the half-space z<0 is 

^ 01 ? du dv ' 




where 

u 

and 


rr dw __ dw „ dw 


(4-11) 




dv du 
ox dy 


The functions e^, Cy, which are connected by the relation 

ihh - 


(4-13) 


(4-14) 


* JfSj, extends to infini ty, the expressions Hie-**' -with z = 0 are 

to tead to zero as r = ^J{x^+y^) -^oo, uniformly in alLdirections on S^, 
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u. 

|* \<f>^dx'dy' + ik^ 

f By<f>odx' dy' = 27THi{x, y, 0), 

Js, 

(4-16) 

hi 

|* \f)Qdx'dy' — ik^ 

f B^<l)f^dx'dy’ = 27THl{x,y, 0), 

J Sx 

(4-16) 


* 0 ^ 

^fx4>odx'dy'+^y 

f By^odx' dy' = - 27r^^(a:, y, 0), 

Is, 

(4-17) 


when (aj, y, 0) is a point of S^; f>Q denotes the value of ^ when 2 = 0, The expressions 
which would occur on the right-hand sides of the integral equations if {x, y, 0) were a 
point of S 2 , are unknown. 

The total field everywhere will be 

E = E^ + E«, H = H^ + H^ (4-2) 

where E®, H® is the scattered field, which has to be determined so that the tangential 
components of E^ and the normal component of vanish on The boundary 
values of jff®, Hi are therefore 

4 = -I?| + e^. Sy=^-B\, + ey, = 

where e^., By, \ vanish on but are unknown on Moreover, e^,, By, \ are not 
independent, but satisfy {4*14) in virtue of MaxweU’s equations. 

Theorems 1 and 2 are valid since the boundary values are continuous except on 
the rim of the screen. The functions U, F, W of (2-2) become 


u = ejdx'dy' = U^+u, 

V = -^jjl!l4>dx'dy'+-^jj^ By<j>dx'dy' = V-+v, 

W = -^jjHl^dx'dy'+-^jj^ Ktj>dx'dy' = W’^+w, 

in an obvious notation, where u, v, w must evidently satisfy (4-13). Hence, by (2-1) 
and (2*4), 


^^~^dz^dz dz’ 


where the upper or lower sign is taken according as 2 > 0 or <0. Therefore, by (4*2), 


and simil arly for the other components. 

It is at this point that the fact that E^*, is incident on the screen in the half¬ 
space 2 > 0 comes into the argument. If there were no holes in the screen, the total 
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field worild be null in « < 0, but would be E®, H®, say, in z > 0. But U’', V’', are 
independent of the form of the holes Si, and u, v, w are identically zero when there 
are no holes. Hence 

E^+E’’ = E® or 0, = H® or 0, * 


according as z > 0 or <0. In fact, E*", H’' is the ordinary reflected field when E^, 
is incident in z > 0 on a perfectly reflecting plane z = 0. It has thus been proved 
that the total field (4-2) is given by 


when z > 0, and by 


E- = 

® * 0Z 


w 


P _ 0 « J?T _ 

^“0z’ dx 0y’ . 


VM/ UlAJ ^ uuy 

H, = ,kv+^, H, = -^ku+^, = 

when z < 0. The equations of the latter set are equations (4-11) of theorem 4. 

By their mode of construction, E^, Ey, are continuous across the holes Si of 
the screen, e^, hg must be chosen so that the remaining components are also 
continuous across Si. This requires that 


. -7 1 rm -7 7 m 9“ 9^ i nn 

= -+- = IE%, 


dx dy 


(4-3) 


when = 0 and ( 2 , a;, 0) is a point of ^ 1 . 

Now it has already been seen that jff H^y, El are odd functions of z, and also 
that = -“E% when 2 ; < 0. Hence, as 2 J->+ 0 , 

H%^ml El->2Ei 

Therefore equations (4*3) may be written as 


dx dy dx dy ® 


when z — 0 and {x^y, 0) is a point of S^; and these are the integral equations (4*15), 
(4-16) and (4*17) of theorem 4. 

The expressions on the right-hand sides of the integral equations are unknown 
on For example 

^+iku = H^{x,y,^0) 


when 2 ; — 0 and {x, y, 0) is a point of S^\ and similarly for the other equations. The 
integral equations are therefore essentially of the form 

JJs ^y' = 
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where F{x, y) is given on but unknown on The radiation condition does, how- 
ever, give some information about the asymptotic behaviour of F{x^ y) on when 
8 ^ extends to infinity, and this may be of importance in a rigorous solution. 

The three integral equations are not independent, since (4-17) is a consequence 
of (4*15) and (4*16). It is, nevertheless, useful to retain all three with a view to finding 
approximate solutions. Theorem 4 is very suitable for dealing with diffraction by 
small holes in a plane screen, but would be of little use in the case of a small obstacle. 
The complementary formulation given below in theorem 5 is suitable for small 
obstacle problems. 

Theorem 5. Let an electromagnetic field ES be incident in the half-space z> 0 on 
a perfectly conducting screen in the plane s = 0, the holes in the screen being denoted 
by S-j., the metal^ of the screen by 8 ^, Then the total field everywhere is 


E, = El-iku'-^-^, = 


where 

=5«-— 

“ 02 ’ 


02’ 


“'“si 

h^^dx'dy', 

Js, 

II 

hy(j>dFdy\ 

JSi 


and 


„ , dv' du' 
ikw = 

ox oy 



(4-41) 


(4-43) 


(4-44) 


(4-45) 


Thefundions h^, hy, which are connected by the relation 

„ dhy dh- 

satisfy the integral egwations 

^ // ~ JJg ^y' - y, 0), 

e^<})fida:'dy'+ik^^ hy.(j>Qd,z'dy'= ^TTEl{x,y,Q), (4-46) 

yj h^f>Qdx'dy'+^^^^h„<j>Jx'd'!f ^-2TTHl{x,y,0), (4-47) 

when {z, y, 0) is a point of S^; f>Q denotes the value of 4> when x = 0 . The expresmons 
which would occur on the right-hand sides of the integral equations if (s?, y, 0) were a 
point of 8-1 are unimown. 

Using the notation of the proof of theorem 4, it is known that E% are odd 

functions of z, and so 

F[% i i 


* If 8^ extends to infinity, the expressions ****, J^e^**** with sj — 0 are assunaed’ 

to tend to zero as r = miifonnly in all directions on 
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as 3 ->± 0 . But since H%, El are continuous across the holes in the screen, 
hy and vanish on 8 ^. It follows from theorem 3 that, if vf, v', w' are defined by 
(4-42), then g , g , g , 


^y> ■' dz’ 


„ du' dv' 

® dx^dy^ 


everywhere. The total fi.eld E = E^ + E*, H = ff+H® is therefore given by (4-41) 
everywhere. Since, however, E^, Ey, vanish on 8 ^, then 




dw' du' dv' 

-^+ihi-Ey, + 


when 2 ; = 0 and {x, y, 0) is a point of S^\ and these are the integral equations (4*4:5), 
(4*46) and (4*47) of theorem 5. 

The expressions which would occur on the right-hand sides of the integral equations 
if {x, y, 0) were a point of are unknown; for example, 

=--E%{x,y,0), 


and E% is unknown on S^- 

The three integral equations are not independent, since (4*47) is a consequence of 
(4*45) and (4-46). Again all three are retained with a view to finding approximate 
solutions. 

5. SoMMERFELD’s BIEFRACTIOIT PROBLEM 

Theorems 4 and 5 will now be applied to Sommerfeld’s problem of the diffraction 
of plane-polarized waves by a perfectly conducting half-plane. The axes are chosen 
so that the screen lies in the plane 2 ; == 0 and so that the waves are incident on it in 
z>Ql the edge of the screen is taken to be the axis of y so that the hole is 25 = 0, 
a; > 0, and the metal of the screen 5^2 is s = 0, a; < 0. There are two cases to be considered. 

In the first case, the plane of polarization is parallel to the edge of*the screen, the 
incident field being 


J^i = ^ — i aiTi a k cos a) a+ikz sin __ ^^ikx cos a+ifca sin a 

where 0 < a < tt. The problem is a two-dimensional one; in the total field E will be 
everywhere perpendicular to the axis of y, H everywhere parallel to the axis of y, 
and both vectors will be independent of y. Hence the functions e.^, ey, \ of theorem 4 
will not involve y', and also Cy, and therefore h^, will be identically zero. There is, 
then, only the function e^, to be found. 

The integral equation (4-15) of theorem 4 will be satisfied identically, and (4-17) 
will be an immediate consequence of (4-16). There is then only one integral equation 
to solve, namely. 




Q—ikp 


dx' dy' = 2776^*® 
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when (a;, 0) is a point of ; here = {x—-h{y—y')^> As does not involTe 

one can integrate with respect to y\ to obtain 

J eJiz')Ef\k 1 x-x'\)dx’ = (5-1) 

when x>0. When (5’1) has been solved for total field behind the screen 

will be given by equations (4*11). 

It is well known that this case of Sommerfeld’s problem is mathematically 
identical with an acoustical problem in which plane waves with velocity potential 

^ikx cos a+ikz sin a+ikd 


are incident on the perfectly reflecting screen 2 = 0, a;<0; the velocity potential 
satisfies the same diJBferential equation and the same boundary conditions as the 
component Hy of the magnetic vector. I have derived elsewhere ( 1945 ) the integral 
equation (5-1) for this acoustical problem, and have solved it by means of complex 
Fourier integrals. The solution leads to Sommerfeld’s formulae in both the acoustical 
and electromagnetic problems. 

In the second case, the plane of polarization is perpendicular to the edge of the 
screen, the incident field beiag 

£1 = JJi aj-n cor r/.) pikx cos a+ikz Bin 


where 0 <a<7r. The problem is again a two-dimensional one, with E and H 
independent of y and E parallel to the axis of y. The function of theorem 5 is 
independent of y' and hy and are identically zero. 

The integral equation (4-45) of theorem 5 will be satisfied identically, and (4-47) 
will be an immediate consequence of (4*46). Thus, again, there is only one integral 
equation to solve, namely. 


r r o—tkp 

tA I hj^x')—. — dx'dy'= 

J J St P 

■when (a;, 0) is a point of After integration with respect to y', this becomes 

J” TiJ^x')Bf{k\x-x'\)dx' = '^ (6-2) 


when a; < 0 . When (5-2) has been solved for kjx'), the total field everywhere is given 
by (4-41). 

It -will be seen that the integral equations (5-1) and (5-2) are almost identical. 
It -will be seen later that each impKes the other, in virtue of the rigorous form of 
Babinet’s principle to be proved in § 7. The equation ( 5 - 2 ) was first obtained by 
Magnus ( 1941 ), who solved it by rather difficult analysis involving series of Bessel 
functions and verified that the solution led to Sommerfeld’s formula in the case of 
normal incidence. The Fourier integral solution is much simpler and more direct. 
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6. DhTEAOMOIT by a SMAIAi CIEOTJIjAB hole AJID a small dRCCrLAE DISK 


These problems were first solved by Rayleigh in 1897 on the assumption that the 
radius of the hole or disk is small compared with the wave-length, by his method of 
regarding the field near the hole or disk as quasi-static. The hole problem has 
recently been solved again by Bethe ( 1944)1 who regarded the field behind the 
screen as being due to a fictitious magnetic charge and current sheet in the hole. 
Both methods lead to the same result, which differs surprisingly from the classical 
results for the case when the radius of the hole is large compared with the wave¬ 
length. It will now be shown that the methods developed in the present paper lead 
very simply to the solution of both problems. 

In the first problem, suppose that the field E’’, is incident in a > 0 on the 
perfectly conducting plane s = 0, which is pierced by a small hole S^, on which 
+ where Theorem 4 gives three integral equations, which will be 

solved approximately, making, as Bethe does, the following assumptions: 

(i) since Jca<^l, H%, Ej may be regarded as constant over 

(ii) since ^0 = where = (x- x'f -f (y - y'f, and since hp does not exceed 

2 Jca, where (x,y) and {x',y') are points of aSi, i® replaced by 1/p. The integral 
equations .then become 



dx'dy' 

P 



= 2TrHi, 


( 6 - 1 ) 






d 

dx 


dx'dy' 
' P 
dx'dy' 


(6-2) 


(6-3) 


when {Xy 2 ^) is a point of 8 ^^ here H% denotes the value of if j. at 0, and similarly in 
the other equations. 

The three integral equations are evidently not independent, nor are the three 
unknown functions, since n ^ 

dx^dy’ 


but it is desirable to keep all three equations in an approximate solution. The 
equations will be solved by using the formulae* 





P 

x' 




dx'dy' = —^2), 


dx'dy' 

P 


= \tt^x. 


rr y' 




* The first formula is suggested by the expression for the potential of a uniform solid ellipsoid 
at an internal point and can be proved by direct integration using polar co-ordinates with {x, y) 
as pole. The second and third follow jfrom the first. The analysis is suggested by that of Bethe. 
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■wiieii (a;,- y) is a point of ; for brevity r® and r'* have been written instead of 3 ^+ 
and x’^+y'^. These formulae and (6-3) suggest that a suitable solution would be 


Ax' 


A'y' 


But this would give 


ihh = -hf 4 .^ = (A-A')x'y' 

^ dx dy (a®—/®)* ’ 


and the integral for w would diverge unless A = A', when to would be identically 
ZCTO. Again (6-1) and (6*2) suggest that 


ikh, = 


Bx' 


: ■ 


Gy' 


Hence the trial solution may be given as 

A'r' 


Ay' 




•7 1 , -S*' . Gy' 

~ f{a^-r'^y 

which satisfy (4* 14). Moreover, although these functions become infinite on the rim 
of /Si, the integrals u, v, w converge and satisfy (4* 13). 

When the trial solution is substituted in the integral equations, then 

A f Ja _ 

B{1 - - ir®)} = ^ H%-\-Ak% 

G{l-k^{a^-\r^)} = ^Hl-Ak^x, 

A^-^Mi+UBy-Gx), , 


and hence 


7T 

B = ^Hi+Ak^"^ {1 + 0(W)}, 
G= \—H%-Ak^o^{l + 0{k^a^)}. 


, TT " , J 

Therefore, neglecting a multiplier {14-0(to)}, it follows that 

S-^Si, O-^Si. 


Vol. i86. a; 
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and so tlie approximate solution of the set of integral equations is 



(6-4) 


(6-5) 

ji ^ 1^3'^ ^ 

TT ' n y^a^-r'^y 

(6-6) 


These are Bethe’s equations (33) and (33a) in a different notation. The field behind 
the screen can now be found by calculating it, w and substituting in (4*11). 

To find the field when the distance r = ^l{x^+y^ + z^) is large compared with the 
wave-length, the approximation 

^-ikR ^ Q-ikr ^ XX' + yy'\ 

can be used, which is valid since hx' and ky' are small on and hence 

2ika^ lx 

= — 




A straightforward calculation shows that the total field at great distances behind 
the screen is „ v 


B.- 


2k^a^ I X 


dn \ 






J~Ly 


7~’ 


_ 4Fa3 fzx Si ,yz „i\ e-«*=>- 

In spherical polar coordinates 

a: = rsin(9cos?i, y = rsinesin^, z = reos(9, 
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where hr<6 <7 t, these results take the simpler form 

0 , 

^ p~~ikT 

= —Bg = {E%cos^-\-Hl&m^) cos0^-^, 

which exhibit the transversahty of the waves and the orthogonality of E and H, 
These expressions for the total field agree with the formulae of Rayleigh (for plane 
incident waves) and Bethe. 

To the complementary problem of difeaction by a small circular disk, theorem 5 
is applied. Let the field E^, be incident in 2 > 0 on a small circular disk in the 
plane z — 0; on S^, where ka^l. The integral equations will be solved 

approximately, making the following assumptions: 

(i) Ei, Ely Hi are regarded as constant over S^; 

(ii) jSq is replaced by 1//). 

The integral equations then become 


dx'dy' 


dx'dy' 






, dx'dy^ d 


dx'dy^ 


■27rEiy 


when {x,y) is a point of S 2 ; here El denotes the value of E^ at 0, and similarly in 
the other equations. 

Apart from differences in notation, these are precisely the integral equations 
(6*1), (6*2) and (6*3) of the small circular hole problem, and the approximate solution 

. gf ■ 4 gf y' 

* IT 

can be "WTitten down at once from (6-4), (6’5) and (6-6). It readily follows that. 


2ikd^ iy 


UTca^ lx 




+2JEin- 


8-2 
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and hence that the scattered field eTerywhere, in spherical polar co-ordinates, is 

E% = H%= 0, 

E% = H% = {E% cos El sin^) cos d , 

E% = -E% = —^(£l^sin^-f2^|sin95-2£»cos5i)-^. 

These expressions for the scattered field agree with the formnlae of Rayleigh for 
plane incident waves. 

The methods of the present paper can also be applied to the problem of difiEraction 
by a narrow sKt or a narrow blade when the incident field is the same in all planes 
perpendicnlar to the edges of the slit or blade. As no new mathematical ideas are 
involved and as the results agree with Rayleigh’s, the discussion of these problems 
is omitted. 

7. Babiket’s PRmCIPLE 

When electromagnetic waves fall on complementary plane screens, complemen¬ 
tary difi&action patterns are formed. Babinet’s principle in optics asserts that the 
sum of the electric force at any point in one difiraction pattern and the electric force 
at the same point in the complementary pattern is equal to the undisturbed electric 
force at that point when no screen is present. This principle is usually based on the 
classical Kirchhoff theory of diffraction by a black screen, a somewhat insecure 
„ foundation. 

An examination of the formulae for diffraction by a small circular hole and a small 
circular disk given in § 6 shows that Babinet’s principle in the usually accepted 
sense is not even approximately true for perfectly reflecting screens; this is 
also the case for diffraction by a narrow slit and a narrow blade. This was 
noticed in 1941 by *H. G. Booker,* who observed that the principle would still 
hold for perfectly reflecting screens in the cases discussed by Rayleigh provided that, 
in passing from a screen to its complement, one made also the transformation 
E->H, H->—E; and he was able to prove the principle in this form by consider¬ 
ing wave-motions in a two-sheeted space. It will now be shown that Babinet’s 
principle in its rigorous form is actually an immediate and simple consequence of 
the complementary theorems 4 and 5 of the present paper. 

Theorems, (i) Let tJm electromagnetic field 

E^-F, H^ = G 

be incident in z>0 onaperfectly conducting screen in the plane 2 = 0; the holes in the 
screen are denoted by Z, the metal of the screen by Z'. Let the total field inz<0be E^ UK 

(ii) Let the complementary electromagnetic field 

E^ = -G, H^ = F 

* I widi to expr^s my gratitude to Dr Booker for drawing my attention to this interesting 
problem and for giving me permission to refer here to his xmpuhlished work. 
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be incident in z>0 on the complementary perfectly conducting screen in the plane 3 = 0; 
the holes in the screen are Z', the metal of the Screen Z. Let the total field in z<0 be 

H2. 

Then Babinet’s principle in its rigorous farm asserts that 

Ei+H2 = F, Hi-E2 = G. 


Theorem 4 is first applied to problem (i). By equations (4'11), the total field 
E^, in 3 < 0 is 






dv 

03’ 


M_ 

® dx dy 


where 


Ep-iuJ^ m H^- — 

- ticv+ Uy - %lsu+ -Qs - 02 > 


(7-1) 


The functions/, g, h are the functions e^, e„, h^ of theorem 4; they are coimected by 



ikh = 

^9 ,‘^f 
~ dx'^dy" 

and satisfy the integral equations 


■ -u 

j* hf)Qdx'dy' -\-ih j 

^^g^o'l^'dy' = 27r&Jp,y, 0), 


J hf>Qdx'dy'—ikj 

jj^Qdx' dy' = 27 T&y{x, y,0), ■ 

li 


j^gf)Qdx'dy'' = - ^nFfx, y, 0), 


when (a:, is a point of Z. 

Next theorem 6 is applied to problem (ii). By equations (4*41), the total field 
everywhere is 

dw' 

'dz 


E%==-Q^+iM-^, EI^-Qy-ihu'-^, = 


-F —— 


m-v 

^y-^v-Tz’ 




01&' dv' 
dx dy ’ j 


I (7-3) 


where 


The functions/', g\ h' are the functions h^, hy, e^ of theorem 5; they are coimected by 


iW = 


KJZ 

dx' dy" 
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and satisfy th.e integral equations 


^jj^h'^odx'dy'-ihjj^g'^gdx’dy' = -2nO^{x,y,0), 
^jj^h'^o^x'dy'+ikjj^f'^odx'dy' = -27rOy{x,y,0), 
^y' + ^y' = -27r-^0(*.2/.O), 




when {x^ 2 ^) is a point of E, 

Comparing (7*2) and (7*4), it is seen that 

and hence that u* — u, = — w. 

Equations (7*3) then become 


M% = -G,+ikv + ^, El=^-G,-iku+^^, 3I = -G,+^, 


S^ = F —— 

® -^x 





Bl-R+“^_+ 


dx dy' 


Erom (7-1) and (7-5) the equations 


Ei + H2 = F, Hi-E2 = G 
follow. This completes the proof of Babinet’s principle. 
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On the divergence difficulty of quantized field theories and the 
rigorous treatment of radiation reaction 

By H. W. Peng, University of Edinburgh 

{Communicated by M. Born, F.B.S.—Received 5 April 1945) 


By an orthodox application of the perturbation theory to the general case of a quantized 
held, it is shown that the divergence difficulty hitherto encountered arises from a faulty 
application of the expansion method. The difficulty, in certain cases, disappears if the 
degeneracy of the unperturbed system is properly treated by the method of secudar perturb¬ 
ation. Physically, this amounts to a rigorous treatment of the radiation reaction, in such 
cases where its effect is strong. 


The existence of elementary particles (photons, electrons, etc.) in integral numbers 
has been successfully explained by the application of quantum mechanics for the 
treatment of fields (Maxwell’s field, Dirac ( 1927 ), and Jordan & Pauli ( 1928 ); 
Dirac’s field, Jordan & Wigner ( 1928 ); etc.). The interaction of the elementary par¬ 
ticles is usually introduced by coupling the corresponding fields, for which a general 
description will be given in § 1 below. The effects (self-energies and cross-sections) 
due to the interaction have been hitherto treated by the expansion method—a 
power-series expansion with respect to the interaction constants. All terms of the 
resultant expansions for the self-encfgies and the cross-sections, excepting the term 
of the lowest degree in each expansion, are found to diverge. This difficulty has led 
many physicists to doubt either the usual formulation of the field theory or the 
usual procedure of quantization (which is generally known as that of Heisenberg & 
Pauli ( 1929 )). But it will be shown in § 2 below that for any quantized field, the system 
is degenerate in the sense of the perturbation theory, and hence the expansion 
method must give way to the method of secular perturbation. Therefore no prema¬ 
ture departure from the usual formulation of the quantized field theories will be 
considered in this paper. On the other hand, the mathematical treatment of secular 
perturbation which will be developed in §§ 3-5 (or some further improvement of it) 
will have to be used for the derivation of the self-energies and cross-sections in any 
new formulation of the quantized field theories. 

In § 3, the usual method of secular perturbation for degenerate systems will be 
presented in a form which can easily be adapted to the case of continuous spectra. 
The general solution of the secular problem will be given in §§ 4-5, where it will be 
seen that most of the stationary states of the secular problem describe collisions of 
the elementary particles. For the calculation of the cross-sections for the collisions 
one has to solve some integral equations which differ from those proposed by 
Heitler ( 1941 ) and Wilson ( 1941 ), in their theory of radiation damping, merely by not 
neglecting or omitting the self-energies (their treatment is only preliminary and is 
integrated in the present treatment)." The present treatment, which in fact is just 
the orthodox perturbation treatment and can be continued to any d^ired order 
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of approximation, can therefore be described physically as a rigorous treatment of 
the radiation reaction. The self-energies are also obtained from the stationary 
states of the secular problem, and are influenced by the radiation reaction. As will 
be demonstrated in § 6 with the help of a simple example, in which the radiation 
reaction is strong, the present treatment leads to no divergence difficulty where the 
usual treatment does. 


1. GEIfrEBAL BESCBIPTION OF THE ESTTERAOTION OF ELEMENTARY 
PARTICLES BY MEANS OF A QUANTIZED FIELD 

AU elementary particles can be shown to arise from the corresponding field 
theories by a definite procedure called ^quantization’ (cf. (Dirac ( 1935 ), chap, xm; 
Pauli ( 1941 ), part n). To account for the interaction between elementary particles 
of different nature (e.g. photons and electrons), the various fields are combined into 
an inseparaible whole by including coupling terms between the different fields (e.g. 
Maxwell’s field and Dirac’s field). In the usual theory, particles of the same nature 
(e.g. two electrons) interact only indirectly via their interaction with particles of 
other nature (e.g. photons) in accordance with a similar idea in the classical theory, 
namely, the action through a,medium. In what follows, I shall always consider the 
whole field, including the interactions. 

Experimentally, all phenomena concerning the interaction of the elementary 
particles are invariably studied in a volume which (being at least of atomic dimen- 
sions) is practically infinite in comparison witli any effective volume of the elemen¬ 
tary particles (as derived from the observed cross-sections of their collisions). 
Hence, for simplicity, one may suppose the whole field to be periodic, the basis 
being an arbitrarily large ‘fundamental’ cube of sides L, because this does not 
affect the asymptotic results for large values of L. 

The fundamental property of a field is, in the classical theory, the localization of 
the energy, momentum, and charge. This arises from the fact that, as the con¬ 
sequences of the field equations, an energy-momentum-stress tensor and a charge- 
current vector exist at every point x = (a;^, a:^) and time ^ = as® which obey the 

equations of continuity 

3 dTl 3 0oV 

, 5 , a?-" (^-'>.'.^.3). S^-O. (M) 

By integratmg these equations over the fundamental cube, one obtains the con¬ 
servation lam of the total energy H, the total momentum G = (<?!, O^, Q^), and the 
total charge Q contaiaed in the cube 



T^dz^dz^da^, 





Tldz^da^ds?, 


Q 




dz^dx^. 


( 1 - 2 ) 


which are therefore constant in time. If the field equations can be derived firom a 
variational principle, it can be shown that Tf, T|, Tf and are always bilinear 
expressions in the field quantities, while contains besides bilinear terms also 
terms of higher degree {Pauli 1941 , part i, § 2 ). This is also the case if some field 
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equation has to be regarded as supplementary to the variationai equations, e.g. in 
the case of Maxwell’s field and Dirac’s field in interaction (Born & Peng 1944 , § 3 ). 

Let ... denote the parts of H which arise fi*om the bilinear, trilinear, 

terms of T\ respectively, 


-Ef® = JJJ(bilinear terms of Tfj 

= JJJ(trilinear terms of T^dx^dx^dai?y ...• 


(1-3) 

(1-4) 


In general, any field quantity (ssbjf) is complex; real field quantities may be con¬ 
sidered as special cases. By a three-dimensional Fourier transformation of aU the 
field quantities, 

(1*5) 


k 


k 


where the summation of the wave vectors k extends over the lattice points of the 
infinite fc-lattice (a cubic lattice of the lattice constant the volume integration 
in G and Q is transformed into the lattice summation of the wave vectors. The 
contribution from each wave vector k, being a Hermitian .bilinear form of the 
corresponding A’s and/l^’s of all the field quantities, can further be reduced to the 
canonical form by a linear transformation. One thus obtains 

^® = G = S SP*<r«*X«r» <9 = (1-6) 

k or b or k u 

where there are as many and distinguished by the index cr, as the number 

of Hnearly independent A’s and/*’s. The normalization factor has been intro¬ 
duced in (1‘5) to destroy the factor arising from the volume integration so that 
G, and Q contain no factor in L. Since each additional field quantity brings in 
a factor L-^, one has, for E^y ... 

= X""- (trilinear form of all 

jEf 2 =r (quadrilinear form of all and ... ( 1 - 8 ). 

where the a’s and a*’s of different jfccr are intermingled in some definite way. In the 
usual theory, is linear in such natural constants as the elementary charge or the 
mesorfic charge of a nucleon, while is bilinear in thfese interaction constants, 
and so on. The series of terms of increasingly higher degree in the a’s and a*’s, 

H (1-9) 

can thus be regarded as an expansion of H 'with respect to the interaction constants. 

In the quantum theory, the field quantities are replaced by g-number quantities 
obeying non-commutative algebra, while the four co-ordinates ix, i are retained as 
c-numler quantities. The Fourier transformation (1*5) can be used for g-number 
field quantities/(x, t) and g-number Fourier amplitudes A(i) where the wave vectors 
k are retained like x as c-number quantities. The and which are the linearly 
independent combinations of all the A(#) and/|'{#}, are now g-number quantities. 
The total energy H of the system—^namely, the whole field in the fundamental cube 
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—splays the role of the Hamiltonian. The quantum conditions between the d s and 
the are determined by the condition that the quantum-mechanical equations 
of motion in the HeiSenberg representation, viz. 


i dt 




i dt 




( 1 * 10 ) 


should be formally the sanie as those obtained from the field equations in the 
classical theory. (The asterisk, when used with a g^-number quantity, denotes the 
adjoint.) In the linear transformation from the fj^ and/^f to the and it is 
convenient to introduce a factor so that the quantum conditions between the 
a’s and the a*’s no longer contain viz. 


+ ^k'(r'^k(T — %tr®fcV + ^k'tr'^ka “ 0 ,^ 

^ka-^k'tr' + ^k'<r'^ka- = ^kk'^cra'* i 


( 1 * 11 ) 


The + sign (anti-commutation laws) is used only if both a^^j. (or its adjoint) and 
(or its adjoint) are derived from field quantities which transform for the Lorentz 
transformation like spinors. The — sign (commutation laws), on the other hand, 
is used where at least one of these quantities is derived from field quantities which 
transform for the Lorentz transformation like tensors (including vectors and scalars). 

As consequences of the quantum conditions, the g-number quantities for 

various her all commute. Their eigenvalues are independently 0 , 1 , 2 ,... in the 
case of commutation laws being used, or 0 and 1 in the case of anti-commutation 
laws being used. Since 0^, Q^, Q and of ( 1 * 6 ) are linear combinations of the 
commuting quantities with c-number coeifficients, they all commute. In 

fact, G and Q commute with the Hamiltonian H, which expresses the conservation 
laws of the total momentum and charge in quantum theory. In the following, the 
total momentum and charge of the system will be assumed to be known. 

After having obtained the quantum conditions in the Heisenberg representation, 
it is practical to change to the Schrodinger representation in which all g-number 
quantities are represented by linear operators constant in time (Dirac 1935 , §§ 31-32). 
TJie operand called the wave function, describes the quantum stdte of the system 
and varies with time according to Schrodinger’s wave equation in timef 

= HW, where ^ is short for t), (M2) 


t The treatment described in the text is the usual short-cut way of applying Heisenberg 
and Paulf s method of quantization in the Jb-representation. The complete treatment, which 
includes also the quantum-mechanical equations of motion in space, can easily be reduced 
to the above simple treatment (cf. Bom & Peng, 1944 , § 4 ). In the complete treatment, the 
wave function x, f) satisfies the wave equations in time and space, 

h8W(Njty,:si>t) H 

- m - ■Tgra.dW(Nj,y,ii:,t)=zGW(Nj,y,y:,t). 

If the total momentum is known, say G', the complete treatment reduces to the simple 
treatment by putting 

^ ^ ^ W{N,^; X, t) = t). 
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The eigenvalues of all ka are adopted as the arguments of W on which 

all and operate. Tor a set of basic functions of all one can use the simul¬ 
taneous eigenfunctions of all viz. 

where n denotes in short a set of quantum numbers {%.^} with all her. These fanctions, 
for all n, form a complete system of linearly independent functions of the N's, and 
are orthonormal: 

^’ka- * ^ 

As the zero-order approximation, it is convenient to introduce an idealized system, 
which is described by the simpler Hamiltonian H®, with the same G and Q as before, 
see (1*6). Evidently, the functions (1-13) form a set of eigenfunctions for this ideal¬ 
ized system: 

= = = (1-15) 

■where ^5® is sh’ort for -with the eigenvalues 

~ S S ~ SSPfco-^fto-i Qn ~ (I’l®) 

k a k <r k 

The solution short for of Schrodinger’s wave equation for the 

idealized system is simple; the general solution being a superposition of the stationary 
state solutions with arbitrary constants: 

= = (M 7 ) 

The peculiar form of the eigenvalues (1-16) suggests the usual interpretation that, 
-for the state characterized by the set of quantum numbers there are nf^ 
qvmda of the kind kcr within the fundamental cube, each quantum of the kind feu- 
possessing the energy the momentum charge The index <r com¬ 

bines the description of the nature of the quantum {electron-like, photon-Zifee, etc.) 
with its spin orientations { 2 s +1 orientations for a quantum of spin s) and electric 
charge (positive, negative or neutral according to = -he, — e, or 0), while the 
index fe describes the momentum of the quantum (p^.^ = + if = ± e, = Sk 
if = 0). The energy of the quantum, of the form +^J{c^plfr-\-nhlc^), is positive 
and independent of the spin orientations of the quantum and the directions of the 
momentum of the quantum. (It depends, however, on the nature of the quantum 
through the rest-energy of the quantum.) It follows from this interpretation 
that, excepting only the vacuum-Zffee state with aU = 0, one can also specify 
the state merely by the numbers ...,7^^ of the quanta of various kinds 
(1,2, which really occur (i.e. for fecr = 1, 2,..., jS^), if at the same time 

the cr’s and the k’s of these quanta are given, say cri,o’2j ...,kj£^«3_ 

(kjg- can then be inferred from the total momentum). 
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It must be remembered that the quanta of the system represent an idealization 

of the real elementary particles as observed in nature. The latter are described by 
the Hamiltonian H, including the interaction terms etc. In thfese terms, 

aj^ and do not occur in the simple combination The effect of or 

operating on a function of aU the is, apart from a numerical factor depending 
on the to increase or decrease the argument by unity (the result vanishes 
if 1 or Njca^— 1 is no longer an eigenvalue of The effect of or a%^ 

operating on a basic function (f>^^ is thus to produce, if the result does not vanish, a 
numerical multiple of a new basic function which corresponds to one quantum more 
or one less of the kind 1c<t in the fundamental cube. From this, the effect of 
etc., on a function of aU the Wb can be deduced. 

Any state of affairs concerning the elementary particles is described by a corre¬ 
sponding solution of the wave equation (1-12) for H (not (1-17) for the quanta). 
In practice, only effects of stationary processes are studied, such as the cross- 
sections for the collisions of the elementary particles, and also their self-energies. 
Hence, throughout this paper, only stoonary-state (or quasi-stationary-state) 
solutions of (1*12) are considered. These are of the form 

where the eigenfunctions and the eigenvalues of the Hamil¬ 

tonian H, 

^ fA S = .... (M9) 

As the are functions of all the A^’s, they can be expressed, when normalized, with 
the help of a unitary transformation of the basic functions say 

( 1 - 20 ) 

m 

Substitute this iato (1’19) and develop in the basis Then (1-19) is trans¬ 
formed into the system of algebraic equations 

W = (95®. W (1-21) 

m 

(95®.F95®) = + (1-22) 

with, according to (M5) and (1-14), 

= (1-23) 

The solution of (1 *21) can be successively approximated by the perturbation method, 
by using (1*23) as the zero-order approximation. 

Por physical interpretation it is sometimes convenient to analyse the stationary- 
state solution (1*18) of the actual system into a superposition of the stationary-state 
solutions (1*17) of the idealized ^stem, say 


(1*24) 
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with the coefficients {0 ^^. Wf} varying with time, 

(1-25) 

Substitute (1-24) into Schrodinger’s wave equation (1*12) and use (1-17). Then 
(1-12) is transformed into the system of ordinary differential equations 

= + + (1-26) 

m 

The perturbation treatment for the successive approximation to the solution of 
(1-26) in the time representation is of course mathematically connected with that of 
(1-21) in the energy representation. 

2. DeGENEEACY—^THE EAILXJRE OE THE EXPAHSIOX METHOD 

In order to explain the failure of the expansion method, it will be shown that the 
unperturbed system is degenerate. For this purpose it is only necessary to con¬ 
sider the states <l>^^ possessing equal eigenvalues for the total momentum G and equal 
eigenvalues for the total charge Q, because the states possessing different eigenvalues 
for G and/or Q faU into different non-combioing classes. 

The vacuum-like state, which belongs only to the class of zero total momentum 
and zero total charge, is, of course, non-degenerate. The states which correspond 
to but one kind of quanta in the fundamental cube {K = 1) are specified by % and 
or^ only. These are in general spin-degenerate (meaning that different states with 
different spin orientations of the quanta exist and possess precisely equal energy 
values), and can be partitioned into a number of mutually exclusive groups of 
rigorously degenerate states. 

For the states whi(3h are specified by %, 9^25 • •. j ^^5 cri> • • • ? 

with since the Fs can vary almost continuously (namely, by units of L'-^)y 

the energy values form an almost continuous spectrum for each specification of the 
%’s and cr’s. In such circumstances, all the states with lying between 

and Ef-h^AE^^^ 

can be said to be approximately degenerate with respect to the central steite 
within the allowance AE^^K The allowance AE^^^ has to be large in comparison to 
the spacing of the energy values, but is still of the order of (i.e. LAM^ is in¬ 
dependent of L). Thus for sufficiently large values of i, the allowance AM^ can be 
made arbitrarily small, and hence the approximate degeneracy becomes almost 
rigorous. The totality of such stat^ (including the state itself) will be denoted 
by deg<®>%. The notation medeg^^^n and m€deg^®^% will be used to denote that 
is or is not almost degenerate with respect to Note that, then the 

set deg^®> n partly overlaps with the set deg^®^ m; it is therefore imp<^b!e to partition 
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the states of an almost continuous spectrum into a number of mutually exclusive 
sets of almost rigorously degenerate states. 

The notation deg^^^7^ may also be used if the state corresponds to but one kind 
of quanta in the cube (iC = 1), then deg^^^m coincides with deg^®^7i if m€deg^®^9^. 
For a non-degenerate state deg^^^n consists of only the state <f>^^ itself. 

The degeneracy of the states of the unperturbed system W usually plays no role 
for the first-order perturbation, because . -ff usually vanishes for m € deg^^^ n, 
(Since jff ^ is trilinear in the operators and differs from zero only 

if = rrij^^ ± 1 simultaneously for three kinds of quanta, two of which are usually 
of the same nature. Then it is kinematically impossible to satisfy the conservation 
laws of both the momentum and the energy, except in the case where electro¬ 
magnetic quanta of arbitrarily small energy and momentum are concerned. This 
exception arises from the fact that the rest mass of the electromagnetic quanta 
* vanishes!) But, in any case, as will appear immediately, the degeneracy of the 
states of cannot be ignored from the second-order perturbation onwards. 

The failure of the expansion method can now be demonstrated by applying the 
important theorem well known in the perturbation theory for degenerate systems 
(cf. Born, Heisenberg & Jordan 1926; Schrodinger 1926; Born & Jordan 1930, 
chap, v), which in these works is expressed in the energy representation (1*19) 
or (1*21). 

Theobem. If some states of the unperturbed system are degenerate, whether 
rigorously degenerate or almost so, then the eigenfunctions of, the perturbed 
system cannot be expanded straightforwardly with respect to the perturbation by 
a power series of the form 

fa=<}>t^ + Va + i^a+-, ( 2 - 1 ) 

where ^ contains the first power of the interaction constant as a factor, contains 

the second power of the interaction constant as a factor, and so on. 

Proof. This theorem can easily be proved by contradiction, as follows. H the 
expansion (2-1) were possible, (1-21) and (1-22) show that can be similarly 
expanded, so {1*21) becomes, by using also (1-23), 

7fL 

. =Ra+(9iS^l5i)+(9iS>.l^) + ...}W+i^+i?|+...}. (2-2) 

The zero-order approximation to (2-2) is, of course, an identity. The first approxi- 
mation to (2*2) then leads to 

(2-3) 

which gives rise to the c(mdition of solvbility 

for K€deg«»a. (2*4) 

Of interest are two cases, (i) for re€deg(®>a and n^a. Then the 

condition of solubility (2-4) is not satisfied, and hence the theorem is proved by 
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contradiction. This is the case where Fermi’s longitudinal quanta of arbitrarily 
small momentum and energy are concerned, (ii) = 0 for Tiedeg^^^a. 

This represents the general case in quantized field theories. The condition of solu¬ 
bility (2-4) is then satisfied by = 0, and the solution of (2*3) gives 






for »edeg<®>a. 


(2-5) 


But then the second approximation to (2-2) leads to a contradiction. It leads, with 
the help of (2-5), to 


m€deg'®^a 




= ( 2 - 6 ) 


but the condition of solubility for (2-6), namely, that, for wedeg^^^a, the left-hand 
side of (2-6) should be diagonal, is actually not satisfied. (In fact, for 
and n + a, the left-hand side of (2*6) is usually called the transition matrix element 
from the state to the state Hence the expansion (2*1) fails. 

As a consequence, (2-6) cannot be used for the calculation of by putting n — a, 
even if the resultant expression for the self-energj^ were not divergent. 

The impossibility of the expansion (2-1) in the energy representation implies, by 
(1-18), that it is impossible to expand the in the form 

(2.7) 


Hence, in the time representation, it is impossible to integrate the system (1.26) 
of differential equations by the usual expansion method, in which (1*26) is decom¬ 
posed, by using (2-7), into 

^ ( 2 - 8 ) 

- r — dr ~ = + 

(2-9) 


The cross-sections thus obtained are therefore not justified even if the contributions 
from the terms of higher degree were not divergent. 

The failure of the expansion method for any degenerate system is due to the faulty 
assumption, (2-1), that the eigenfunctions of H should equal approximately those of 
because the eigenfunctions for a degenerate system can be chosen arbitrarily 
to some extent. In such circumstances, the degeneracy of the unperturbed system 
has first to be treated by the method of secular perturbation. Such consideration 
is familiar wherever the perturbation method is applied, usually in the energy repre¬ 
sentation, to problems of atomic and molecular structures. In dealing with field 
theories and the interaction of elementary particles, the treatment of the degeneracy 
has been hitherto overlooked, probably because the problem is usually presented 
in the time representation. 
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3, The method oe seculajr perturbation 

In accordance with the perturbation theory developed by the authors quoted 
above, the arbitrariness of choosing the eigenfunctions ^5$?^ of the unperturbed 
degenerate system has to be treated by the method of secular perturbation. The 
following formulation of this, method is designed to cover both the states which are 
rigorously degenerate and the states of the almost continuous spectrum which are 
almost so. The essential point of this method is the following. If the eigenfunctions 
of the perturbed system can be expanded, to the rth approximation, in a basis 
say, which are degenerate, then a suitable change of basis from to must 

be made in order that the eigenfunctions can be expanded in the new basis to the 
r + 1th approximation. In atomic and molecular problems, the basis for the first or 
the second approximation is usually non-degenerate, in which case the degeneracy 
is said to be removed by the secular change of basis. This is, however, not th^ case 
in quantized field theories where the degeneracy persists in aU approximations. 
Hence the method of secular perturbation has to be continued indefinitely, unless 
the perturbation method is discontinued at a certain stage in favour of other 
approximation methods being used. 

Let and denote the rth approximation to the actual eigenfunctions 
and eigenvalues E^, so 

= HO+HH... (3-1) 

where quantities of higher degrees in the interaction constants than'the rth are 
to be neglected. Assume that there exists a secular problem for the rth approxi¬ 
mation, of the form 

= jffo+ZWH... + (3-2) 

trhicli supplies a basis in -whicb the of (3-1) can be expanded, just to the rth 
appro^tio».»y «>-«+*>.+ ... + «►. (3-3) 

may be regarded as the Hamiltonian of a secular system ■which is nearer to the 
actual system than the unperturbed system H®. The. difference of HW and will 

be called the hon-secular perturbation 


J(r) = = J(r)l+ _ _ ^ -|^ 

(j=l,...,r). J 

For the rth approximation, the expansion (3*3) of is in fact arranged according 
to the order of magnitude of the non-secular perturbations (j = 1 ,r), while 
the secular perturbation +... +Zfr>- is not regarded as amall, (Note that the 
superscript (r) with the brackets indicates the order of approximations r = 0,1,2,...; 
while the superscript j ■without the brackets indica^tes the degree of the interaction 
constants, j = 1, ...,r. Fmrther, the le^tter ^ is ■used in connexion ■with the secular 
problems, while the letter ^ is used in connexion ■with the actual problems.) 
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For the first approximation, r = 1, it is well known, in the case where all states 
can be partitioned into mutually exclusive groups of rigorously degenerate states, 
that the secular perturbation is such that its matrix dements between two 
degenerate stat^ are the same as those of H^, while its matrix elements between 
states which are not degenerate with respect to each other vanish. That is, 

= for c€deg(®&,] 

0 for cedeg<®6. J 

In this case, the matrix consists of step matrices (which correspond to 

the partition of the states into mutually exclusive groups of degenerate states). 
The secular change of basis firom to represents a unitary transformation, 

= (3-6) 


(3-6) 


where the transformation matrix .^2^) also consist® of step matrices. That is, 

4= 0 for be deg<® 0,1 
= 0 for 6edeg(®o.j 


(3-7) 


The secular problem (3-2) for r = 1, now written in the basis can then be 
partitioned accordingly. 


with 


s = (C€deg<® 0 ) (3-8) 

&€degte)a 


One thus expects that, in the case of the almost rigorous degeneracy for the states 
of the almost continuous spectrum, one can use {3*5)-(3-9) in the following way; 
namely, for the determination of and for a particular state, one considers 
the corresponding group deg^®^u of states which are degenerate with respect to 
within an arbitrarily small allowance But, since it is now impo^ible to par¬ 

tition the states of the almost continuous spectrum into mutually exclusive groups 
of degenerate states, the matrix {^fK now consists of some kind of band 

placed along the diagonal, outside of which the elements rapidly diminish and 
practically vanish. Since the number of states in the group deg<®^a large (and 
increases with L), the band covers a large number of diagonals on both sides of tiie 
principal diagonal (and even more so for larger values of L). The matrix 
is of a similar structure. 

The choice (3-5) of the secular perturbation follows essentially firom the 
condition that, in the new basis the eigenfunctions can be expanded to the 
first approximation in accordance with (3*3), 

(s-io) 

b 

in order to show this let us r^ard as the Hamiltoniaai of the perturbed system, 

as that of the unperturbed system, and treat the non-secular perturbation 


yoLiSS. A. 


9 
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J( 1 ) jmi by the expansion method. By (3-10), the eigenvalue problem (3-1) can 
be written in the form ^ 

(Z»'+(3-11) 

#6 c 

which, by using (3*2) and developing in the basis becomes 

s (3-12) 

b 

On the right-hand side of (3-12), since the leading term S^a of ■ i^) contributes 
nothing, the may be approximated by By using the expan¬ 

sions (3-3) and (3-4), (3-12) gives 

The condition of solubility for (3-13) demands 

(55®.JOVi>) = 0 for c€deg«»o, ] 

i.e. = for C€deg«»o.J 

When expressed in the basis {^2^}, this gives the first pajrt of (3*5). The second part 
of (3-5) has been chosen for simplicity and definiteness, but it is in principle arbitrary. 

The majority of as determined by solving (3-8), will form an almost con¬ 
tinuous spectrum. The majority of are therefore degenerate. For the second 
approximation, r = 2, a further seoTilar change of basis from {<j>^ to {^6®} is therefore 
necessary, say 

(3-15) 

b 

where + 0 for ficdegO^a,! 

h (3-16) 

(^^.95®) = 0 for feidegO^o.; 

Here degOJa denotes a group of states with lying within an allowance AE^'> 
around the central value E^\ The secular perturbation for the determination of the 
new basis {^2*} be derived similarly by treating the non-secular perturbation 
for the second approximation by the expansion method, as follows. In the 
basis (3-1) becomes, by (3-2), 

= (3*17) 

b 

By us i n g the expansions (3-3) and (3-4), and approximating the {E^—E^'>) by 
(J®- (3-17J gives, for the first-order and the second-order quantities, 

= (3-18) 

(^®. J^55«*) + S(5S®. -1^) = {3-19) 

b 


(3-13) 

(3-14) 
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The condition of solubility of (3-18) determines the first-order secular per¬ 
turbation in the second approximation, viz. 

^ c€ deg^^^a, 'j 

i.e. = for cedeg(«o.J 

For simplicity and definiteness, take 

{^®.Z<2)y|)) = 0 for c€deg(«a, ] 

so for cedeg(i)<i.j 

The solution of {3-18) then gives 


( 3 - 20 ) 


( 3 - 21 ) 




(3-22) 

(3-23) 


and, for simplicity and definiteness, take 

= 0 for cedegf’^^a. 

With the help of these relations, the condition of solubility for (3-19), namely, 

).J(2)y2)) + 2(55®.J®i^^))(^5®.V^ai) = 0 for cedeg(«a, (3-24) 


determines the second-order secular perturbation 


(5i®. • W) + S 

h € a 






For defiboiteness, take 

(^®. = 0 for cedeg®>a, j 

so cedeg^^^a.j 

The solution of (3*19) then gives 


for cedeg^^^ffl. 

(3-25) 

(3-26) 


1 




+ S 

6€deg^*^a 




for cedegd^a, (3'27) 


The normalization condition 

.^ 1 ’) = = 4 


leads to 




(3-28) 

(3-29) 


which restricts the choice of (^®. for c € degd) a. 

From (3-15) and (3-16) follow, for any continuor^ functionand sufficiently 
small allowance used in the definition of deg^^^a, 

s,, (s-so) 

5 € deg'” a 



(3-31) 
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and conTersely, as the functions {^®}.are orthononnal, , 

a € h 

Hence the secular problem for the determination of (j)® and can be written in 
the basis in the form 

S = (cedeg(«a), (3-32) 

b € a 

where, by using the secular problem for and 

- (3-33) 

By tmnsforming (3-20) into the basis and comparing the result with (3-14), 
one sees that the correction of the first-order secular perturbation arises only from 
the difference of deg^^^ft and deg^^^i: 

if cede^^^b but cedeg^^^J, 

= ^ if cedeg^o>6 but cedeg^^^fc, - (3-34) 

0 if otherwise. 


By a change of basis, (3-26) and (3-26) become 

= (?5?. W) 

, b'€degi^>a' c'edeg^^^a' 


for 


and 


= 0 for c € deg<^) b. 


C€deg^^^6, 

(3*35) 

(3*36) 


In the numerator of the fraction term of (3‘35), note the occurrence of the factors 
arising from the secular change of basis. If the states which are included in the 
summation over a' can be partitioned into mutually exclusive groups of degenerate 
states, these factors can be eliminated by using (3-31) and the orthogonality con¬ 
dition of the basis On the other hand, if the states to be summed form an 
almost continuous spectrum and thus cannot be partitioned into mutually exclusive 
groups of degenerate states, these factors remain and, as will be demonstrated later 
in § 6, may help to render the summation convergent. 

The derivation of the secular perturbation for the higher approximations is 
similar. In quantized field theories, the self-energies arise only at the second, the 
fourth, ..., approximations. Then every two successive approximations, such as 
the first and the second, the third and the fourth,..., can be dealt with in one step. 

In the time representation, the method of secular perturbation assumes the 
following form. Let 

= exp [ - W® = exp ii®, \ 

= (i=l....,r) (r=l,2,..Af 


(3-37) 
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For successive approximations, one has to solve (1'26) by the successive change of 
variables (r = 1,2,...) 

(3-38) 

m b 

with = exp tm (3-39) 

The condition that the rth approximation to can be expanded in the form 

Tpfr) ^ 0(rt ^ g/wi + _ _ + (3.40) 

determines the secular problem 

{r = 1,2,(3*41) 


The explicit expression for can also be derived by applying the expansion method 

for the treatment of the non-secular perturbation in the time representation. 

Prom (3-41) follows the differential equations for the secular change of basis for 
the successive approximations, r = 1 , 2 ,... 

- ,, 2 (0^’-". (Oig-W. {3-42) 

I dft i) 

For r — 1 or 2, (3'42) is equivalent to (3-8) or (3*32), as is easily verified by using (3*39). 

4. AsITMPTOTICAL solution of the SECUIiAB PEOBLEM 
FOE LAEGE VAIiXJES OF L —^BBGULAE CASE 

The first-order secular perturbation generally vanishes in quantized field theories. 
The only exceptional case occurs where an electromagnetic quantum of arbitrarily 
small energy e (of the order of ficL~^) is emitted or absorbed by (say) an electron-hke 
quantum. As the corresponding matrix element varies as this physically excep¬ 
tional case represents also a mathematically singular case. Since the usual divergence 
difficulty originates from the quanta of arbitrarily large energies and is independent 
of the nature of the quanta, it is convenient, for the present general investigation, 
to ignore altogether the existence of the electromagnetic quanta of arbitrarily small 
energies, and thus to avoid any special complication peculiar to this singular case 
alone. The method of solution of the secular problem in the regular case will be 
demonstrated in detail by considering the second approximation. This method has 
immediate physical applications, for example, in dealing with the interaction between 
the nucleon field and the meson field. 

Suppose that the fibrst-order secular perturbation vanishes, so 

deg^i^a = deg^®>a. (4-1) 

The second-order secular problem (3-32) becomes 

S (c€deg<o^a), (4-2) 


9-3 
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where, by (3*33) and {3'36), 

^ 5 "ed^<»>a" _ c^cdeg^g^ _ 


{4>f.KS^^t'>) = (94®. iffW) 


+ s 

g'cdegt'^d 


s {<l>f.m<l>f)(<l>f4’-$) s, 

e deg^°^ _ 




(cedeg^®)6, c + 6). 


(4-3) 


(4-4) 


The diagonal elements and the non-diagonal elements are here written out separately 
because the respective fraction terms are of different orders in L. In fact, the non¬ 
diagonal elements (4'4) can be approximated by the familiar expression (known in 
the expansion method as the matrix element for the transition) 

(#.Z(y) = + (cedeg®)6,c+6), (4-5) 

where the summation automatically covers only the group of intermediate states 
(for which the summand difiFers from zero). This approximation follows from the 
fact that, in the circumstances, the intermediate states are finite in number, possess 
different energy values apart from spin degeneracy, and hence can be regarded as 
the central states of a few mutually exclusive groups of degenerate states, say 
deg^^^l, deg^°>2, deg^®^/. By using (3*31), the main contribution to the fraction 

terms of (4-4) is easily seen to be 


S "i" -f-... + 

€ deg^*J 1 o' € deg^®^ 2 


s 

a'€deg<®>/J 


yedegWg'^_^ 







I s + s s 1 

€ deg^®^ 1 6 ' € deg^®^ 2 6 ' € deg^®^/J 




(4-6) 


because for each of these mutually exclusive groups, say deg^^H' (i = 1,2,..,,/), one 
has, by a change of the order of summation, and by using (3*31) together with the 
fact that the functions are orthogonal, 


s 


a'€deg^®>i 


.. s - .ff W) s {<}>'$ . m . ifw) 

o € d^T^®^ a _c' e deg^®^ a* 


b' € deg^®^ i c' € deg^®^ i — E^) 

^ V ( 94 f.g¥g>>)( 94 g^.gW) 


(4-7) 
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The same consideration shows that the contribution due to any other group of 
degenerate states can be neglected in comparison to (4-6). It is seen from (1*7) and 
(1*8) that the non-diagonal elements (4*5) are of the order of L""®. On the other hand, 
all states <l>^§) for which contribute to the fraction terms of (4-3). 

There are a few such states (arising from by the virtual absorption of some 
quanta) which can be treated as above, with contributions of the order of 
But the main contribution arises from the large number of states (arising from 
by the virtual emission of some quanta) which cannot be partitioned into mutually 
exclusive groups of degenerate states, as their energy values form an almost con¬ 
tinuous spectrum. The number of such states varies as so their total contribution 

to (4-3) is of the order of (i.e. independent of i); but the actual evaluation of this 

contribution has to be postponed until the secular change of basis for these inter¬ 
mediate states of the almost continuous spectrum has been found (cf. (4-28) below). 

For large values of L, let a state, say be denoted also by Here the 

energy value is indicated separately, while the capital letter used as a s uffix sym¬ 
bolizes all the remaining detailed information which is needed for the specification 
of the state. The specification of the number and the nature of the quanta and their 
spin orientations are described by discrete variables, while the specification of the 
directions of the momenta of these quanta and the proportion in which the total 
energy is shared by these quanta are described by almost continuous variables. For 
the solution of (4*2) it is sufficient to restrict the group deg^^^u to contain only such 
states <l>f for which [<l)f . + 0. Let p^§(Ef) dEf denote the number of such 

states with their energy values lying in the interval dE^^^ around the value of 
the almost continuous spectrum which further conform to the detailed specification 
jB. Then for any continuous function/(^^^) of one has asymptotically 

f* 

b € deg<»> a BJ 

p§>(J5g») contains a factor It contains also the differentials of the continuous 
variables describing the detailed specification B, and the summation over J5 implies 
the integration with respect to these continuous variables. As in (4*8), the equality 
sign will often be used for asymptotic relations. 

Theokem. The asjmptotic solution of (4-2) for large values of L is of the form 


= (4*9) 

= PM - (f> e degt®o, 4®+(4-10) 

Heffe 4(4’~ 4*^) denotes a continuous jfunction of 4’ arbitrarily large (yet 
finite) Talues of L. Among its chief properties are the following: 

(4>-4)Pi(4-4>) = 1 (4+4). (^-11) 

1 Pi(4-4)/(4)d4 = -»^(4’). (4-12) 
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for any functionwMoh is smooth in tlie neighbourliood of Ef, namely, 
f(Ef>) = f(Ef) {1 ± quantities of the order of L-^} 
for = Ef ± quantities of the order of L-\ The other factor of (4-10), namely, 

is smooth in the neighbourhood of E§'> = and its value at Ef = i?®> is to be 
determined from the following system of integral equations (the integration over 
the continuous variables describing the detailed specification B is hidden under the 
summation sign): 

{#(s®>). 1 

-in S (C'+^).f 

S^O,A ^ 

Since p^si^a) contains the factor and 
contains the factor shows that 

contains the factor L~-^. 

In order to verify the solution (4‘9) and (4* 10), substitute these into (4*2). For 
6 = a, (4-2) then becomes 

By applying (4'8) and then (4-12), this gives for 

Ef =(5i®>. -in j: • K&WE^i^))p%\Ms:'‘) Mm • 

(4-16) 

The in term is of the order of L~^ and can be neglected in comparison with 
(^2*. Further, for c 4 = a, (4'2) can be written in the form 

&H=c,o 

d€deg^®Ja 

= (C€deg(^>a, c+a). (4-16) 

consider here onlyt such states c for which 4 = JE^^K Then in view of the fact that 
contains which is already of the order of the coefficient 

on the right-hand side of (4-16) can be replaced by on account of (4-15). 

To be consistent with the approximation made above (following (3*17)) in the 
derivation of the matrix elements for the secular perturbation, however, this 

t This is sufScient: because, for large values of L, the number of states 0 with = -Er^ ^ 
exactly is incomparably few among the enormous number of states c € deg^®^ a. Further, 
that do occur is due to the fact that admits the symmetry operations (rotations. 

and reflexions) of the space; and since this symmetry is also possessed by J?, such degeneracy 
tnay be left aside in the perturbation calculations. 
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coefficient is to be approximated by (that is, by (4-1), 

Thus (4-16) becomes, by substitution from (4*9) and (4*10), 

b=^c 

{^5®>.Z<2)55®)+ S 

b € deg<»> a 

= {c€deg<°)a,4®=f=jB«'>). (4-17) 

By using (4*8), (4*11) and (4-12), and making the allowance arbitrarily small, 
(4-17) becomes (4*13). Thus the asjrmptotic solution (4*9) and (4-10) is verified for 
any state which is derived jfrom the corresponding group of the almost 

continuous spectrum. 

The complex conjugate of (4*9) and (4-10) are 

(4-18) 

= (6€deg(«ffl, (4*19) 

One has also to verify that the are orthonormal. For two different states, consider 

= + S (c+a). (4-20) 

d=fec,a 

Of course, (4-20) vanishes if deg<®>a and deg^®>c do not overlap; it will be shown that 
(4-20) also vanishes if cedeg^^^a, so the two groups de^^^a and deg^®^c do overlap. 
Suppose By substituting (4-9), (4-10), (4-18) and (4*19) into (4*20), (4*20) 

becomes 

- Ef>) - m {<^f>. 

&€deg^®^c.deg<®^a 

(c€deg(o)a,4o>^i5<»>). (4*21) 


The set of states, denoted by deg^®^c.deg^®^a, comprises the states in common to 
the two sets of deg^^^c and deg^^^a. The sum occurring in (4*21), after being trans¬ 
formed into an integral by (4*8), can be evaluated by the foUowing formula, which is 
valid for any smooth function / (for the establishing of this formida, see later, after 
(5*15)): 


/•min. 

= -i77Pf(P<'»-P<«)[/(P®>)+/{P«>^)]. (4-21a) 

Thus (4-21) becomes 

(4>f. ^f) = P/(P<® - Ef) [(^?)55«8 . - ({if. ;S®^f) 

B^A 

-in s 

B=¥C J 

{cedeg«»a, i;«8+P<f). (4-22) 
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'Sow, by (4-5), is self-adjoint. The adjoint equation of (4-13) 

can then be urritten in the form 

+i7r s (C'+^)- (^-as) 

B^C.A 

From (4-23) and (4-13) follows 

=iTT s ■0im^))p%W)(4W) ■ 

B^C,A 

+{4>%W) • K^^mEf))p%W^) mm . s^^^W))} 

=2i7r s (o^a), 

B=^C,A 

(4-24) 

(the last step being effected by using (4-13) and (4-23) again, with B for G), Since, 
for large values of i, the allowance can be made arbitrarily small, (4-24) 
shows that the right-hand side of (4*22) vanishes. 

From (4-9), (4-10), (4-18) and (4-19) follows also 

jg’Col-fc £(«) 

6€deg^®^a 

= 1+ ,, 1 PLijE<s>-m 1*2 1 mm ■ \^pm'>)dm 

(4-26) 

the last step being effected by using (4-8). It -s^ be shown later, (5'16)-(5‘17), 
that, for large Talues of L, the integral of (4’25) can be neglected in comparison with 
unity. 

If the group deg<®) a contains no other state for which +0 than the 

state itself, the solution of the secular problem (4-2) is then trivial. Namely, 

= i.e. = 

also = J 

For the calculation of the energy values by (4*15) or (4-26), the diagonal matrix 
element of can be evaluated as follows. Consider the numerator of the fraction 
term of (4-3). For an intermediate state which is derived from the group deg^^^a' 
of states (pf), of the almost continuous spectrum, one has, by (4-9) and (4-10), and 
applying (4-8) and (4-12), 

2 , 

6'cd^»>a' 

b'^of 

= {#. -(- s , - EP) . s<^m 

6'edegwa' 

S' ^A' 

(4-27) 
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By (4-27) and also its conjugate complex, (4-3) becomes 

h' 

a'€4<*>o 

(4-28) 

Here the first summation contains only a few intermediate states (arising from 
by virtual absorption of some quanta), while the second summation extends 
over a large number of intermediate states (arising from hj virtual emission of 
some quanta). The first sum is of the order of and, for large values of L, can be 

neglected in comparison with the second sum which is independent of L. 

5. Physical es-teepretation of the secular chakge of basis foe 

THE STATES OF THE ALMOST COXTIXUOUS SPECTRUM 

Consider the eigenfunction of the secular problem. By {3-15), (4-1), (4-9) and 
(4-10), it reads 

' S ' (5-1) 

5€deg^*>a 

The physical interpretation of this particular superposition of the states of the 
almost continuous spectrum (iedeg^^^a) can best be explained in the language of 
wave mechanics. In wave mechanics, each state of the idealized system corre¬ 
sponds to a wave propagation in the configuration space of the quanta, the frequency 
of the wave propagation being given by Ef^lh, The superposition (5-1) then represents 
a peTicil of wave propagations, which is composed mainly of an incident wave 
supported by the appropriate scattered waves of approximately the same fre¬ 
quency, the amplitude (b=^a) of each scattered wave being determined 

by the interaction (c 4 = 6 ), among all the waves in accordance with 

(4*13). This interpretation is suggested, in the special case where aU the states §5^°^ 
considered correspond to only two particles in the fundamental cube, by a com¬ 
parison with the familiar wave-mechanical theory of atomic collisions. For example, 
let the rest mass of one of the particles be practically infinite (fixed centre), and let 
the sides L of the fundamental cube tend to infinity. Because of the interaction, 
the stationary-state solution is of the form (cf. Mott & Massey 1933 , chap, n), 

^) (5*2) 

for large values of the distance r from the fixed centre.f In this particular case, 
Dirac ( 1935 , p. 199) has shown, by a direct Fourier transformation, that the 

t This holds only for the regular case. In the case of Coulomb interaction, the phase of the 
incident wave has to be modified according to Gordon (cf. Mott & Massey i933» chap. m). 
By a Fourier transformation, it is easily seen that such complication due to the long range of 
the Coulomb interaction is connected with Fermi’s longitudinal quanta of arbitrarily small 
energy and momenttim. As mentioned in the beginning of the last section, such complication 
will not be considered in this paper. 
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scattered wave can be resolved as a superposition of wave propa¬ 

gations 

= s (5-3) 

dedeg^^^a \-^a ' 

Here the particular combination of Dirac’s delta function and the principle^valued 
reciprocal function can be regarded as the ‘limit’ of as D->oo, as seen 

from (4*11) and (4-12). 

In order to show that the above interpretation is valid in the general case, it is 
convenient to work in the time representation. By (4*1) and (3*37), the secular 
problem (3*42) reads, for r = 2, 

- f = i<i,f. . 0S>) 

6 =f=c 

+ S exp P(4®-4>>) i/ft] (5-4) 

6edeg^®5a 

where, by (3*2), Z<2)2 = 

The asymptotic solution which is equivalent to that given by (4*9) and (4*10) 
now assumes the form 

(0®>.0<®) = exp[«)-i/®)i/ft]. (0«».0®) = O (4® = -EL®). (6-5) 

=exp m - m m ^ 

{b€de^°->a,IfS^^Ef), (5-6) 

which are valid only for the following range of values for t: 

(6*7) 

Here, the lower bound for £ is of the order of LJc, and the condition t^Ljc is of 
course necessary in order that the scattered wave reaches its stationary state. The 
upper bound for t is necessitated by the decay of the amplitude of the incident wave, 
the decay constant yf being related to the imaginary part of as follows (compare 
(5*5)): 

= ¥ s 1 mm ). ty (4-23) (s-s) 

Since p%\Ef) contains a factor and, for | mi^a) • 1^ contains 

a factor L~^, (5'8) shows that contams a factor i~®. The upper bound for f con¬ 
tains therefore a factor i®. For large values of L, (6*7) can be satisfied without 
difiaculty (say, by lettii^ t contain a factor i®). 
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The solution (5-6) and (5-6) in the time representation can be verified directly by 
substituting the solution into (5-4). For c = a, (5*4) then becomes (the common 
factor exp — Ef) tjh] being removed throughout) 

6 € degf®5 a jCf ^ 

(5-9) 

The sum can be transformed by (4-8) into an integral, which can then be evaluated 
by the following formula; 


I. 


Eif’+iilXi” 1. 


(5-10) 


(5-10) holds for any function/(Fg*^) smooth at and for any arbitrarily small 
allowance AE’f, provided that t satisfies {5-7) and hence 

td F®)> I -Ef'>)jh I> 1 {be deg«»o, + Ef). 

Thus (5-9) gives the same expression as (4*15) for Ef*. Further, for Ef>, (5-4) 
becomes, by differentiating (5‘6), 

{Ef> - Ef>) (0®). +exp [i(F®> - Ef^) «/S] 

= (?5®>. Z®»^5®)) (0®> .#!>) + exp [i{Ef - Ef>) m 


64 *c,<x 

+ S (S-H) 

‘ b e a 

To be consistent with the approximation made above (following (3-17)) in the 
derivation of the matrix elements for the secular perturbation, and by using (4-1), 
is to be approximated by Ef^) {0f ^. Hence 

(5-12) 

the last step being ejffected by using (4-15), seeing that, for 
contains the factor which is already of the order of L~-^. Now subtract 

(5-12) jfrom (5-11), introduce (5-5) and (5-6), and remove the common factor 
e:s:p[i{Ef^ — Ef^)tlE] throughout. By using (4-8) and (5*10), the result 

(?5®>.>S(*W) = (,6®>.Z®5i®))+ s' (^f.g ^~ y (^f• E^m 

d€deg<«>a 

(c€deg(®a,F®)+J®), (5-13) 

is easily seen to be the same as (4*13). Thus the solution (5-5) and (5-6) is verified 
for the range (5-7) of values of t. ■ 

The solution (5-5) and {5*6) are connected with the solution (4-9) and (4-10) by 
(3-39), that is. 


{«P®>.<?®) = exp 


{5-14) 
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Hence, for a value f wMch lies within the range ( 6 '7) 






(6-16) 


(•£</+ 

l-exgii(Ef-mtM 




With the help of (5-15) one easily obtains the formula (4-21 a) by partial fractions. 
Purther, the integral of (4*25) can be evaluated by the formula 

2 O/r i ' / 

nmfEf =(s-ie) 

which is valid for any smooth function /. By (5-8) and (6-7), the normalization 
condition (4-25) of the is easily verified for large values of L, 

= (5-17) 

Strictly speaking, for finite values of L, (2^® represents a quasi-stationary state 
of the secular problem. It can be represented by a probability distribution over the 
stationary states of the idealized system, namely, by (5*5) and (5-6), 

1 I'* = exp [= 1 -yft, (6-18) 


S.v 

b€desB^c 





Ef-Ef 


1 (95|>(4®).(P(«) \^p%\Ef>)dE^S^ 


27rt 


= {B^A), (6*18a) 


which are valid only for the range (5-7) of values of L As indicated by deg^^ a, (5- 18a) 
gives the total probability over all states within an arbitrarily small allowance 
A around which aU conform to the detailed specification B, By differentiation 
with respect to it is seen that the rate of decay (namely, 7 ®) of [ 0 ^^. 0 ^^) equals, 
by (5-8), the sum of the rate of growth (say for aU groups deg^^^ a, 

1 (^f«’). 1" (B+A). (6-19) 


Simil ar analysis can be made for the qu^i-stationaiy state of the actual 
system, viz. by (3-37) and (3-3), 

n® = (5-20) 

The probability distribution over the stationary states of the idealized system now 
extends to states of quite different energy values, cedega (see ( 3 - 22 ) and (3-27)), 
which, however, does not grow with time. For cedeg^i^a, {3-29) shows, with the 
help of ( 3 - 22 ), that (^^^. is independent of L,. 






(5-21) 
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wMe for cedegfo^a and c+a is of the order of L~^. (This distinction is 

s imil ar to what has been discussed above in connexion with the diagonal versus the 
non-diagonal matrix elements of ES^.) Hence for large values of L, 


i 0«'».8?)|. - (l(--ieg”’"). 

( 5 - 22 ) 


which shows that the variation in time of the relative probabilities j 
for c€ deg^^^a is the same as that of j j^. Now, on the one hand, from the 

theoretical poiat of view, one may regard the whole field (including the interactions) 
within the fundamental cube as a mechanical system, the state of affairs within 
which is described by the quasi-stationary state On the other hand, from the 
experimental point of view, the fundamental cube represents roughly the region of 
space where different elementary particles collide, while outside this region the 
interaction may be neglected and so the free motipn of these particles are described 
by the stationary states The above analysis of the variation in time of the pro¬ 
bability distribution [ { 0 ^^^. p shows that 0 ^ may be used instead of for 
the description of such collision problems. This justifies the physical interpretation 
of the secular eigenfunctions stated in the beginning of this section. The '/sAi^a) 
of (5*19) thus gives the transition probabilities per unit time for the transition from 
0 ^ to the group deg^^^a. The transition probabilities can be converted to the cross- 
sections in the usual way, which will then be independent of L. 

In practice, the calculation of the cross-sections for collision problems involves 
the solution of the system of integral equations (4*13). These integral equations have 
already been obtained independently by Heitler (1941; also Heitler & Peng 1942a) 
and Wilson (1941), but their derivation did not claim to be mathematically rigorous, 
nor was the divergence difficulty removed. The present treatment differs from these 
preliminary treatments by the secular change of basis which enables one to treat the 
higher-order approximations. Heitler (1941) has also shown, by a comparison with 
classical electrodynamics in the special case of the non-relativistic scattering of 
light by an electron, that the cross-sections calculated by (5-19) and (4-13) includes 
the effect due to the reaction of the radiation (to the first order only), while that 
calculated by the usual expansion method corresponds to the neglect of this effect. 
This finding leads to a convenient interpretation of the secular change of basis for 
the states of almost wntinuous spectrum in the present treatment of collision pro¬ 
blems by the method of secular perturbation. Namely, by the secular change of 
basis (which, mathematically speaking, has to be done), one takes account of the 
reaction of the radiation. The method of secular perturbation can be continued to 
higher approximations, involving successive secular change of basis. By so doing, 
one takes account of the radiation reaction of higher order. Similar interpretation 
can also be given to the secular change of basis of the states of the almost continuous 
spectrum where such states act only as intermediate stat^. 
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6. The effects of the radiation reaction—^finite 

SELF-ENERGIES AND CROSS-SECTIONS 


It will be shown in this section that the divergence difficulty may automatically 
disappear if the interaction is treated by the method of secular perturbation. Por 
simplicity/this will be demonstrated by means of an example, which deals with the 
interaction between the meson field and the nucleon field. (A nucleon is either a 
neutron or a proton.) 

Suppose the total charge of the system is 4-6, and the total momentum of the 
system vanishes. Let denote the state which corresponds to a proton-like 
quantum at rest in the fundamental cube; let (j>^^ denote the state which corresponds 
to a meson-like quantum of charge -he and momentum p^, together with a neutron¬ 
like quantum of equal but opposite momentum. The energy values of these states are 

JSf = mpC% (6-1) 

where mp, and denote the rest masses of the proton-like, neutron-hke, and 
meson-like quanta respectively. For simplicity, assume mp = which is prac¬ 
tically infinite, and neglect the dependence of the matrix elements on 

the spin orientations and the directions of the momenta of the quanta, so 

^0)_ ^0) ^ ^(m|fC*+c®p®)se„, say,! ^ ^ 

say. J 


wMch all depend only on the energy of the meson-like quantum. With this sim¬ 
plification, the kernel of the integral equation (4-13) reduces to a constant, 


= L?^'=j^(ej,say, [G^B). 


The density of states is given by 

= I^c-%-^PaeJQs, (6-4) 

■where dQ^ denotes an element of soKd angle aro'und the direction of the momentum 
of, say, the meson-like quantum. The solution of (4-13) is then trivial, 

(6-5) 

^th p(e„) = S/>g>{-E2’>) = i®c-%-®p„e„47r. (6-6) 

JB 

The transition probability (6-19) for the scattering of mesons of energy e„ by a 
nucleon is, by (6-5), 
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which differs from the usual expression given by the expansion method, namely, 

(jB+il), (6.8) 

by the factor {1 -f [nKie^) p(ea)T}~^. In the usual meson theory, for large values of 
one has (oc meaning ‘varies as’; denoting the interaction constant) 

H(e,)azL-^gel so E(e^)p{e,)oc (6*9) 


by (6*3) and (6- 6). The effect of the radiation reaction, as indicated by the appearance 
of the factor {14- p(e^)]^}"*^ in (6-7), is thus a reduction of the cross-sections 

for the scattering of mesons at high energies of the mesons. (For more accurate 
calculations of the scattering cross-sections, see Ma (1943), Heitler & Peng (1943), 
Ma & Hsiieh (1944); but the results are qualitatively similar to (6*7) discussed above. 
The effect of the radiation reaction makes the cross-sections a few hundred times 
smaller and is favoured by comparison with measurements on the scattering of 
cosmic-ray mesons by atomic nuclei (Heitler & Peng 19426). 

Consider now the self-energy of a proton, which, for the second approximation, 
is given by (cf. (4*28)) 

1 (95®. ^95®) - in S {<l>f. pW) ( 4 W) • P 

= Z -• 

( 6 - 10 ) 

IVom (6-2), (6-5) and (6-6) follows 


Hence (6-10) becomes 


= Hie^)-inHieMa)SK) = 


^ 2 )_ BO) - _ y I _ ^Ifa) _ ^,1 

Ji^P- :^|i + ,vz(ejp(ej 

__r" PK)dea 

Jra^ l + [^-^(ea)P(ea)]® 


__r P^^a)^a bv 

~ l + [7rZ(e„)p(eJ]2 ^ 

— f” -^(^g) P(^o) ^ by (6-4) 


by (4-8) and (6-7), 


( 6 - 12 ) 


This differs from the expression (which is usually taten to be the self-energy in the 
expansion method) 

= - f l^|° lip(e„)de„ = -f (6-13) 

a Jm^ J !»*«■ 


again by the factor {14- [ 7 r-S:(e„) p{e„)]®}-i in the integrand. This factor arises from the 
secular change of basis of the intermediate states, and may be interpreted as the 
effect of radiation reaction. For the usual meson theory, by (6-9), the int^ral (6-12) 

for the self-energy converges, like in the method of secular perturbation. 
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while the integral (6-13) diverges, likeJ e^de, in the expansion method. The mathe¬ 
matical origin of the divergence difficulty arises from the fact that the factor 
{1 + iiiK(eg) though it assumes the value unity for vanishing interaction 

{g ~ 0 ), cannot be expanded as a power series in the interaction constant g for olZ 
values of e^. 

Tor the calculation of the cross-sections for the scattering of mesons by a nucleon 
to the fourth approximation, say, the fourth-order secular perturbation 
can be derived by applying the expansion method in the basis and then changing 

the basis, say to (Compare (3-25) and (3-36) for an illustration.) The non¬ 

diagonal element of contains in particular the sum (note that, for the non¬ 
degenerate state P, 


S 

b’eAeg^’^b 


a'£deg<»>6'__ e'edegWft' _ 


- pp) - Ef) 


(c € deg<® b, c 4= b). (e-14) 


In the expansion method, the secular change of basis in the numerator is neglected 
(also E^^ is used for but this is not serious), resulting in a divergent expression. 

In the method of secular perturbation, the non-diagonal elements (6-14) are needed 
for the determination of the secular eigenfunctions 4>a'> for the fourth approximation, 
and for this purpose, (6-14) may be approximated by 

« _ g'cdegwy _ c^cdeg^d*' _ 

b-^A^^b (E^-E<§) (E^- JSf§>) {Ef^-E^^) 

(c€deg(® 6 , c + 6 ). (6-15) 


The approximation consists of replacing 4>b^ by 4>f\ which corresponds to that used 
above from (4-4) to (4-6) in the case of the second approximation. Because of the 
effect due to the secular change of basis from to {4>P} for the intermediate states, 
(6-15), like ( 6 - 12 ), converges. Hence (cedeg(® 6 , c 4 = 6 ), is of bounded 

variation, and the as 3 mfptotic solution of the secular problem can be obtained 
similarly. The transition probabilities can be calculated from the corre¬ 
sponding {4>f . {b € deg< 2 >(Z, 6 =(= a), without any divergence difficulty. 

The-self-energy for the fourth approximation can then be calculated with the 
help of (4>b‘-^*4f} (&€deg<2)a, 6 +a). The effect of the radiation reaction of the 
second order is thus included. 


I wish to express my great indebtedness to Ma & Hsiieh ( 1944 ). Without their 
new derivation of Heitler’s and Wilson’s integral equations in the energy repre¬ 
sentation with the help of Dirac’s delta function combined with the principle-valued 
reciprocal function, the above task to link up Heitler’s and Wilson’s preliminary 
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theory with the rigorous perturbation theory for a system of almost continuous 
spectrum would have been more difficult. 

I am also very nluch obliged to Professor Max Bom for his continuous encoumge- 
ment. 
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J^sTEODECnON 

By Sir Charles Darwts^, F.R.S, 

The sequence of papers following, contributed by members of the staff of the 
National Physical Laboratory, gives an accoimt of most of the units and standards 
which are studied at the Laboratory. Each paper explains briefly the principal 
technical points involved, together with a short history. Of necessity a standard 
is to some extent a convention, and it may therefore be well to introduce the 
subject by a short review of the legal and conventional authorities on which they 
depend. 

For the metric system the main international authority is the Conference 
Generale des Poids et Mesures, at which duly accredited delegates of each of the 
thirty-two nations subscribing to the 1875 Treaty, the Convention du Metre, 
are present, and which, in normal circumstances, meets every six years. The Comite 
International .des Poids et Mesures is the Executive body appointed by the Con¬ 
ference Generale to manage the affairs of the Bureau International des Poids et 
Mesures between meetings of the Conference Generale, It consists of eighteen 
members, elected by the Conference, each of whom must belong to a different 
State, but who, as members of the Committee, are no long^ representative only 
of their individual countries, but of all subscribing countrie. The International 
Committee meets every two years, make recommendations to the General Con¬ 
ference, or acts on authority delegated to it by the Conference. 

There are also three Advisory Committees which deal repectively with elec¬ 
tricity, photometry and temperature. These Committees meet whenever necessary 
and make their recommendations to the International Committee which, if it 
approves them, offers them to the General Conference for ratification. The original 
Convention covered length and mass, and matters incidental thereto, such as 
thermometry and barometry; it was amended in 1921 to bring in the electrical and 
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photometric units. The headquarters of the organization are at the Bureau Inter¬ 
national at Sevres. 

Although the countries subscribing to the Convention du Metre look to the 
Bureau International as the central authority for ail measures relating to the 
metric system, this body has no direct legal authority in any individual country. 
It may be web, therefore, to touch on the legal situation in Britain. Our standards 
go back a long way—there are still in existence standards authorized by Henry VII, 
Henry VIH and Elizabeth—^and due regard was paid by successive administrations 
to the need of properly legalized standards for purposes of trade and industry. 
From the scientific angle, however, it must be admitted that the legislation has 
not been at all systematic. The present legal standards of length and mass, the 
yard and pound (avoirdupois) were remade after the destruction of the old stan¬ 
dards, when the Houses of Parliament were burnt down in 1834, and they were 
equated as nearly as could be ascertained to the old standards. The provisions for 
their use were embodied in the Act of 1856, but the specifications were incomplete 
in some respects, and in others they prescribed methods of measurement which 
were subsequently shown to be capable of improvement; Similar defects are to be 
found in the legal definition of the unit of cubic capacity. 

For the electrical standards, on the other hand, a better policy was adopted, and 
the relevant Act made no quantitative speciJ&cations, but provided that they 
should be determined by Order in Council. The legal standard of the volt is at 
present embodied in an instrument at Teddington, which later experience has 
shown to be somewhat defective; however, when a certification is demanded it is 
always for the international and not for the legal volt, so that there have been no 
serious consequences of the defects. 

Though many Acts of Parliament refer to temperature 'on Fahrenheit’s scale’, 
there is no enactment that prescribes what this scale is; it is now conventionally 
taken to be the absolute thermodynamic scale with 32° and 212° F exactly equal to 
0° and 100° C. This certainly diflfers appreciably jfrom the Fahrenheit scale as 
realized by the mercury-in-glass thermometers which were actually employed at 
the time the standards were laid down. Similarly, in calorimetry various enact¬ 
ments refer to the British thermal unit, but never specify it, and there are no less 
than three equally good authorities who might be quoted, all giving slightly 
different values for it. In photometry, candle-power was defined in 1860 in terms 
of a sperm candle, but it has been changed since then without formal authority, 
first to a flame lamp and later to electric lamps. 

The general outcome of the papers following is summarized in table 1, which 
calls for some explanation. Apart from the need that it should keep constant in 
time, the important character of a fundamental standard is its accuracy of com¬ 
parison, that is to say the degree of precision with which copies can be compared 
with their prototype. For derived standards there are two differing qualities of 
this type, accuracy of comparison and accuracy of realization. The first is the 
relative accuracy with which two examples of the same unit can be compared, 
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the second the evaluation of an example of the unit in tenns of the fundamental 
standards of length, mass and time, and it will be noted that in many cases the 
second is distinctly inferior in accuracy to the first. 


Table 1. Table of accubacies 


Unit 

Physical 

Dimensions 

\ 

1 Standard or Reference 

Mature 

Accuracy of 
< Realization 
' parts per 
million 

Accuracy of i 
Comparison i 
parts per 
million 

length 

L 

I intemational metre 

' material 

i _ 

0-2 



wave-length of light 

natural 

0*02 

0 - 0111 > 

Tnftga 

M 

intemational kilogram 

material 

— 

0-002 

time 

T 

j mean solar second 

natural 

— 

0-01 

temperature ^ 

\ — 

thermodynamic scale 

: theoretical 

! _( 3 ) 

1 1 

volume ; 


j litre . 

derived 

i 1 

— 

gravity ; 

LT-^ * 

1 earth’s attraction 

natural 

2 

im 

pressure ' 


standard barometer 

— 

10 

— 

electric resistance | 


1 ohm 

1 theoretical 

10 

1 

electric current 


j ampere 

i theoretical 

10 

1 

quantity of heat 

ML^T-^ 

! calorie 

i 

100 

— 

luminous intensity 


! candle 

! material 

2,000 

1,000 

soimd pressure 


1 

1 derived j 

j 10,000 

_(10» 


( 1 ) Comparisou of derived end-standards (metre or yard). 

(2) Comparison of kilograms. 

(3) The absolute zero is accepted as —273* 15 ±0*02® C. 

(4) Eeproducibility of the ice-point on the absolute scale. 

(5) Derived from the kilogram of water; 1000*027 cm.® = 1 L 

( 6 ) Accuracy of relative comparisons between different stations. 

(7) The relative comparison is not of amperes but of volts. 

( 8 ) Electrical determination of the mech^cal equivalent for the 15® C cal. 

(9) The dimensions are those of power, but there is an additional factor representing the response 

of the eye to energy at any wave-length. 

(10) The acoustic unit selected is the most generally useful; the accuracy of comparison varies with 
the experimental conditions but would generally be better than the accuracy of realization. 


The succeeding papers deal with all the items in the table with two exceptions. 
One of these is time, and though much work is done on the subject at the laboratory, 
it is primarily the responsibility of the Astronomer Royal. We owe to him the 
information entered m the table, which is roughly speaking the accuracy of 
behaviour of the best crystal clocks; already these clocks are so good that they can 
show up small irregularities in the earth’s rotation. Time, of course, plays a part 
in many of the derived standards, but the accuracy of realization of these is for 
the most part much lower, so that time-keeping is not usually the most serious 
difficulty in their attainment. 

There is also no paper on calorimetry. In modern times precise calorimetry is 
always done electrically, since the measurement of electrical energy is much easier 
than that of any other form. Indeed, it has been proposed that when the absolute 
system of electrical units is adopted in place of the present International System, 
the calorie shall be redefined as a definite quantity of electric energy by the 


10-2 
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equation 1 cal. = 3600/860 joules or 1/860 watt-hour. The effect of this reform will 
be to remove the question of the specific heat of water from the place of importance 
which it now occupies, and which it does not deserve. 

One entry in the table is the value of gravity, which is not strictly speaking a 
standard at all. Its presence here is justified because it is an essential intermediary 
in the evaluation of several of the other standards, in particular those of pressure 
^d of electric current. 

The very different natures of aU these physical quantities impose some strain 
in forcing them into a single table. In each case there is some range of values 
where the measurement is easiest and most precise: for example, absolute tem¬ 
perature is very much more precisely known at ordinary temperatures than at a 
red-heat. La the table the most favourable case has been taken, and the choice is 
* partly explained by footnotes, but for full appreciation the succeeding papers must 
be studied. 


The standabds of leihgth 
By J. E. Seabs 

The fundamental standards 

The units of length, on both the British and metric systems, are at present 
defined by material standards known respectively as the Imperial Standard Yard, 
and the International Prototj^e Metre'. 

The Imperial Standard Yard is a bar of Baily’s metal (16 parts copper, parts 
tin and 1 part zinc) 1 in. square in section and 38 in. long. It is one of a number of 
similar bars, cast in 1845, and was given legal status as the Imperial Standard by 
the Weights and Measures Act of 1856. It replaced the former standard—^the 
"Bird’ Yard—^which had been destroyed in the fire at the Houses of Parliament 
in 1834. At 1 in. from either end there is a hole | in. diameter and \ in. deep, the 
bottom of which therefore lies in the neutral plane of the bar. At the centre of the 
bottom surface of each hole a polished gold stud is inserted on which three lines 
are ruled, at right angles to tlje length of the bar. The length of the yard is defined, 
in the Weights and Measures Act, 1878, as the distance between the central lines 
at the two ends when the bar is at the temperature of 62° "of Fahrenheit’s ther¬ 
mometer’. 

The International Prototype Metre is a bar of platinum-iridium alloy (90 % 
platinum, 10 % iridium) of a special winged X-form section devised by G. Tresca 
to give maximum rigidity in relation to the weight of metal used; the neutral plane 
of the section is exposed throughout the length of the bar, and the metre is defined 
as the distance between two transverse graduations on the neutral plane, near the 
ends of the bar, when the latter is at the temperature of 0° C. This bar is one of a 
number prepared in pursuance of the International Treaty of 1875, known as the 
Convention du Metre, and received sanction as the International Prototype, 
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replacing the old Metre des ArchiTes, at the first General Conference of Weights 
and Measures held in pursuance of the Treaty, in 1889.* 

The reason for putting the graduations on the neutral plane is that the material 
of the bar in this plane is neither extended nor compressed by the elastic distortion 
of the bar due to its own weight when resting on its supports. It is still necessary, 
however, to specify the manner in which the bar shall be supported. If supported 
at its two ends, for example, it would droop in the middle, and the distance between 
the graduation marks would be slightly shorter than the "jfree’ distance between 
them. The Weights and Measures Act, 1878, specifies that the Imperial Standard 
Yard shall be supported on a system of eight rollers connected by pivoted levers 
in such a manner that the weight of the bar is equally distributed between them, 
thus minimizing the flexure of the bar, and providing freedom for expansion or 
contraction according to temperature conditions. The International Prototype 
Metre is supported for measurement on two rollers symmetrically arranged at a 
separation of 571 mm., this distance being calculated so that the separation of the 
graduations is a maximum and therefore, to the first order, independent of slight 
errors in positioning of the rollers. x4ctuaUy the difference in the length of the yard 
as supported on eight rollers, or alternatively as supported on two rollers suitably 
placed to give maximum length, is quite neghgible in relation to the accuracy of 
measurement, and it is found preferable in practice to make comparisons on two 
supports only, since there is less risk in this way of accidental movements of the 
bar during measurement. 

Comparisons of line-standards 

It will be noted that both the Imperial Standard Yard and the International 
Prototype Metre bars are 'line’ standards, adapted to be compared with other 
measures by means of micrometer microscopes on a comparator. On the comparator 
two microscopes are used, set at a fixed distance apart, to read the lines at the two 
ends of the bar, and the two bars to be compared are carried on two parallel girders 
on the carriage of the comparator, with independent adjustments for aligning the 
bars and focusing the graduations in the microscopes. Th^ carriage can be moved 
so as to bring either bar at will into view in the microscopes. In the eyepiece of 
each microscope a pair of parallel cross-wires is adjusted by means of the micro¬ 
meter so as to appear symmetrically disposed in relation to the image of the 
graduation on the bar, and the reading recorded. 

In this way the lengths of two bars can be compared. But owing to the effects 
of possible asymmetry in the graduations and in the cross-wires of the microscope, 
and of the ‘ personal equations ’ of setting of the observers, it is necessary to repeat 
the readings with the bars reversed in direction, and for each observer to take an 
equal number of readings with each microscppe under each condition. Knally, 
in order to achieve the greatest possible accuracy it is usual to compare not merely 

* 1889, CJt, Pfmdkre Conference Generale des Poids Mesures, Paris; Gauthier-Villars. 
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two bars, bat a series of bars, each with each, and to evaluate from the totality of 
the measurements, by the method of least squares, the most probable values of 
the differences between the individual bars. 

It should be remarked that the graduation marks on a hne-standard are, in the 
last resort, in the nature of farrows, with more or less ragged edges, whose appear¬ 
ance will differ according to the magnifying power of the microscopes employed, 
and according to the manner in which they are illuminated. Both these factors 
will affect the observer’s estimate of the mean position of the line. The complete 
specification of a hne-standard should therefore, strictly speaking, include instruc¬ 
tions on these two points. Generally speaking it is undesirable to employ a magm- 
fication exceeding x 100; x 50 is more usual. The exact reproduction of illumina¬ 
tion conditions is in any case a matter of some difficulty. The actual nature and 
quahty of the graduations has, of course, a marked bearing on this question, and 
the metric standards have the advantage over the older British standards in this 
respect. 

Temperature effects 

It is necessary, of course, to maintain a close control and make accurate measure¬ 
ments of the temperature of the bars during comparison. For this reason the 
comparator is arranged so that the bars can be immersed, during measurement, 
in the inner compartment of a double water-bath, provided with sthring devices 
to maintain a uniform temperature. In the case of the metric standards it is per- 
missible to immerse the bars in distilled water, together with suitable thermo¬ 
meters, during measurement, but the construction of the British standards makes 
this procedure undesirable in their case, and the comparisons have to be made in 
air, so that the control of temperature presents greater difficulty, though the outer 
water-bath can stiQ be used. In any case measurements cannot readily be made 
exactly at 62 ° F, and still less can they conveniently be made at 0° C. Since dif¬ 
ferent bars will have different coefficients of thermal expansion, it is necessary to 
determine these and make allowances for them in computing the results of com¬ 
parisons actually made at other temperatures. 

The process ef determining coefficients of expansions is similar to that - of 
comparing two bars, except that the bars being compared are kept in separate 
compartments on the comparator (or dilatometer as this variant of the apparatus 
is named), one of which is kept at a constant temperature while the temperature 
of the other is varied by known amounts between successive comparisons. 

It is important to note that the units are absolute measures of spatial extension, 
and entirely independent of any temperature considerations, once their values 
have been ascertained in terms of the defining standards under the prescribed 
conditions. There has in the past been a certain confusion of ideas on this point, 
with the result, for example, that it was at one time considered that a metre of 
any material must have the length of a metre at the temperature of definition, 

' 0° C, and that, in consequence, metres of varying materials would be of varying 
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lengths at ordinary temperatures. It has now been agreed internationally that 
industrial standards of length, whether British or metric, shall be adjusted to be 
correct—^i.e. to agree in value with the units—^at 20 ° C ( 68 ° F). So long as such 
standards are made of materials having a similar coefficient of expansion to the 
articles they are used to measure, and the standards and the articles are at the same 
temperature at the time of measurement, the comparison will then give directly 
the true size of the article at 20 ° C, whatever the actual temperature of measure¬ 
ment. 

Materials of construction for length standards 

This brings us to a consideration of the kinds of materials used for the construc¬ 
tion of standards for various purposes, other than the primary standards. The 
principal materials so employed are steel, brass and invar, togelher with fused 
silica and crystal quartz. Steel and brass are used for industrial standards for the 
measurement of articles made of materials with corresponding coefficients of 
expansion. In some cases brass, or gun-metal, gauges are used in preference to 
steel in explosives factories simply for safety reasons. 

Invar, an alloy steel containing 86 % nickel, has the remarkable property of 
having a very low coefficient of thermal expansion, varying according to the size 
and shape of the piece and the thermal and mechanical treatment to which it has 
been subjected, from about 1-5 x 10 “® to -0-5 x 10 ~^/ 1 ° C. It is, however, subject 
to a marked secular growth which renders it unsuitable for use as a reference 
standard, and its low coefficient makes it also unsuitable as a standard of com¬ 
parison for use in most industrial measurements. Apart from its special applications 
in the construction of such articles as thermostats, pendulum rods for clocks and 
the like, it serves two very useful purposes in metrology, namely, it provides a 
convenient comparison standard for the determ i nation of coefficients of expansion, 
and is very valuable as a material of construction for the tapes and wires which 
are used for the measxirement of bases in geodetic surveys where errors due to 
uncertainty of temperature measurements in the field, with materials of higher 
coefficients, might be of serious consequence. 

Fused silica, with a coefficient of expansion of about 0-4 x 10 ”®/ 1 ° 0, was con¬ 
sidered likely to be a stable material, and therefore as possibly helping to provide 
a control on the constancy of units of length defined by material standards made 
of alloy metals. Two standards of fused sihca have been made, one of which is at 
the N.P.L. (Kaye 1911 ) and one with the Indian Ordnance Survey. Comparisons 
of the silica metre at the N.P.L. since 1911 with other copies of the metre 
linked back to the platinum-iridium standard have exhibited no systematic 
change. 

Crystal quartz is another material which, by virtue both of its structure and its 
antiquity, might be expected to have a high degree of stability. Standards of 
crystal quartz are necessarily limited to a fraction of the length of the normal unit. 
End-standards of quartz of 1 dm. length have, however, been made and measured 



156 J. E. Sears 

with high precision by optical interference methods. This work has not yet been 
repeated systematically over a long enough period to draw any definite conclu¬ 
sions from it. 

Gomtaimf of units 

Control on the reproducibility of the units in the event of loss or damage is 
maintained by the provision of copies, in the case of the Imperial Standards the 
Parliamentary Copies, which are held in the custody of the Board of Trade, the 
Royal Observatory, the Royal IVIint and the Royal Society, and in the case of the 
Metric Prototype Standards the ‘Temoins’, which are held at the Bureau Inter¬ 
national des Poids et Mesures, and the various national copies distributed to all 
the countries subscribing to the Convention du Metre. Periodical intercomparisons 
between these copies sufl&ce to show whether any one of them has changed relative 
to the others, and very occasional checks between the principal copies and the 
fundamental standards maintain the connexion with the latter. Should one of the 
fundamental standards be found at any time to have changed relative to the copies 
by an amount appreciably exceeding the experimental error of the comparisons, 
steps would need to be taken to replace it, or to substitute for it one of the copies 
presumed hot to have changed. It must be remarked, however, that continued 
agreement between a number of standards aU of the same material does not,, by 
itself, sufSce to establish the absolute constancy of any of them. 

With regard to the continuity of the units and the stability of the standards the 
following may be stated. There are still in existence, at the South Kensington 
Museum, the old standard yards of Henry VII and Elizabeth. Both these are end- 
standards, with roughly incised subdivisions representing fractions of the yard. 
The former has been found to agree with our present yard within ^ in., and the 
latter, though broken and roughly mended, wdthin 0-01 in.* This bar, which has 
since been more carefully repaired, remained the standard of the cotmtry until 
1824, when it was superseded by a yard known as the Bird Yard, whereon the 
unit length was defined as the distance between two dots on inserted gold plugs, 
which had been placed in the custody of the Clerk of the House of Commons in 
1760, following the Reports of Lord Carysfort’s Committee,f but which did not 
receive legal sanction till 64 years later (Weights and Measures Act, 1824). 
Unfortunately, its legal existence was all too short, for it was destroyed, as men¬ 
tioned above, in 1834. 

The Weights and Measures Act, 1824, prescribed that if the Imperial Standard 
Yard were ever lost or destroyed it should be restored by reference to the length 
of the pendulum beating seconds in London. In a certain sense, then, the unit of 
that day was theoretically a "natural’ unit, of which the standard was no more 
than the material representation. The Committee entrusted with the duty of 

* 1873, Beport of the Warden of the Standards on the Proceedings of the Standard Department 

the Board of Trade, 

t 1738-65, Beportsfrom Committees of the House of Commons, Miscellaneous Subjects, 2, 434, 



A discussion on units and standards 


157 


producing a new standard soon found, however, that the difficulty of reproducing 
with accuracy the length of the seconds pendulum was greater than that of repro¬ 
ducing the length of the old bar through the agency of other standards which were 
known to have been compared with it, and this procedure was that which, in fact, 
was employed for the establishment of the new (and present) standard. It is 
estimated that the new standard represented the current values of the best scientific 
standards of the time (which were susceptible of intercomparison with higher 
accuracy than the Imperial Standard itself) within 0*0002 in. and was in agreement 
with the standard it replaced within the limit of accuracy to which the latter could 
be measured. 

Evidence for the constancy of the yard in recent times is fairly satisfactory. 
The results of the comparisons of the Imperial Standard Yard with its three con¬ 
temporary Parliamentary Copies, Nos. 2, 3 and o, in 1912, 1922 and 1932,* show 
that each of the four bars has remained in the same relationship to the mean of the 
group as when first determined in 1852, within 0*00005 in. In particular P.C.2 
has remained constant in relation to the mean within 0*000004 in., and P.C.5 
within 0*000016 irf. for the last three comparisons. It should be mentioned, how¬ 
ever, that a new Parliamentary Copy authorized to be made by the Weights and 
Measures Act, 1878, was constructed as nearly similar as possible to the origiaal 
series in 1879. Since its first determination, in 1886, this bar has shown a systematic 
shortening in relation to the rest of the group, successive comparisons, when 
plotted, falling very closely on a smooth curve, with an asymptotic value of 
— 228 X 10-® in. which had very nearly been reached 40 years after its construc¬ 
tion. If it is assumed that the original bars behaved similarly during the first 40 
years of their existence dating from 1845, then at the date of the first comparison 
of P.C. VI, in 1886, they would have reached an effectively steady condition, but 
they would, in the meantime, have shortened by just over 0*0002 in. since theiir 
own original determinations in 1852. 

With regard to the metre, the present international standard, when given legal 
status in 1889, was declared equal, within the limits of accuracy of measurement 
estimated at the order of 0*001 mm., with the old Metre des Archives which it super¬ 
seded. Evidence of subsequent consistency is available from the resulte of re- 
comparisons of twenty national copies since 1919 with the working standards of 
the Bureau Intemational.t After making due allowance for changes known to 
have occurred in the values of the working standards, and for certain adjustments 
in the accepted values of the coefficients of expansion of the various bars, the 
results of all these individual comparisons were in agreement withm ± 0*001 mm. 
with the original determinations made prior to 1889, the average change being 
± 0*0003 mm., and the mean of aU the results was in agreement with the original 

* 1936, Beport by the Board of Trade oh^th^ comparison of dm PaHiammtary Copies of ike 
Imperial Standards. 

t 1927, Lkx Creation du Bureau International et son (Euvre^ p. 125, Ch. Ed. Guillaume. 
Paris: Gauthier-Villars. 
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mean within 0*0001 mm. As regards the secular constancy of the metre, there have 
been a series of determinations of its length in terms of the wave-length of the red 
radiation of cadmium, commencing hi 1893 with that of Michelson & Benoit (1895), 
which, while they exhibit variations amounting to ± 0*0003 mm. from the mean, 
give no indication of any progressive change. There is therefore good reason for 
confidence in the constancy of this unit. 

The current accuracy of measurement of the yard is estimated at about 
0-00002 in., or 0*5 part in 10®, that of the metre, which has more perfect graduations, 
at about half this amount. Recently a number of the copies of the metre at the 
Bureau International have been regraduated, with still better lines, and an 
accuracy of the order of 1 part in 10*^ is now claimed. Fortunately, the prototype 
metre itself has particularly good lines. 

Types of standard 

It will be noticed that the standard yard, originally an end-bar, passed through 
the phases of the 'dot’ standard, and the 'natural’ standard defined by reference 
to the 'seconds’ pendulum, and finished as a line-standard. The-history of the 
metre is remarkably similar, though the order is somewhat different. Originally a 
'natural’ standard, defined as the ten-millionth part of the earth’s polar quadrant 
passing through Paris, and represented for practical purposes by the Metre des 
Archives, a platinum end-standard 25 x 4 mm. in section, it was fairly soon found 
that the difficulty of repeating the determination of the value of the standard by 
reference to the definition was so great that it was necessary to legalize the length of 
the Metre des Archives itself as defining the unit. Later, when the new international 
standard of the metre was established, the principle of defining the unit by means 
of a material standard was maintained, but preference was given to a line-standard, 
graduated on the neulral plane, as had already been adopted by British scientists 
for the yard. 

The parallelism between the histories of the British and metric standards of 
length is worthy of some comment. It is evident’that “British scientists have not 
been behind their Continental colleagues in the initiation of improvements. The 
common change from end- to line-standards, and the common abandonment of 
natural standards, is clearly indicative of the stage of technical development 
reached at the epochs concerned. When the earliest standards were constructed 
end-standards offered greater advantage in accuracy than line-standards. Later, 
with the application of the ruling engine and microscope, this position was reversed. 
But the story is not yet complete. There are now very good prospects of being 
able in the near future to propound a natural standard, in the form of a selected 
wave-length of monochromatic light, which is capable of definition and reproduc¬ 
tion wdth an accuracy of the order of 1 or 2 parts in 10^—appreciably higher than 
can be attained even with the best line-standards. Further, there are now technical 
means available to produce end-standards (which are those most readily and 
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directly measurable in terms of wave-lengths) of sufficient perfection to take 
advantage of this accuracy. 

It may be of interest to remark here that the pendulum experiment^ regarded 
as a means of ascertaining th^ value of gravity in terms of the units of length and 
time, stiU remains one of the essential operations of metrology, since a knowledge 
of the local value of gravity is necessary, for example, to the establishment of the 
electrical unit of the ampere by weighings on a current balance, and of the 
standard atmospheric pressure in determining the boiling-point of water for fixing 
the temperature scale. Mr Clark's note in the present series of papers summarizes 
the position with regard to the accuracy with which the value of g has been 
determined. 

Ratio of yard to metre 

It might be supposed that further evidence as to the «|onstancy of the yard would 
be available from successive determinations of its relationship to the metre. Un¬ 
fortunately, hovrever, early determinations of this ratio, by Kater (i 8 i 8 ) and Clarke 
(1867 & 1873 ) made with standards about which adequate knowledge is now 
lacking, so they are not very reliable for this purpose. Three determinations have, 
however, been made of the ratio of the present Imperial Standard Yard and Inter¬ 
national Protot^Tpe Metre, the results being as follows: 

1 m. = 39-370113 in. (Benoit & Chaney 1895 ), 

1 m, = 39-370147 in. (Sears, Johnson & Jolly 1928 ), 

1 m. = 39-370138 in. (Sears & Barrell 1934 ), 

the last of these being an indirect value obtained from independent determinations 
of the yard and metre in terms of the wave-length of light. With regard to these it 
can be said that although they suggest a possibility that the yard has shortened 
slightly in relation to the metre during the past 40 years, the whole range of the 
variations exhibited does not exceed the possible range of experimental error in 
the comparisons, so that the previous conclusion as to the present stability of the 
yard may stiU be regarded as justified. 

While on the subject of the relationship between the yard and the metre it may 
be of interest to mention that, by an Act of Congress of 1866, legal sanction was 
given in America for the use of the relationship 

1 m. = 39-370000 in., 

and that by a subsequent order of the United States Treasury, known as the 
Mendenhall Order, this ratio is now accepted as defining the American inch in terms 
of the International Metre, instead of vice versa. It follows that there is at present 
a small difference between the U.S. and U.K. inches, the former being equivalent 
to 1 in. = 25-400051 mm., and the latter (taking the mean of the three determina¬ 
tions above mentioned) to 1 in. = 25-399965 mm. These two values are both so 
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near to the conrenient found value 1 in. = 25-4 mm. that it would be very advan¬ 
tageous if adjustment could be made in both countries to agree on this common 
ratio for the future by redefining the yard as equal to 0*9144 m. exactly. 

It may be remarked that if the conclusion suggested above as to the shortening of 
the Imperial Standard Yard be correct, then the ratio of the Imperial Yard to the 
International Metre (had the latter been already in existence at the dates mentioned) 
would have passed through the value 1 m. = 39*370000 in. about the. year 1858 
(very soon after the legalization of the British standard) and, curiously enough, 
through the value 1 m. = 39*370079 in., corresponding to 1 in. = 25*400000 mm., 
about 1865, just before the former value was adopted in America. 

Until comparatively recently the difference has been of no practical significance, 
but it is now just appreciable in relation to the accuracy guaranteed by the makers 
of the most accurate end-gauges used in industry. The round figure has the further 
practical advantage of facilitating mechanical conversion by means, for example, 
of a 127-tooth gear wheel on a lathe or measuring instrument, between the units 
of the two systems. 

Comparison of line- and end-standards 

Whether the primary material representation of the unit of length takes the ’ 
form of a hue-standard or of an end-standard, the operation of transferring from 
the one to the other is an inevitable necessity, since both types are needed for 
practical appfications in different fields of measurement. Probably the best method 
of carrying out this comparison which has so far been devised is the following. 

Taking, for example, the case of the yard, it is necessary to provide an auxiliary 
end-bar of say 35 in. in length, with ends highly finished and accurately plane and 
parallel. In addition, two small end-blocks each 1 in. in length are required, 
similarly finished as regards their ends, with graduation marks on plugs inserted 
in hotes at the level of their neutral planes, similar to those on the standard yard. 
The perfection of the surfaces wiU enable these end-blocks to be adhered to the 
ends of the 35 in. bar by the process known as ' wringing \ If both the end-blocks 
are so attached the combination constitutes a built-up line bar which can be 
compared with a 36 in. line-standard in the comparator in the usual manner. If 
only one of the end-blocks at a time is attached to the 35 in. bar the combination 
can be compared with a 36 in. end-standard on an end-measuring machine. Let 
the length of the 35 in. bar be JS, that of the line-standard i, and that of the end- 
standard E . And let the distances of the graduation lines from the surfaces of the 
two end-blocks be respectively. Finally, let the thickness of a ^wringing 

film' be 1 If the observed differences are and the results of the measure¬ 

ments may then be written as follows: 

2(% + ^i + U2 + ^2) + 2^ = L+KaJi-hajg), 


whence 

and 
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whence B -}- ^{aj. -f 6i -f 4- 62) H- if = JS -f -f y^* 

Thus, finally, = 

whence it will be seen that the lengths of both the 35 in. bar and of the end-blocks 
hawe been eliminated. 

Actually, of course, a number of variations can be made in the wringings which 
are not included above. In practice all possible variations would be employed, and 
the mean result taken. But the principle of the comparison should be clear. The 
fact that the thickness of one wringing film is associated with the length of the 
end-standard as the result of this comparison corresponds to the fact that, in prac¬ 
tical use, precision end-gauges are habitually combined together, by the process 
of wringing, so as to make up composite standards of any desired size. The cali¬ 
brated mechanical size of each gauge must therefore always include the thickness 
of one wringing film, which may be regarded as distributed half over each end of 
the gauge, so that when wrung together in groups the thickness of one wringing 
film is automatically provided for at each interface. In addition, the composite 
gauge, just as a single gauge representing the same size, will be associated with 
one film thickness divided between its terminal faces, and allowance may need 
to be made for this in some circumstance, e.g. when deriving the "mechanicar 
length of an end-standard from its 'optical’ length under certain conditions. The 
actual thickness of an individual wringing film is, however, very small, amounting 
only to about 0*0000002 in. (Rolt & Barrell 1927 ). 

Determination of submultiple eTid-standards 

Now follows the process of determining the values of end-standards representing 
subdivisions of the fundamental unit, which are of great importance in practical 
applications. This can be done by comparing together, in a suitable end-measuring 
machine, combinations of gauges of equal nominal size. It is convenient, though 
not essential, that a duplicate series should be available. As a typical case consider 
the entries in table 2 , which refers to the determination of the yalues of a series of 
end-gauges 7, 8 , 9,10 and 11 in., in relation to those of 6 and 12 in. supposed already 
known. Duplicate gauges are indicated by a dash {'). 

Table 2 
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It will be noted that all the combinations in any row of this table have the same 
nominal length. Suppose each combination in any column is compared with the 
corresponding combination in column 1, and let the observed differences be 
etc. Adding all the results relating to any particular column it is seen that the sum 
of the right-hand members in the combinations compared cancels out, and there 
remains a series of equations of the form, taking, for example, column 3, 

10x6= 12x4-h6x2-f-2ic or 10= 12x4/6-h6x2/6 + i7rt:x 1/6. 

This case has been selected as exhibiting in a simple form the general procedure 
involved. It is easy "to follow the modifications involved, say, in deriving a series 
such as 30, 24, 18, 12 and 6 in. from a yard end-standard, or a series such as 0-100, 
0-101, 0*102,..., 0-110 in. which is found in a normal set of slip gauges. Reference 
gauges of the smaller sizes are, however, more readily measured, provided the 
flatness and parallelism of their surfaces is sufficiently high, by interference methods 
in terms of the wave-length of light, other gauges being then compared directly 
with reference gauges of similar size in a suitable end-measuring machine. 

By one or other of the above processes the lengths of reference end-gauges can 
be established to an accuracy of 1 part in 10® for sizes above 1 in., or to 0-000001 in. 
for sizes below. It may be worth while to point out that this accuracy is actually 
necessary to meet industrial demands at the present time. Grouped combinations 
which may include as many as five such gauges are required to be correct to the 
nearest 0-0001 in., that is, to within 0-00005 in:, and their users expect to be able 
to rely on this without making use of corrections for known errors. Each in¬ 
dividual gauge must therefore be correct within 0-00001 m., and the makers 
guarantee this, and in some cases even higher, accuracy. Reference gauges used in 
verifying that such guarantees have been fulfilled must therefore be known at 
least to 0-000001 in. It follows that the present difference of nearly 4 parts in 10® 
between the British and American inches is, as already stated, no longer negligible 
in relation to the highest grade of current commercial accuracy. 

Subdivision of line-standards 

To complete the present survey reference must be made to the operations of 
calibrating the subdivisions of a divided scale, and of building up from the yard or 
metre to the longer standards which are required, for example, in field-survey work. 

For the first of these processes the bar to be examined is mounted, under two 
micrometer microscopes, on the girder of a comparator in which the carriage, 
instead of moving transversely, is arranged to move in the direction of the length 
of the bar. The separation of the microscopes can be varied to suit the successive 
stages of the comparisons. Suppose, for example, one wishes to determine the 
decimetre subdivisions of a l .m. bar. The microscopes are set first 1 dm. apart and 
direct comparisons are made between the 0^1 interval and the 1/2, 2/3, etc., 
intervals up to 9/10. The results of these measurements give a series of values, 
for the differences 0/1-1/2, 1/2-2/3, ..., 8/9-9/10 between the 
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successive sftijacent decimetre intervals on the bar. The microscopes are then placed 
2 dm. apart, and similar comparisons made of the intervals 0/2, 1/3, etc., up to 
8/10. The results of these measurements, subtracting the parts common to the two 
adjacent intervals compared, give a series of values differences 

0/1--2/3, 1/2-3/4, etc., up to 7/8-9/10 and so on, with successively increasing dis¬ 
tances between the microscopes, up to 9 dm. The results of all these measmements 
can then be tabulated as follows: 



0/1 

1/2 

2/2 

3/4 

4/5 

5/6 

6/7 

7 ;s 

8;'9 

! 9;10 . 

I 

0/1 
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-h 

— Cj 

-di 



- 9 i 

-h 
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0 

* 

-b. 

i *—Cg 

~d 3 

-eg 

—/2 

— 5^2 

: 

2/3 

61 


0 

“-03 

-h 


-d. 

1 

—/s 

; 

3/4 

Cl 


03 

0 

1 -a 4 

-64 


-d. 

• -C4 

-A ! 

4/6 

d, 

Cg 

; 

04 

0 

' -^5 

-h 

1 

j -^^5 

-C5 i 

5/6 


1 d. 

C3 

64 

' Os 

! P 

: -06 

; 

j -Cg 

; ; 

6/7 


\ Cg 


C4 

! 

Oe 

: ^ 

* — 

! “^7 

: — Cy j 

7/8 

9 x 

fi. 


' ^4 

C5 

: h 

07 

0 

1 -Os 

' -^8 i 

8/9 

h, 1 


; A 

1 «4 

i ^5 


I b, 

Og 

0 

; i 

9/10 

* 

1 

h. 

93 

: A 

Cs 

J_ 

1 

c^ 

; b. 

! 

0 


It will be noted that in this table each entry’ is repeated, above the left to right 
diagonal, with reversed sign. Taking any particular column of the table, for 
instance the fourth, and adding up all the entries, it is seen that the total of aU 
the observations relevant to the interval 3'4 leads to the result 

10 X 3/4 — ^(0/1 -|-1/2 +... -j- 9 /10) = — 4" ^2 ^3) (^4 4* 64 -b. • • 4/4)5 

or 3/4 = 3^ X 0/10 — 4- 63 4 %) 4 r^(a4 4 64 4 .. . 4/4), 

and similarly for any other interval. 

With slight modification the same process can be applied to determining the 
values of every centimetre of two particular decimetres in terms of the whole 
length of the other. In this case each space in the square will be occupied by an 
independent observational result. The millimetres of two particular centimetres 
can then be determined in the same way. 

The accuracy of this process, given good conditions, is remarkably high, since 
the bar may be assumed to have the same coeflBlcient of thermal expansion through¬ 
out its length, and errors due to temperature variations, if kept within reasonable 
limits, should be negligible. With good lines it is considered that a final accuracy 
of the order of 0-0002 mm. in the placing of any intermediate subdivision in 
relation to the terminal graduations can be readily attained. 

Longer standards 

Turning to the converse process, of building up to larger lengths, the first step 
is the comparison of a long bar, say of 4 m. length, 1 m. at a time with a reference 
standard metre, in a transverse comparator of suitable capacity. As this bar will 
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subsequently be used in air, under less favourable conditions for temperature 
control, it is nowadays usually made of invar. When standardized it is used either 
as a ba^is of comparison for 4 m. intervals on a mural base or, alternatively, the 
bar may be directly compared with 4 m. intervals graduated on the surface of a 
standard invar tape. These normally have a total length of 24 m. 

Tapes intended for use in the field in setting out bases for geodetic surveys are 
compared either with the appropriate interval on the mural base, or directly with 
a standard tape of similar length. In the case of English measures the most usual 
length is 100 ft., built up in eight steps from a bar 12 ft. 6 in. in length. The 
operation of standardizing this bar in terms of the yard consists (a) of determining 
each 6 in. length in terms of the whole length by the method of subdivision, and (6) 
determining the lengths of the 0 to 12 ft. and 6 in. to 12 ft. 6 in. lengths in four steps 
against a reference standard yard. 

It is considered that under the best conditions an accuracy of the order of 1 part 
in 10® can be attained in the standardization of the field tapes in either the British 
or the metric systems. Field surveyors find that, even in the adverse conditions 
of open-air working, they are often able to repeat their measurements of a long 
base to appreciably higher accuracy than this, and are sometimes mclined to 
criticize the accuracy offered them as the result of calibration under laboratory 
conditions. The explanation is, of course, that so many observations are taken in 
the field that casual errors are averaged out, and the probable error of determina¬ 
tion of the whole length of, say, a 20 km. base iti terms of the length of a particular 
tape, becomes very small. In the laboratory, on the other hand, we are concerned, 
not merely with the repeatability of observations, but with their relationship to 
the absolute value of the unit. Some countries have already experimented with the 
possibility of determining the length of a mural base in terms of the wave-length 
of light, and it is intended to do so also at the National Physical Laboratory when 
opportunity affords. So far, however, we have no experience of the method in 
this special application. 

It may be of interest, finally, to record that the 50 m. mural base at the National 
Physical Laboratory has gradually grown, since it was first built in 1908, by some¬ 
thing over a centimetre, due presumably to progressive chemical action in the 
cement with which the bricks are bonded. 

The stahdaeds of le^^gth ih wave-lekgths of light 
By H. Barbell 

Historical survey 

The first direct measurement of the metre in terms of wave-lengths of the red 
radiation of cad mi u m was made by Mchelson & Benoit (1895) m 1892-3 at the 
Bureau International des Poids et Mesures (B.I.P.M.). In 1905-6, Benoit, Fabry 
& Perot {1913) repeated the determination of the metre, using improved methods 
and apparatus. The International Solar Union (now the International Astronomical 



A discussicm on, unUs and standards 


165 


Union) adopted, in 1907,* the wave-length of the red line of cadmium as the 
reference basis for aU spectroscopic measurements of wave-lengths of light, and 
defined its value in terms of the International Angstrom. Using the relationship 
between the wave-length of the red line of cadmium originally quoted ny Benoit 
et al, namely, Ajj — 6438-4696 x 10 “^® m. in normalf air, the Angstrom was defined 
by assigning the value of 6438-4696A to the wave-length of the red line of cadmium 
in normal air, and hence can differ only to the extent of the error in the above 
determination jfrom 1 x m. 

In 1923, the International Committee of Weights and Measuresf accepted in 
principle the possibility of the eventual adoption of a definition of the metre in 
terms of wave-lengths of light, subject to the formulation of satisfactory conditions 
for practical realization of such a definition, and urged national standards 
laboratories to undertake investigations for this purpose. Four years later, the 
Inifemational Conference on Weights and Measures§ (1927) gave formal sanction, 
as an interim measure, to determinations of length being made by reference to the 
wave-length of the cadmium red radiation, determined by Benoit et aZ., as an 
alternative to direct reference to material standards. 

Reports of the Board of Trade (1930,1936)i| have expressed the need for replacing 
the present Imperial Standard Yard by a standard more in accordance with modem 
requirements, and also suggest the possibility of defining the yard in terms of 
wave-lengths, " * 

Following the International Committee’s recommendation of 1923, the first 
result to be announced was that of Watanabe & Imaizumi ( 1928 ); it was the 
outcome of work carried out by means of apparatus, constructed in this country 
for the Japanese Government, which was almost identical with that of Benoit al. 

Each determination so far mentioned made use of purely line-standard technique 
by relating the position of a line or lines engraved on an interferometer standard 
(or etalon) to the graduations on a copy of the metre by micrc®cope observations. 
With the introduction of modem types of end-standard constructed in the form 
of steel blocks or bars in lengths up to a metre or more and having flat, parallel, 
terminal faces with a miiror-like finish of optical perfection, it became possible to 
apply interferometric methods, as devised by Michelson and others, directly to the 
measurement of a practical standard of length. 

Determinations of the metre and the yard made by Sears & BarreU {i 932 » 1934 ) 
at the National Physical Laboratoi^?^ (N.P.L.) and of the metre by Kosters & 

* 1907, Trans, int, Un, SoL Bes, (2), 20, 28. 

t The modem specification of normal air for spectroscopy and metrol<gy is: dry air at 
15® C under a pressure of 760 mm. of mercury at 0°C (^=980-665 cm./see./sec.) and con- 
tainiog a normal proportion of 0-03 % by volume of .carbon dioxide usually found in the open 
air and in well-ventilated rooms. 

% 1923, P.F. Gom, int, Poids Mes, p. 67. 

§ 1927, P.F. Com, int, Poids Mes. p. 67. 

11 1930 and 1936, Beport of the Board of Trade on the comparisons of the Parlkmentary 
Copies of the Imperial Standards, H.M.S.O. 
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Lampe* at the Physikalisch-Technische Reichsanstalt (P.T.R.) in 1933 produced 
evidence of this trend, for the interferome*try at both institutions was concerned 
with the measurement of an end-gauge approximately equal to one of the funda¬ 
mental units. Correlation of the optically measured end-gauges with the funda¬ 
mental line standards was effected by the already well-established metrological 
procedure for transferring from line- to end-measures,f which referehce is made 
in Mr Sears’s paper in the present series. 

Other important changes were introduced in both the new methods. With the 
N.P.L. apparatus it was possible to measure the end-gauge either in air under 
known and controlled condition^ or in vacm; with the P.T.R. apparatus the end- 
gauge was measured in air and a concurrent determination made of refractive 
index over an optical path equivalent to that of the gauge length. Thus the results 
obtained from both methods can be expressed, if desired, in terms of wave-lengths 
in vaciWy rather than in air for which the temperature, pressure and composition 
must also be specified m order to define the refractive index. Platinum resistance 
thermometry was used in both determinations for the measurement of temperature 
of the end-gauge. In the neighbourhood of 20^ C it is probable that the temperature 
scale defibied by a platinum resistance thermometer conforming with international 
specification do^ not differ by much more than 0 * 001 ^ C from the thermodynamic 
Centigrade scale, correspondmg to an uncertainty of only about 0-01/^ in the length 
of a Pm. end-gauge constructed of steel. 

Owing to the disappointingly large discrepancy between the originally announced 
N.P.L. and P.T.R. results, the determinations were repeated in 1934-5 (Kosters 
& Sears 1935 ), but the mean discrepancy remained equivalent to 0-54:/i in the metre. 
At the same* time, however, direct optical comparisons of the N.P.L. and P.T.R. 
metre end-standards, both independently established in terms of light waves in 
vMuo^ were made at both institutions, and the results of all the optical measurements 
were found to be mutually consistent to ± 1 part in 36 millions, equivalent to 0*028 
in the metre. 

Results of subsequent P.T.R. work have Recently-been noticed (Kosters 1938 ) 
which indicate that the former P.T.R. results have been modified in a sense which 
considerably reduces the original divergence, and this change is substantiated by a 
new determination made in 1937, the result of which differs from the more recent 
of the two N.P.L. r^ults by an amount equivalent to only 0*14/^ in the metre. 

In 1940, a preliminary determination of the metre was made in Russia (Barinov 
1941) by methods which appear to be similar to those used in Germany. 

Values of the yard have been determined by Tutton ( 1931 ) and from the N.P.L. 
work mentioned above. 

It should be mentioned that Williams (1933) has proposed a novel method of 
measuring an end-gauge by comparison with a reflexion echelon grating constructed 
of fused silica and of length approximately equal to the metre or the yard. 

* 1934, a.B. Con/. Gen. Poids Mea. p. 79. Paris: Gauthier-Villars. 
t 1919, Ann, Eep. Nat, Phys. Lab, Land. p. 90. 
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Wave-length, measurements of length made under generally practicable condi¬ 
tions in air effectively involve, for their reduction to comparable terms, concurrent 
observations of refractive index of the air. Such observations may be made either 
directly, as in the P.T.R. apparatus, or indirectly from a knowledge of the tem¬ 
perature, barometric pressure, humidity and possibly the CO2 content of the air 
and of how th^e variable factors influence the refractive index. For spectroscopic 
purposes use is made of the experimental data obtained m 1918 by Meggers & 
Peters (1918-19) on the refraction and dispersion of air. At the 1931 meeting of the 
International Committee of Weights and Measures it was decided that further 
precise measurements of the refractive index of air were required. Concordant 
results for the refraction and dispersion of air in the visible region have since been 
announced from the B.I.P.M. (P6rard 1934), the P.T.R. (Kosters & Lampe 1934) 
and the N.P.L. (Barrell & Sears 1939), which appreciably disagree with the hitherto 
accepted tables of Meggers & Peters for the same spectral region. Suggestions 
have been made (Sears & Barrell 1934; Kosters 1938) for defining the reference 
standard of wave-length in the vacuum condition and so eliminating the refrac¬ 
tive index entirely from the fundamental definition. 

With one exception, all wave-length determinations of the metre have been made 
directly in terms of the red radiation of cadmium, which was selected by Michelson 
as the most suitable for the purpose. Certain radiations of krypton have since 
been proposed as better alternatives, notably the yellow-green line (A5651 A) by 
Kosters* which was used during the actual P.T.R. determinations of the metre. 
The P.T.R. results were finally expressed, for comparison with other work, in 
terms of the cadmium red radiation by use of an experimentally determined 
relation between the two wave-lengths. 

Discussion of results obtained on the metre and the yard 

{a) ’ The metre. The original results of all the determinations mentioned m'the 
previous section are not strictly comparable, as the experimental conditions were 
not identical, nor in all cases fuUy specified. But, reducing them as far as po^ible 
from the data available to a common basis, the foUowing table has been prepared. 

The values originally quoted by the observers are corrected in the fourth column 
of the table below to take account of sub^quent conclusions regarding the values 
to be attributed to the standards of length employed and adjusted, so far as the 
information available permits, to uniform conditions of normal air (see footnote, 
p. 165). It is to be noted that no evidence of any systematic change in the length 
of the metre is shown, over a period of nearly 50 years, compared with the wave¬ 
length of light; also the greatest departure of any individual result from the mean 
is less than 0-3 in 10®, which is of the same order of accuracy as that generally 
associated by experienced metrologists (Sears 1936; Kosters 1938) with the 
measurement of length in terms of the existing national copies of the metre. 

* 1927, P.F. Cam. ini, Poids Mm, p. 67. 

ir-2 
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Fnrtliennore, the mean value of the wave-length is almost identical with that 
originally quoted by Benoit et aZ. which has been accepted sis the basis of spectro¬ 
scopic mea,surements of wave-lengths and involves the definition of the Angstrom. 

The mean of the two N.PX. values of the wave-length of the red line in vacuo, 
determined respectively in 1933 and 1934-5, was 6440*2513 x lO^^^m.J (Kosters 
& Sears 1935 ). If the mean corrected and adjusted P.T.R. value of 6438*4693 x 
10*“^^ m. for normal air, abstracted from the table, is reduced to vacuum condition 
by use of the P.T.R. value of 1-000,276,47 (Kosters & Sears 1935 ) for the refractive 
index of the red line in normal air, the mean P.T.R. value of the wave-length 
in vamo becomes 6440*2493 x 10“^® m. 

Values of the wave-length of the cadmium red radiation in terms of 
, the Irderriaticmal Metre {unit = 1 x 10 ~^® m.) 


Date of 


Original 

Values 

Corrected 
and adjusted 
Values in 
normal air 

Differences from Mean 

Deter¬ 

mination 

Observers 

10 - 1 ® m. 

parts 
per 10 ® 

1892-3 

Michelson & Benoit 

6438-4722 

6438-4691* 

*-0*0004 

-0-06 

1 ^ 0-6 

Benoit, Fabry & Perot 

6438-4696 

6438-4703* 

+ 0-0008 

4 - 0-12 

1 1927 

Watanabe & Imaizumi 

6438-4685 

6438-4682 

-0-0013 

- 0-20 

1933 

Sears & Barrel! 

6438*4711 

6438*4713 

4-0-0018 

4-0-28 

‘ 1934-5 

Sears & Barrell 

6438-4709 

6438-4709 

4-0-0014 

4 - 0-22 

1933 

Kdsters & Lampe 

6438-4672 

6438-4689 

-0*0006 

-0-09 

1934^5 

K^ters &, Lampe 1 

6438-4685 

6438*4690 

-0-0005 

! -0-08 

1937 

Kosters & Lampe 

6438-4700 

6438-4700 i 

-f 0*0005 

4-0*08 

1940 

Romanova, Varlieh, Kartashev 
& Bartarchukovaf 

6438-4677 

6438-4677 

-0-0018 

» 

-0-28 



mean 

6438-4695 

± 0-0010 

±0-16 


* See GmUaume (1927). t S®® Baarinov (1941). 


(5) The yard. The number of wave-lengths of the cadmium red radiation con¬ 
tained in the yard under normal air conditions, as determined by Tutton ( 1931 ), 
was 1,420,209-8. 

The followir^ N.P.L. restdts§ (Sears & Barrell 1934 ) were obtained in 193S; 
using the red radiation of cadmium: 

1 yard = 1,419,818-24 wave-lengths in vacuo 

= 1,420,210-74 wave-lengths in normal air. 

X The corresponding number of wave-lengths in the metre is 1,552,734-44, which may be 
associated with the value of the yaM in terms of wave-lengths in vcmiuo to determine the 
relationship between the yard and the metre, as quoted later. 

§ These values are slightly lower than those originally published owing to a reduction of 
0-07 wave-length in the value previously assigned to the correction applied to the optically 
measured end-gauge, in the N.P.L. method, to derive the practical mechanical length (Rolt & 
Barrell 1929 ). This small change has been made as the result of further work on determining 
the phase loss in light reflected at the lapped steel surfaces of the gauge. 







A discussion an units and standards 


169 


The difference between the Tutton and JT-PX. values in normal air accords with 
the precision of measurement actually attainable with the present Imperial Stan¬ 
dard Yard, which is assessed at about 0*5 part in 10 ® (Sears 1936 ). 

The relationship of the yard to the metre, derived from the comparison of the 
N.PX. wave-length determinations quoted above, is given by 

1 m. = 39*370138 in. (or 1 in. ~ 25*399962 mm.). 

Future definition of the units of length 

From the foregoing, it is clear that it may soon be possible to supersede the 
present definitions of the fundamental units of length, based on the distances 
between lines engraved on certain metal bars, by a definition in terms of the 
natural standard provided by the wave-length of a monochromatic ray of light. 
The various national laboratories already employ interferometric methods in 
routine procedures (Kosters 1938 ; Barrell 1945 ) for directly calibrating the prac¬ 
tical reference standards of measurement—such as, for instance, sets of slip or 
block gauges containing sizes up to 10 cm. or 4 in,—^in terms of this natural, 
invariable and easily reproducible unit of length to an accuracy of 0*025/^ or one- 
millionth of an inch. Experience in this use of a wave-length standard shows that 
it is capable of a higher precision and greater convenience in the measurement of 
such practical standards than the line-standard. The results of the British and 
German experiments on the calibration of end-gauges 1 m. in length demonstrate 
that it is possible to establish metre lengths independently in two countries on the 
basis of a wave-length standard of reference with a precision of ± O-OS/i., which is 
approximately ten times better than is generally attamable with the present 
material standards. If the definitions of the units of length were established in 
terms of wave-lengths the end-standard would obviously become the first material 
representation of both units, rather than the line-standard. 

The red radiation of cadmium, select^ 50 years ago by Michelson as the best 
available, is still the approved standard for all measurements of wave-lengths of 
light, but it is not now considered to be quite as ideally monochromatic as is 
desirable for a universal standard of length. Cadmium is known to consist of a 
mixture of six isotopes, four being of even and two of odd atomic masses; krypton, 
the suggested alternative source of monochromatic radiation, also consists of six 
isotopes, five being of even atomic masses and one odd. It is found that the 
hj’perfine structure of certain radiations emitted by cadmium and kjrypton may be 
accounted for by associating a nuclear spin of I = J with each of the odd isotopes 
of cadmium and of / ^ | with the odd isotope of krypton. Some evidence of hyper- 
fine structure, due to the odd isotopes, has, indeed, been observed in the red line 
of cadmium, but none has so far been observed in the yellow-green line of krypton, 
possibly Because of its rather low intensity. Although the even isotopes of 
both elements, by reason of their zero nuclear spin, are not expected to pro¬ 
duce complexity, there may be some minute mass displacement effect between 



170 H. Barrel! • 

tlie corresponding radiations emitted by the different even isotopes in each 
element* 

The conditions under which excitation of an element takes place in the discharge 
lamp are also known to affect the monochromatic quality of the emitted radiations, 
and care must be taken to reduce, as far as possible, perturbative effects due to 
Doppler motions of the radiating atoms, electric and magnetic fields (Stark and 
Zeeman effects), collisions, pressure and reversal. As regards the Doppler effect of 
motions in a radiating gas or vapour, it is known, from kinetic theory, that the 
‘width’ of a line is proportional to ^J{TjA), where T is the absolute temperature 
and A the atomic mass, so that radiation tends to become more monochromatic 
when excited from heavy atoms at low temperature. 

A new possibility now exists of finding a more suitable radiation from a single 
isotope of a heavy element with zero nuclear spin (and therefore with even mass 
number), owing to the recent advances in the technique of separating isotopes. 
If a single even-number isotope of mercury, for instance, could be isolated and 
caused to emit the well-known green radiation 5461 A, either in a Paschen and 
Schuler hollow-cathode type of discharge lamp at the temperature of liquid air 
or by very high-frequency excitation of a fine atomic beam of such mercury 
viewed normally to the direction of motion in the beam, it might provide an ideal 
source of monochromatic radiation. Information was received from America in 
1941 Ahat a suitable isotope of mercury had been obtained from a radioactive 
isotope of gold. 

Although there may be some minor objections in practice to adopting a wave¬ 
length in mem as the basis of definition, it is considered that the weight of ultimate 
scientific advantage is greatly in its favour. Whatever radiation may be eventually 
selected for this purpose, the new definition of the metre should preferably be so 
adjusted as to yield a value of 64S8-4696 x 10”^® m. for the wave-length of cadmium 
red radiation in normal air, which happens to be almost identical with the mean 
experimentally determined value (see table), thus preserving the defiiaition of the 
Angstrom which from thenceforth could be redefined simply as 10“^® m. The yard 
could then with advantage be defined in similar terms to the metre, on a basis 
which would make the yard exactly equal to 

0-9144 m. {or 1 in. = 25-4 mm.). 

With the improvements that are now believed to be possible in producing pure 
monochromatic radiation, combined with new definitions based on wave-lengths 
in mcuOj it is considered that the units of length could be reproduced through the 
agency of end-standards with a precision approaching 1 part in 10®. The best 
precision that could be expected from the existing definitions in terms of material 
line-standards, utilizing aU modem resources for their production and observation, 
is unlikely to be superior to 1 part in lOJ. 
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The staxdabds op mass 
By F. a. Gk)TJLD 

In this review it is proposed to consider briefly the various standards of mass, 
including primary, secondary and also the more ordinary standards in everyday 
use in trade, industry and scientific work. Particular reference will be made to the 
principal standards, their comparisons, and the technique of this class of weighing. 
Consideration will also be given to air buoyancy in relation to the derivation of 
secondary and other standards from the primary standards, and to conventions 
for the adjustment of ordinary standards. 

Frimary standards 

The fundamental standard in the British system of units is the Imperial Standard 
Pound (Weights and Measures Act, 1878). This was constructed in 1844 in the form 
of a cylindrical piece of platinum of diameter slightly smaller than its height, and 
with a shallow circular groove around its flank to take an ivory lifting fork. There 
are five Parliamentary Copies of this standard, four of which are of platinum and 
one of platinum-iridium alloy, which serve for the replacement of the Imperial 
Standard in the event of its being lost or damaged. It is to be noted that this 
standard is the avoirdupois pound containing 7000 gr. The troy pound, which was 
the sole standard from 1824 to 1834, is no longer legal and the troy ounce, defined 
as 480 gr. is now the basis of the troy system. 

In the metric system it is of interest to refer to the original conception under¬ 
lying the definition of the unit of mass. The kilogram was originally defined by 
reference to a 'natural’ standard, i.e. the mass of the cubic decimetre of water. 
The material representation of this standard was the Kilogramme des Archives, 
a simple cylindrical piece of platinum which was constructed in the latter part of 
the eighteenth century. The practical realization of the definition of the kilogram 
proved to be insufiSciently precise, and it was aecordihgly superseded by the 
material standard itself, viz. the Kilogramme des Archives. Though there may be 
natural standards of mass which might be employed, there is no prospect as yet 
that any of these could be realized with a precision approaching that with which 
material standards of mass can be compared.. 

The Kilogramme des Archives remained the standard imtil 1889, when, under 
the auspices of the Metric Convention, it was replaced by the International Proto¬ 
type Kilogram, the present fundamental standard in the metric system. The latter 
takes the form of a simple cylinder, of height equal to its diameter, and is made of 
the same 10 % platinum-iridium alloy as the international metre. At the time of this 
replacement the new kilogram was declared* to be equal to the earlier standard, 
to within the limits imposed by the uncertainty of the volume of the older standard, 
which had not been established so closely as that of the later one, 

* 1889, <7.i2. Frem * Conf , Gin . des Poids et Mes . Paris^ Gauthier-Villars. 
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Some forty or more copies of the international kilogram were constructed. The 
principal copies, or ‘t^moins’, and other working copies are preserved at the 
International Bureau of Weights and Measures, Sevres, Paris. Other copies are 
distributed, as national reference copies, to the various countries signatory to the 
Metric Convention. One such copy. No. 18, designated the British Copy of the 
Kilogram, is kept in this country. 


Balances for comparirig standards 

Consideration will next be given to the balances used for the comparison of 
precision standards. The accuracy attained with an ordinary type of knife-edge 
balance of good quality is surprisiagly high, and a precision of the order 1 part 
in 10’ h^ for many years been attained in the comparisons of pounds or kilograms. 
The principle of double weighing is normally employed, each standard being 
weighed from each arm of the balance in turn. Due aUowance is made for the 
atmospheric buoyancies of the standards, which are computed from a knowledge 
of the volumes of the standards, as experimentally determined, and the air density 
determined at the time of each weighing. The densities of the standards are deter¬ 
mined by weighing them in air and in water. When a new standard is constructed, 

its density may with advantage be determined shortly before the final polishins 
of the standard. '' s 


Balances of special design for this class of weighing were in use on the Continent 
M years ago. These were provided with arrangements for interchanging the stan¬ 
dards undergoing comparison without opening the shutters of the balance, thus 
enabling a double weighing to be made with the minimum of disturbance to the 
tempera^ of the balance. Balances of this type, constructed by the weU-known 
tom of Ruprecht, Vienna, gained a high reputation and have long been in use at 
tto International Bureau of Weights and Measures, Paris.* An accuracy of the 
order 1 part m lO^, or somewhat finer, was attained in the comparison of kilo¬ 
grams as the result of repeated weighings. In this country, however, no substantial 
progress was m^e until recent years, when a new balance, designed and con- 
s ructed at the National Physical Laboratory, was instaUed. Some of the principal 
feaW of this balance wifi be described briefiy here, including also a special 

of weighing wMchhasenabledastrikingimprovementinaccuraoy to be 

made. Pig^ 1 (plate 6) gives a general view of the instrument with its cover removed 
^vision IS m^e for weighing masses up to 1 kg. in air or in vaouo, though there is 
no mtention of carr^ out %n vacuo any standardizations which should properly 
ordinapr conditions of atmospheric pressure. The balance is in- 
s^^ m a closed vault and is so designed that the whole operation of weighing, 
r rIS, “t^^'^tange of the standards during a double weighing, can ^ 
wnteofied from outside the vault. To minimize wear on the standfrds two loose 
pans are provided, and once the standards are placed on these, they are not dis- 

* 1881, Trav. Bur. yit. Poids Mea. 1. 
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turbed during the whole of a sequence of weighings. Beneath these pans each pan 
suspension has an aperture cut in it in the form of a cross, open towards the centre 
of the balance, and to interchange the pans on the suspensions a ring surrounding 
the centre of the base, and bearing two arms with suitably shaped ends which can 
pass through these apertures, is first raised, lifting the pans off their suspensions, 
then rotated through 180°, and again lowered. Allowance, of course, has to be made 
for the difference between the unloaded pans, which can be determined by direct 
weighing, as often as is found necessary. Alternatively, the standards can be 
weighed on each pan in turn, and the mean result taken. 

Another feature of the bal&nce is the design of the two series of stirrups, sup¬ 
ported on crossed knife-edges, through which the load is transmitted to the beam. 
These are arranged so that in combination they provide precise location of the 
loads transmitted by them on each terminal knife of the beam. 



But even with these special features the improved accuracy which is available 
with the balance would not have been attained without the adoption of a special 
technique for carrying out the weighings. In ordinary circumstances a knife-edge 
balance would be fuUy arrested between successive determinations of its equili¬ 
brium point and also whenever the loads on the pans are being changed. During 
arrest the knives would be separated from the bearii^ planes. Many years ago 
Poynting ( 1878 ) showed that the r^idual errors associated with the use of the 
balance for fine weighings can be considerably diminished if the balance can be 
brought to rest, and the interchange of standards on the pans safely effected, while 
the knives are stiU in contact with their bearing planes. In the N.P.L. balance this 
principle is applied by directly steadying the beam after determining its equili¬ 
brium position. To enable this to be done, a slightly flexible metal strip is attached 
horizontally to the lowest part of the beam (figure 2 ). When the balance is swinging, 
a pair of agate points suitably mounted on an independent bridge below the b^m 
can be raised so as just to meet the underface of the strip as the beam pass^ through 
the horizontal position, and so bring the balance temporarily* to rest without 
separating the knives from their bearing planes. A separate control is provided 
for this operation, which can readily be carried out. In this condition of the 
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balance, the pan-books can be held in arrest, and the pan plates interchanged 
without disturbing the beam and the stirrups. The balance is then set free to swing, 
and the double weighing completed without separating the knives and bearings. 
An accuracy closely approaching 1 part in 10 ^ has been attained in the comparison 
of kilograms on this balance. 

Stability of the pound and the kilogram 

With regard to the stability of the primary standards of mass there is no "natural ’ 
control to which reference can be made as in the use of the wave-length of light to 
check the standards of length. Deductions as to the stability of the pound and the 
kilogram have necessarily to be based on such evidence as may be found in the 
results of repeated comparisons of different standards over the period of time 
considered. So far as the pound is concerned, the results of inter comparison of the 
Imperial Standard Pound and its Parliamentary copies extend back to 1846, 
though only two intercomparisons were made prior to 1892. For various reasons 
the evidence is somewhat limited, but it clearly suggests that in relation to its 
copies the Imperial Standard Pound diminished by 1 part in million between 
1846 and 1883 but remained constant to within about 1 part in 10 million between 
1883 and 1933, when comparisons were last made.* The decrease in mass was attri¬ 
buted to wear resultiag from too frequent usage. It should, however, be borne in¬ 
mind that the Imperial Standard Pound and its original copies are somewhat 
inferior to the relatively modem kilogram standards in respect to the quality of 
the platinuih and its surface finish. The Imperial Standard is the sole ultimate ^ 
standard, whatever its mass may be; and only in the event of its replacement 
owing to loss or damage would the copies be used for reproduction of the 
standard. 

Evidence as to the stability of the metric standard of mass will first be con¬ 
sidered as from 1889, when the International Prototype Kilogram was installed. 
To avoid wear, this standard has been preserved unused for at least 50 years, and 
though arrangements have been made more recently for its recomparison with 
certain copies and also with the Kologramme des Archives, the results are not yet 
available. Many of the copies have occasionally been re-verified by mutual inter- 
comparisons, and the new values obtained for them, based on reference to certain 
standards at the Bureau (including the temoins), have been foimd to be in very close 
accord with those originally assigned to them (Guillaume 1927 )- Of sixteen copies so 
compared in 1889 and again in 1899, only four showed any change exceeding 0*02 mg. 
(viz. 2 parts in 10 ^). Most of the copies which had been kept out of service between 
the two sets of intercomparisons showed only minute changes, comparable with the 
order of accuracy of weighing. Similar results were obtained for the interval 1899 
to 1911, and so on. It is of interest to note the high stability of the British Copy 

* 1936, Eeport by the Board of Trade on the comparisons of the Farliamentary Copies of the 
Imperkd Standards, 
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(no. 18), which has been standardized at the Bureau on three occasions. The 
resulting values, which are given in table 3, do not differ among themselves by 
more than 2 parts in 10 ^* 


Table 3 . British copy of the kilogbam 


Year 

Zklass (g.) 

1889 

1924 

1933 

1000-000 070 i 
1000-000 051 
1000-000 058 1 

i 


In addition to the evidence obtained from comparisons within the pound and 
kilogram systems respectively, there is also available,* as a check, a series of four 
well-established determinations of the relationship between the two systems, the 
resuli« of which are given in table 4. 


Table 4 


Date 

{ Value of the 

I Imperial Standard , 

1 Pound in grams | 

Referred to 

1846 

i 453-592 652 

Kilogramme des Archives 

1883 

i 453-592 428] 

j 

1922 

1 453-592 343- 

International Kilogram 

1933 

1 453-592 338) ; 



These results, when plotted, lie on a smooth curve showing a continuous 
diminution of the poimd, as compared with the kilogram. Trom 1846 to 1883, the 
diminution amounted to 1 part in 2 million, of which rather more than one-half 
was suggested by the evidence of the comparisons of the pound and its copies- 
From 1883 to 1933, the diminution amounted to 1 part in 5 million, which again 
was more than that suggested by the other source of comparison. Even disregarding 
the value obtained in 1846, which depends on the now discarded Kilogramme des 
'Archives, the diminution of the pound between 1883 and 1933 is more than can be 
attributed to experimental error. For this period there is good evidence of the 
relative stability of the kilogram copies amongst themselves. Moreover, the 
quality of the material of which these were constructed is superior .to that of the 
platinum pounds, which are of much earlier date. Furthermore, experiments made 
at the International Bureau, in which one of the kilogram standanJs of platinum- 
iridium was kept for a year in* a stream of air at 100 ® C, demonstrated that the 
change in mass was almost negligible (Guillaume 1927 ). These considerations in 
combination give reasonable assurance that the kilogram can be regarded as a 

* 1936, Report by the Board of Trade on the comparisom of the ParliamenMry Copies of the 
Imperial Standards, 
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stable standard, and it must be concluded that the pound has changed. It is not 
proposed to speculate on possible causes of its changes. 

In connexion with the determinations of the relationship between the pound 
and the kilogram, it is of interest to remark that in the United States, where both 
the pound and the kilogram systems are in use, the pound is defined as bearing a 
fixed ratio to the international kilogram. The value accepted for this purpose was 
that determined in 1883.* The British pound, having diminished by 1 part in 
5 million since 1883 in relation to the kilogram, is therefore smaller than the U.S. 
pound by that amount. 

Secondary and other standards 

The fundamental standards serve as the ultimate basis of weighings for purposes 
of trade, industry and scientific work, for which secondary and other standards 
are needed. Before considering how these are derived from the fundamental 
standards, a brief reference will be made to the materials available for their con¬ 
struction. For most purposes these should be non-magnetic, highly resistant to 
corrosion, and not too difficult to machine and poHsh. 

On account of its high stability, platinum, preferably alloyed with a suitable 
proportion of iridium or similar constituent, is pre-eminently the most suitable 
material for the construction of a precision standard of mass. Owing to its high 
cost, however, it is not often used for this purpose, except for standards of specially 
high status, and also for small denominations for which the cost of the metal is 
not such a serious consideration. ’ Rock crystal has sometimes been used for the 
construction of precision standards but it is readily electrified and is by no means 
easily discharged completely. A nickel-copper aUoy containing these metals in 
approximately equal proportions has also been used, but not extensively. Stellite, 
an alloy containing cobalt, chromium, and a small proportion of tungsten or molyb¬ 
denum, has also been used, but owing to its hardness the cost of making standards 
of this material is relatively high. Brass, without any protective coating, cannot, 
of course, be regarded as a suitable material for a precision standard; its use is 
still far more extensive than is justified by its properties, and should be restricted 
to weighings of an appropriately lower class. Plated brass is sometimes satisfactory, 
but the ordinary process of plating does not always ensure protection from chemical 
action. Of the metals used for plating, nickel and gold are not found very satis¬ 
factory, while platinum has been less extensively employed since the introduction 
of chromium and rhodium. During the last 25 years, some experience has been 
obtained in the use of nickel-chromiinn alloy and stainless steel. The commercial 
variety of the former, containing 80 % nickel and 20 % chromium, is normally 
satisfactorily non-magnetic and is being used with some success for secondary 
standards, and also for analytical weights. Its stability, though reasonably satis¬ 
factory, is not, however, comparable with that of platinum. 

* The value actually accepted was that quoted in full in the original report, viz. 453*592 4277. 
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The stainless steel which has been in use in recent years is one which purports 
to be reasonably non-magnetic, being of the austenitic variety containing 18 % 
chromium and 8 % nickel. This type, however, has not been foimd sufficiently, non¬ 
magnetic to give complete confidence in its use and should be superseded by a more 
reliable variety, e:g. that containing 25 % chromium and 20 % nickel, which is 
far superior to the 18/8 type in regard to non-magnetic properties. In spite of 
metallurgical progress there are not many suitable materials for precision work 
generally, and the choice for the time being is largely restricted to nickel-chromium, 
stainless steel and plated brass. 

In order to determine and maintain a secondary standard poimd or kilogram, 
occasional comparisons have to be made between it and a copy of the fundamental 
standard; these follow the usual procedure of double weighing, with strict allowance 
for air buoyancy. The density of the secondary standard, which is usually in the 
vicinity of 8 g.'/ml. diffem widely from that of the platinum standard, which is about 
21 g./ml. The differential buoyancy correction therefore amounts to 1 part in 10,000 
of the mass being determined and accordingly requires to be assessed with great 
* care. that both density values have been ascertained with sufficient 

precision, the accuracy of assessment of the buoyancy correction depends on the 
precision with which the density of the air is determined at the time of weighing. 
This is computed on the basis of the ascertained current values of the pressure, 
temperature and humidity of the air within the balance. Precautions are taken to 
introduce fresh air into the balance case but the chemical composition of the air 
is not actually determined. This may preclude the attainment of an accuracy finer 
than 1 part in 20 million in deriving a secondary standard of mass from the 
primary. Of course the buoyancy difficulty might be circumvented by carrying 
out the weighings in vacuo, but other sources of doubt would presumably be intro¬ 
duced depending for example on the variability of the adsorbed gases on the 
surfaces of the standards. Whether or not some suitable technique can eventually 
be evolved for overcoming such difficulties, it appears that the accuracy at present 
attained is ample for all ordinary purposes. 

Further considerations of buoyancy and conventions for adjustment of umghts 

From the secondary standards are derived the more ordinary everyday standards 
of mass which for convenience will be referred to by the less explicit term heights \ 
In practice most weights, apart from the smallest denominations, are made of 
brass or of a material of a similar density. In general the range of densities of the 
materials in use rarely exceeds 7 % of their mean value. The differences in buoyancy 
between like denominations will therefore normally lie within 1 part in 100,000 of 
the mass. These difference, of course, vary somewhat with the air density but as 
the latter rarely varies by more than 10 % under most ordinary conditions of 
weighing, the buoyancy difference femains constant to within 1 part in a million 
of the mass. This enable a large amount of routine weighing to be made in practice 
without elaborate attention to buoyancy corrections. Thus it is the general practice 
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to adjust weights on the basis of balancing in air a standard of mass of some con¬ 
ventional density representing brass, the material most commonly used for the 
construction of weights. This system of adjustment is used for purposes of trade, 
industry and science, where ordinary and not exceptional precision is required. 
For trade, the conventional density of brass associated with the standard in this 
country* is 8-143 g./mbf Inspectors’ standard weights and trade weights are 
adjusted to balance the standard in air of normal density; but as has been said 
before small changes in air density do not seriously ajBFect the result. 

Though buoyancy allowances are not normally made in trade transactions 
based on weight, a fine point arises in monetary transactions in converting from 
sterling (which is based^on the pound) to the currency of a metric country (which 
is based on the kilogram). The conventional density 8-143 associated with the 
standard used for trade weighings in this country differs somewhat from that, 
adopted abroad, and on this account the effective conversion from pounds to kilo¬ 
grams, or vice versa, will differ from the pure ratio of the respective units of mass. 
This difference, which is by no means negligible, appears to be a matter which ought 
to be referred to the International Committee of Weights and Measures,* with a 
view to arriving at some agreed procedure. 

Weights used in industry and science (as distinct from trade) are normally 
adjusted to balance in air a standard of mass of density 8*4 g./ml. and are calibrated 
on this basis in air whose density is sufficiently near the normal value not to affect 
the result appreciably. A typical example of this is a set of analytical weights, 
containing multiples and submultiples of a gram. These are usually so con¬ 
stituted that, once the value of the head weight is ascertained, the values of the 
remaining weights can readily b^ determined by intercomparisons among the 
weights of a set. Analytical weights are standardized on this basis at the N.P.L. 
to an accuracy of 1 part in a million for weights of 10 g. and larger, and to 0-01 mg. 
for smaller weights; this is quite adequate for the great majority of industrial and 
scientific purposes. As a result of this procedure the weights can, in effect, be 
treated as standards of mass of density 8-4 g./ml., even though them actual den¬ 
sities may differ slightly from this value. In any chemical weighings where allow¬ 
ances for buoyancy are of importance, these can be assessed so far as the weights 
are concerned by means 0f an inclusive correction for their buoyancy based on a 
density of 8-4 g./ml. This procedure is much simpler than that of calibrating weights 
according to their true masses, which would involve a knowledge of the actual density 
of each individual weight, and individual application of its buoyancy correction. 

Beceptades for standards 

In order to mamtain the high stability of weights it is important that the recep¬ 
tacles in which they are stored should be appropriately designed and constructed, 

* 

* 1871, Fifth Beport of the Standards Commission, Appendix xii, p. 170. 

t There is no need here to discuss the reason for the adoption of this particular density 
value, which was introduced 100 years ago. 
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and should not contain any material which is likely to affect adversely the general 
surface condition of the standards. Manley { 1933 , 1935 , 1945 ) has investigated 
the conditions of housing of weights in their cases and has studied the growth of 
films on the surfaces of weights of different materials imder a variety of conditions 
of storage. His work, which is a substantial contribution to the knowledge of this 
subject, should be consulted in connexion with the designing of receptacles for 
weights. 

The temperatube scale 
By J. a. Hall 

The direct realization of the thermodynamic temperature scale involves the use 
of either a perfect heat engine or of a perfect gas, neither of which can be attained 
experimentally. The scale, therefore, must be reproduced by the use of one of the 
'permanent’ gas^, the appropriate corrections to give the thermodynamic scale 
being deduced from the measured departures from the PF = BT relationship 
under the particular experimental conditions to be used. The most generally 
employed gases are hydrogen, helium and nitrogen, and measurements are usually 
made in terms of pressure at constant volume. A gas thermometer, however, is 
an inconvenient instrument, and the experimental diflSculties are considerable, 
increasing greatly at high temperatures. 

The first step towards making the gas scale readily available was taken by 
Chappuis in 1888, when he compared four standard mercurj^-in-glass thermo¬ 
meters with his constant-volume hydrogen thermometer. The corrections needed 
to reduce the readings of these thermometers (which were used as absolute instru¬ 
ments to reproduce the 'mercury in verre dur’^scale) to those of the constant- 
volume hydrogen scale were determined over the range 0-100° C to an accuracy 
of about ± O'005° C, and similar thermometers made from the same glass were 
distributed among various national standardizing laboratories and similar in¬ 
stitutions. So was the 'echelle thermometrique normal’ made generally available. 

The next stage was the development of other methods of measuring tempera¬ 
ture (e.g. the platinum resistance thermometer) which are capable of being read, 
in certain parts of the scale, to much hdgher accuracy than the gas thermometer 
itself. Such instruments, however, have not, in general, any theoretical (X)imexion 
with the thermod 3 mamic scale, and they can only be used to define it in so far as 
they have been accurately compared with a gas thermometer. They do not, there¬ 
fore, improve the position regards the accuracy with which we can define the 
thermodynamic scale. If, however, secondary instruments of this type are com¬ 
pared directly (or through some suitable intermediary) with a gas^thermometer, 
they enable us to define the thermodynamic scale as accurately as the gas thermo¬ 
meter observations permit, while at the same time allowing us to reproduce a 
practical scale to a higher order of accuracy. 

Such a practical scale is the International Temperature Scale, which was 
brought into being at the 7th Conference of Weights and Measures in 1927. As an 
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example of the distinction between accuracy and reproducibility—a distinction 
which is always foimd to take a pro mine nt place in temperature,measurement— 
we may take the case of the boiling-point of sulphur. A study of all gas-thermo¬ 
meter data available at that time showed that the boiling-point lay between 
444*50 and 444*60® C, and was almost certainly nearer the latter figure. By the 
use of a resistance thermometer, however, it is possible to reproduce the point to 
an accuracy of ± 0*005® 0. On the International Temperature Scale, therefore, 
the sulphur point was fixed at 444*60® C by definition, though it was admitted 
that the second decimal figure was not accurately known. By this means we have 
a scale which can be reproduced to within ±0*005® at different times and in 
different laboratories, and which is certainly in agreement with the thermodynamic 
scale to within ± 0 * 1 ®. Since that date, Blaisdell & Kaye ( 1941 ) have analysed all 
the published work on the subject, including recent experiments at the Massachu¬ 
setts Institute of Technology, and recommend a revision of the value to 444*7® C. 

Some idea of the way in which the accuracy of realization and the reproducibility 
of the thermodynamic centigrade scale vary over a wide range of temperatures is 
given in the following table. 


Absolute accuracy of realizoMon and reproducibility 
of the therrnodynmnic centigrade scale 


Temperature 

Accuracy of 
Bealizatioii 

Reproducibility 

Method 

-182*97 

±0*02 

±0*02 

resistance thermometer 

0 

— 

±0-0003 


100 

— 

± 0*003 


444*6 

±0*1 

± 0-005 


1063 

1 ±1 

±0*05 



* i 

±0*1 

thermocouple 

» 

i 

±0*2 

optical pyrometer 

2000 

! 1 

±2 

99 


The method by which the International Temperature Scale seeks to reproduce 
the thermodynamic centigrade scale is as follows. A range of fixed points which 
had been the subject of gas-thermometer measurement was selected. They were 
chosen so as to cover the temperature range from —182*97 (boiling-point of liquid 
oxygen) to 1063® C (melting-point of gold), and thence up to the highest tem¬ 
peratures by the use of an agreed value of the radiation constant C^, Between the 
fixed points the platinum-resistance thermometer and the platinum- 10 % rhodio- 
platinum thermocouple were chosen as interpolation instruments. The resistance 
thermometer was selected to cover the range —182*97 to 660® C. It is calibrated by 
the usual quadratic law based on the ice, steani *and sulphur points for tem¬ 
peratures above 0 ® C, while an extra calibration point at —182*97® C provides the 
additional term required to define the gas scale accurately below zero. 
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The platinum thermocoupleis used over the range 660 to 1063° C (melting-point 
of gold) and is calibrated by a quadratic equation through the gold, silver (960»5°C) 
and antimony (630*5° C) points. The antimony point is not a primary fixed point, 
and the value of the freezing-point of the particular specimen in use is determined 
by the resistance thermometer, thus ensuring continuity of the scale at this point. 
Unfortunately, however, the dividing point of the scale was fixed (for some reason 
which is not now clear) at 660° C. This has led to the curious result, pointed out 
by the Bureau of Standards at discussions on the revision of the scale which took 
place in 1939^ that the freezing-point of pure aluminium cannot be measured on 
the International Temperature Scale, If a determination of the freezing-point 
is made with a resistance thermometer, the value found is just in excess of 660° C, 
and thus falls within the domain of the thermocouple. If, then, a thermocouple 
determination is made, the value is found to be just below 660° C and should 
therefore be measured by the r^istance thermometer. The Bureau of Standards 
estimate that the discrepancy between the two parts of the scale is about 0-15° C, 
and in order to eliminate this difference, the 1939 meeting of the Cbmite Consul- 
tatif de Thermometrie* recommended that the scale should, in future, be divided 
at 630-5° C, the approximate value of the antimony point. The outbreak of war, 
however, made it impossible for the Conference on Weights and Measures to meet, 
and this recommendation has not been ratified. 

Above the gold point extrapolation is by means of a radiation scale using mono¬ 
chromatic light, and taking 1063° C as the melting-point of gold and 1-432 as the 
value of Cg in Wien’s equation. These two constants are sufhcient to define the scale* 

There are one or two points which may be mentioned in amplification of the 
figures given in the table, which refer to the results obtained by using the apparatus 
and following the technique laid down in the specification of the International 
Temperature Scale. 

It has been suggested (notably by the Physikalisch-Technische Reichsanstalt) 
that the triple point of water would provide a more reproducible fixed point than 
the normal freezing-point, but this proposal has not so far gained acceptance, as 
the view is held by some other workers that little is gained in accuracy to compensate 
for the loss in convenience. The value of the triple point is about 0-0098° 0, of 
which about 0*007° is accounted for by the change in pressure and the remainder 
by the absence of dissolved aic (the international specification calls for an air- 
saturated mixture of ice and water). 

It will be seen from the table that it is the steam-point which, almost alone, 
liniits the precision obtainable in the determination of the fundamental interval 
of a thermometer, though the extremely careful work carried out by Beattie and 
his collaborators ( 1935 - 6 ^ at the Massachusetts Institute of Technology has some¬ 
what altered this aspect of the problem. By using a closed system with an artificial 
atmosphere of helium in place of the usual open type of h 3 ?j^meter they were 
able to obtain a fourfold improvement in repix)ducibility—^somewhat better than 

* 1939, P.F. Com, int, Foids Mes, 
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± 0 * 001 '' C, By tlie use of the same technique they obtained a reproducibility of 
about ± 0 * 002 ^ C in the sulphur boiling-point. 

Variations in the amount of deuterium oxide present in the water will have an 
effect on both the freezing- and boiling-points. As far^as I have been able to ascer¬ 
tain, the maximum range of concentration which has been measured in water from 
natural sources is from 1 in 5600 to 1 in 8900. The melting- and boiling-points of 
DgO are ^ 3*8 and 101-42° G, so one arrives at an elevation of the freezing-point 
above that of pure H 2 O varying from 0*00043 to 0*00068° 0, with the corresponding 
figures of 0*00016 and 0*00025° C for the boiling-point. Evidently, then, heavy 
water need not worry us at the present stage of thermometric precision. 

When the International Temperature Seale was first adopted, there was no very 
reliable evidence as to how closely the resistance thermometer scale agreed with the 
thermodynamic scale in the region between 0 and 100 ° C where extremely high 
precision (of the order of 0 * 001 ° C) is frequently required. A thorough intercom- 
parison of resistance thermometers with a large number of mercury thermometers 
of the same construction as those used by Chappuis in his original intercomparison 
with the gas thermometer was therefore undertaken at the National Physical 
Laboratory (HaU 1930 ). This work established identity of the scales to within two 
or three thousandths of a degree over the range 0-50° C, while the discrepancies 
between 50 and 100 ° C certainly did not exceed 0 * 01 ° C and were probably a good 
deal less. It is not possible to be more precise, as Chappuis’s observations above 
50°C were confined to two temperatures only. Two pairs of observations were taken in 
chloroform vapour at 60° C and two pairs in alcohol Vapour at 78° C. At 60° C the 
overaU spread was 0*007° C, but there was a difference of 0 * 012 ° between the means 
of the two pairs of observations at 78° C. Giving weight to aU these observations 
leads to a difference between the international scale and the thermodynamic scale 
of 0*007° at 80° C. One pair of the observations at 78° C is quite consistent with 
the resistance thermometer scale, and if Chappuis’s equation is modified by 
ignoring the other pair of observations, then the difference is reduced to 0*003° 0. 

The question of the eventual elimination of the thermocouple as a standard 
interpolation instrument has been considered, and a certain amount of experimental 
work with* the resistance thermometer has been done at the gold point. Moser 
( 1930 ), at the Physikalisch-Technische Reichsanstalt, has obtained values ranging 
from 1061*92 to 1062*45° C, while some unpublished work carried out at the N.P.L. at 
about the same time led to provisional values in good agreement with the latter figure. 
The values found by CaUendar ( 1899 ) and by Heycock & NeviUe ( 1895 ) when corrected 
to a sulphur boiling-point of 444*60° C (instead of 444*53° 0), were 1061*2 and 
1062-2° C. Bearing in mind the fact that the platinum available at that time was far 
from pure by modern standards, the agreement with the recent work is remarkable. 

The intemationaUy accepted value of 1063° C for the gold point is based on the 
gas-thermometer observations of Holbom & Day ( 1900 ) and of Day & Sosman 
( 1911 ), which led to values of 1064 and 1062*4° C respectively. There is thus no 
justification for regarding the gold point as being known to a greater absolute 
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accuracy than ± 1° C, and therefore no evidence that the quadratic extrapolation 
of the platinum-thermometer equation from the sulphur boiling-point does not 
hold up to the gold point. If 444*70® C is adopted as the value of the sulphur boiling- 
point, as suggested by Blaisdell & Kaye, the platinum-thermometer values for 
the gold pomt are increased by 0*7® C, and the agreement with the gas thermometer 
is even better. In view of the importance of the gold point as the start of the radia¬ 
tion scale, however, it is necessary to assign to it a delBnite numerical value, and a 
small correction term would be necessary to bring the readings of all platinum 
thermometers to the same value at the gold point, should the platinum thermometer 
become the recognized means of interpolation up to that temperature. 

In using the radiation scale, one of the chief difficulties is to establish and verify 
the adequacy of suitable black-body conditions. Two methods are available for the 
optical pyrometer determination of the gold point (and also of the palladium point 
(1555®iP)—^a valuable secondary fixed point on the scale). One is the wire method, 
in which a short length of gold wire is used to complete the junction of a thermo¬ 
couple inside the black-body enclosure. A second couple is used to control the rate 
of heating of the furnace and to maintain the furnace steady at the melting-point 
after the melting-point of the wire has b^n determined by observing the arrest 
in the thermo-e.m.f. and ultimate rupture of the circuit. This method, however, 
is not capable of as high precision as the use of a small ingot in which a black-body 
enclosure is immersed. The chief problem is to secure uniform temperature con¬ 
ditions in the furnace, and this has been solved in a variety of ways, such as by the 
use of multiple windings with or without the additional precaution of enclosing 
the crucible or black-body enclosure in a metal block. A reproducibility of ± 0*2° C 
can be obtained at this point. This is equivalent to ± 0*6 at 2000® C, but in practice 
the reproducibility at the higher temperature is only about ± 2° C. The additional 
uncertainty arises from possible errors in the value of the mean effective wave¬ 
length to be used in comparing the brightnesses of 2000 and 1063® C and in the angl^ 
of the two sectors which have to be used in turn in order to effect the big reduction 
in brightness (about 1200 to 1), which is necessary to compare the two temperature. 

A measurement of the absolute value of a temperature above 1063® C on the 
thermodynamic scale by optical means, however, depends on an ateolute know¬ 
ledge of the gold point and of the constant in Wien's (or Planck’s) equation. 
An uncertainty of 1® at 1063® C is equivalent to 3® at 2000® C, and there is still 
the imcertainty in Cg to be considered. In 1927 the value of 1*432 cm.deg. was 
internationally adopted. In 1939 the Comite Consultatif agreed that this figure 
was rmdoubtedly too low, but decided not to change to the value of 1-436, which 
was then considered the most probable, on the grounds that the change was hardly 
significant and that it was better to defer the matter until it seemed improbable 
that the value would soon need to be changed again. Since then Bir^ ( 1941 ) has 
derived from atomic constants a value of 1-43848, to which he assigns an accuracy 
of ± 0 * 00084 . If, then, the uncertainty in C4 be taken as ± 0-003, one arrives at 
an additional uncertainty of ± 3° C in temperature at 2000® C, making a total of 
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± 6 ° C. Here, again, the reproducibility attainable with the practical instrument 
is superior to the accuracy with which the scale is known. 

The 1939 meeting of the Comite Consultatif de Thermometrie proposed that 
Planck’s law should be substituted for Wien’s law as the means of defimng the 
radiation section of the International Temperature Scale, thus enabling it to 
reproduce the thermodynamic scale to higher temperatures. This proposal, which 
has not yet been ratified, would only affect a temperature of 2000 ° C by 0*3° or 
3500° C by 0 * 7 °. At 5000° C, however, the difference is 17° and at 6000° C, 50°. 

Coming lastly to the most fundamental point, the absolute zero, the 1927 Con¬ 
ference did not attempt to relate the International Temperature Scale to the 
absolute scale, but only to the Centigrade thermodynamic scale. The position was 
reviewed by the Comite Consultatif in 1939 when the numerically lowest value 
considered was —273*144° C, obtained at Leiden, while the highest was a pro¬ 
visional value of .— 273*16 to —273*17° C relating to the work of Beattie, o| which 
the final result had not then been published. 

Considerable discussion took place as to the choice between —273*15 and 

— 273*16° C, and finally the Committee passed a resolution that, in their opinion, 
‘according to the experiments completed at the present time’, the most probable 
value was — 273*15 ± 0 * 02 ° C. Since that date, Beattie ( 1941 ) has given a figure of 

- 273*165 ± 0*015° C* 

An interesting suggestion was placed before the 1939 meeting on behalf of the 
National Research Council of the United States, to the effect that the scale should 
be based on the absolute zero and the ice point instead of on the ice point and the 
steam point, the position of the absolute zero being fixed so as to give the steam 
point a value of 100 * 000 ° C at the present time. In this way a change in the value 
of the absolute zero would alter the numerical value of any point on the scale 
except the ice point: that is, the steam point would, in future, be just as liable to 
alteration in value as any other fixed point on the scale. While it was admitted that 
‘this plan would offer advantages to the worker at very low temperatures, it was 
agreed that, while the position of the absolute zero was stiU uncertain in the second 
decimal place, the inconvenience to the metrologist (who would be faced with the 
prospect of appreciable changes in the temperature known as 20 ° C) would of itself 
make it inadvisable to adopt the suggestion at the present time. 

Finally, some mention may be made of the real need of industry for a tem¬ 
perature scale reproducible to the order of accuracy which has just been outlined. 
Mr Barrel! has mentioned above the need for an accuracy of one or two thousandths 
of a degree at 20 ° C in order to secure adequate precision in the length of the yard 
and metre, and two other examples will show how the Laboratory is being pressed 
in other parts of the scale. At temperatures up to about 100 ° C, the oil technologists 
are regularly demanding an accuracy of 0*005° C for the determination of kine¬ 
matic viscosity, while at high temperatures the steel industry is beginning to talk 
in terms of an accuracy of about 5° at 1600° C. The International Temperature 
Scale, therefore, has little enough in hand to satisfy modern industrial needs. 
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Electrical sta 2 ?'dards 
By L. Hart^hory 

Ideal units 

To the theoretical physicist electrical standards are entirely unnecessary. A 
standard of some kind is of course essential if numerical values of the various 
concepts are to have any meaning in terms of practical experience, but if standards 
of length, mass and time have been established, the theoretical physicist can define 
the unit for any electrical property by simply writing down an equation. The theory 
of electromagnetism plays so important a part in electrical practice that the theo¬ 
retical units derived in this way, by writing down the simplest possible sequence of 
equations that will cover the field under investigation, have long been recognized 
as an ideal system of units by both theoretical and practical men. Like many other 
ideals it was utterly impracticable when it was first conceived (by Weber in 1851 
following Gauss in 1838) and for long afterwards, and it says much for the idealism 
of the electrical world that it followed the recommendations of the B.A. Committee 
of 1862, and adopted the system for all classes of work, theoretical and practical. 
It is curious when w’e look back to note that the unit first realized, the B.A. ohm of 
1865, w^as in error by 1*3 %. The accuracy with which these theoretical units have 
been realized has, however, steadily improved down the years, and, although it has 
never kept pace with that of the most precise purely electrical work, the margin 
between the two is now so small that it is of no significance to anybody outside 
standardizing laboratories. An accuracy of 1 part per 100,000 has now been realized 
for all the more important electrical quantities. The present note outlines some of 
the more interesting metrological problems that have arisen in the course of this 
work. 

Practical standards 

The most precise purely electrical work mentioned above consists largely of 
measurements made by means of the Wheatstone bridge and its various modi¬ 
fications, and the potentiometer. These devices have now b^n brought to such a 
state of perfection that it is a fairly simple matter to compare resistances and 
standard cells with an accuracy of 1 part per million. It follows that with equip¬ 
ment of this kind, and various combinations of resistors and standard cells, 
measurements of resistance, voltage, current, power, quantity can all be made 
without much difficulty with an accuracy about ten tim^ as great as that with 
which the theoretical units are known. Moreover, modem resistors and standard 
cells appear to be stable over a period of at least a few years with something like 
the same accuracy, although this is a point not easily substantiated. It follows 
that if the highest possible precision at any one time were the chief requirement, 
the best we could do would be to adopt a selected group of resistors and standard 
cells as primary standards, i.e. on the same footing as the metre kilogram, and 
secondly, to relate aU other electrical measurements to them. This is, indeed, the 
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coarse followed in the standardizing laboratories. Each national laboratory sends 
repre^ntative coils and cells, with their estimated values in theoretical amts 
(or whatever other unit is called for in the current agreed international specifica¬ 
tion), to the International Bureau of Weights, and Measures, where they are com¬ 
pared, and as a result of the comparison ‘mean international amts are adopted 
with a precision of 1 part per million. In this way arbitrary units are accepted by 
the national laboratories for the purpose of securing the greatest possible degree 
of international uniformity, but the procedure ensures that the differences between 
these arbitrary units and the theoretical (or specified) umt are as small as it is 
possible to make them; for when awssigning their values the national laboratories 
take into account all the available evidence concerning the theoretical or other 
specified units. 

At the present time the specified units are the ‘international units’ defined by 
reference to a column of mercury and the silver voltameter, these umts having 
been adopted by the International Conference held in London in 1908, contrary 
to the opinions of the President, Lord Rayleigh, because the Conference as a whole 
could not be persuaded that the theoretical units were really practicable. 

Recent work has, however, shown that the theoretical units are now more prac¬ 
ticable than the specified units, and there is little doubt that the international ohm, 
ampere, etc., will soon be dropped in favour of the theoretical ohm, ampere, etc. 
The object of the pioneers, viz. strict consistency between theory and practice, 
will then have been achieved as far as is possible, though the arbitrary element in 
the toits employed at the standardizing laboratories is always likely to remain. 

Relations between electrical and mechanical quantities 

Returning now to the work that has proved beyond reasonable doubt that the 
theoretical units are practicable, note that the problem to be solved is to establish 
liTikft between the mechanical quantities that are measurable by reference to the 
standards of mass, length and time, and the various electrical quantities. In theory, 
the hr>k is energy which is common to the two systems, but unfortunately this 
quantity, in spite of its dominating importance in physical science, can only be 
measured by indirect and correspondingly inaccurate methods; and this link, 
introduced by Thomson (Kelvin) in 1862, is of no direct value in modem metro¬ 
logical practice. 

The links th^t would be of most value in practice are those directly connecting 
the three fundamental quantities length, mass and time with some electrical 
quantity. The simplest of such relations is that between time and frequency, a 
property of alternating currents, but this barely takes us into the electrical world. 
Length is directly linked to capacitance and inductance. Of these only the induct¬ 
ance link has been established with the accuracy now required, and the unit of in¬ 
ductance is therefore the starting-point of the theoretical system. Several electrical 
quantities, including resistance, can be measured in terms of inductance and 
fiequency by the technique of the a.c. bridge, but they are aU what the electrical 
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engineer calls "dead ’ quantities, mere ratios of the "live ’ quantities, and to complete 
the system we must have a link between a "live’ quantity and mass. There is no 
direct link with mass alone, but in the current balance there is a system in which 
current is related to force and the geometry of the circuits. It therefore gives a 
somewhat indirect link between current and mass, length and time, expressed by 
the equation _ _ > 

P=zmgD or P-y- =mg, 
az 

where I denotes current, m mass, g gravitational acceleration, and JD the dynamo¬ 
meter constant of the fixed and moving coils, which is a derivative of mutual 
inductance and directly linked with length. 

These few links are sufficient to determine the whole system of electrical 
and magnetic quantities: standard r^istors are calibrated in terms of mutual 
inductance and frequency, standard cells in terms of current and r^istanc^, and 
everj'thing else is measured by reference to those standards and the standard of 
inductance. 

Mechanical to electrical transfer standards 

The problem of establishing these links between the electrical and mechanical 
units consists essentially in constructing apparatus on which it is possible to make 
measurements of the highest precision of some electrical quantity and also of the 
mechanical quantities to which it is related by theory. It is necessary to satisfy 
at the same time the conditions for precise mechanical measurements, for precise 
electrical measurements, and those postulated in the theoretical equations. These 
are very severe conditions, and there is some excuse for those who hold that a 
system of units which was dependent on the realization of at least two such links 
was impracticable. For mechanical precision attention must be confined to 
materials that are sensibly rigid and of low temperature coefficient of expansion. 
For electrical precision only the best conductors and the best insulators must be 
used, and for theoretical precision there must be the closest possible approach to 
linear circuits of zero resistance in a medium that is perfectly non-conducting and 
non-magnetic. 

As is well known three such links have been established at the N.P.L., the 
Campbell standard of mutual inductance, the Ayrton-Jones current balance, 
and the Lorenz apparatus. A detailed consideration of the way in which the 
difficulties have been inet in each of these is beyond the scope of a short paper, 
but it may be noted that mutual inductance is a common factor in the three links, 
and it follows that the accuracy of the whole system of measurements tiams very 
largely on the accuracy with which inductors of suitable size and form can be 
constructed and measured. The main features of this side of the work will therefore 
be noted by way of illustrating its general character. 

The t 3 ?pe of construction employed in all this work at the N.P.L. is that of the 
single-layer solenoid, wound with thin bare copper wire under tension on a marble 
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cylinder. The tension in the wire ensures that the geometry of the coil is almost 
entirely determined hy that of the marble, this material having been chosen for 
its rigidity, low temperature coefl&cient of expansion (4-6 x 10"® per 1° 0), and 
tolerably good insulating and machining properties. Lord Rayleigh recently 
showed that the dimensional stability of marble is far from perfect, and its in¬ 
sulating properties may become poor owing to its hygroscopic character, but 
nevertheless under suitable conditions it has given satisfactory results, surpassed 
only by the most recent American work with cylinders of pyrex glass, the working 
of which is, of course, far more laborious. Accurately defined radial dimensions 
are automatically obtained by winding on to a cylindrical surface, but the axial 
dimensions of the coils are equally important, and the precise axial location of the 
wire is far more difi&cult. It becomes essential to fix the position of every turn of 
the coil by winding the wire in helical grooves cut into the sdrface of the marble 
cylinder. The machining of these grooves with the necessary precision is one of the 
most important steps in realizing the units. 

It is of the greatest importance that the finished coil shall have the highest 
possible degree of geometrical uniformity, not only because the theoretical formulae 
can only be applied to circuits of regular form, but also because only in such a case 
can the geometry of the circuit be completely specified by a finite number of 
measurements of length. In order to secure this uniformity, not only must the 
helical groove be uniform but the wire must be of uniform circular cross-section. 
One coil was found to show irregularities of diameter because the wire was of 
elliptical cross-section and the ellipse had rotated during the winding. In the most 
recent American work, the final drawing of the wire and winding of the coil were 
carried out in one operation, the wire passing through specially selected dies 
straight on to the cylinder. 

Corrections for departure from theoretical conditions 

Appreciable departures from uniformity are inevitable when dealing with a 
material like marble, and it is therefore necessary to make measurements of dia¬ 
meter and axial length for a very great number of pairs of points throughout the 
length of the helix, and to make allowance for the observed irregularities by making 
approximate calculations of the.effect of each and applying them as "corrections" 
to the theoretical formula for a uniform helix. The whole process of both measure¬ 
ment and calculation is very laborious, but quite straightforward: the various 
turns of the helix are regarded as equivalent to circles of a diameter and axial 
position equal to the' mean measured value for the corresponding portion of the 
helix. 

This non-uniformity of the helix is not the only feature in which some departure 
from the conditions postulated in the theory is inevitable, and in every instance the 
corresponding "correction" must be estimated and applied. Thus the wire although 
thin (0-6 mm. diameter) is not a linear conductor. As a first approximation one natur¬ 
ally regards the current as concentrated in the axis of the wire, but in some cases 
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this approximation is not close enough. In order to find a better it is necessary 
to know the distribution of current throughout the cross-section, and this is not 
known. If the wire is regarded as equivalent to a bundle of parallel filaments, 
allowance must be made for the fact that the outer ones will be longer than the 
inner ones, and therefore of higher resistance if the resistivity of the material is 
uniform over the cross-section of the wire. Thus tlffi outer filaments must be 
credited with less current than the inner ones so that the equivalent single filament 
is not in the axis of the wire. But here again an unjustifiable assumption has been 
made: the wire is under tension and the inner filaments are therefore compressed 
by pressure on to the marble, while the outer ones are stretched; the assumption 
of uniform resistivity is not justified. The best one can do here is to calculate the 
correction on the most plausible assumptions. Fortunately, the uncertainty is not 
large enough to be of any real consequence, though this effect of variable resistivity 
is believed to affect the temperature coefficient of the best American inductors. 
Such corrections are less important in mutual inductors than in self-inductors, 
because in the mutual inductance the uncertainty is confined to large quantities, 
the distances between the primary and secondary, while in the self-inductor it 
appears also in much smaller quantities, e.g. distance between adjacent turns. 

A correction must also be applied to allow for the fact that materials like marble 
and pyrex glass are not strictly non-magnetic. Marble is diamagnetic, its per¬ 
meability being about 10 parts per million less than unity, but since the cylinder 
is always hollow the 'medium’ is by no means all marble, and the ' correction’ for 
permeability only amounts to less than — 3 parts per million in practice. 

The effect of the fimte resistance of the coils must also be considered.* A definite 
voltage is required to drive the current against this resistance, and the coil possesses 
an electric field, as well as the magnetic field, in terms of which the theoretical 
units are defined. This field may give rise to attractive forces in the current balance 
or to induced voltage in the Lorenz apparatus, or to 'capacitance effects’ when an 
inductor is used with a.c. These effects can usually be made negligible by a suitable 
choice of the electrical conditions, e.g. the potential distribution with respect to earth, 
or the frequency of the a.c,, which must be kept sufficiently low; 10 cyc./sed. is usual. 

Conclusion 

This very brief survey is sufficient to show the complexity of the problems that 
have arisen in attempts to approximate as closely as possible to an ideal system 
of electrical units. So many disturbing factors are discovered in any one piece of 
apparatus that one is always asking how many have been missed. It is a melan¬ 
choly historical fact that the experimenter’s estimate of his 'probable error’ is 
almost invariably far less than his actual error proves to be. There is, however, 
one good criterion ^f accuracy. If observers in different countries get consistent 
results for the same quantities by different methods of measurement, then they 
must have realized the same system of units, and it is but reasonable to suppose 
it is the one they were both lookiug for. 
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All the determinations of the ohm and the ampere that have been published 
from 1870 to the present time are summarized in figures 3 and 4 . They have, as 
far as possible, been reduced to common bases by reference to the surveys given by 



YEAR 


PiGXTBE 3. Determinations of the ohm. Only one author is named for each determination; 
the symbol following a name means that there were collaborators. For furthea* 
details see Smith (1922) and Curtis (1944), Two values are marked ‘Gruneisen 
they indicate an uncertainty in the value of the international ohm used by these 
observers. 

Smith (1922) in Glazebrook’s Dictionary of Applied Physics, vol. 2 and by Curtis 
(1944). These charts illiistrate well for both the ohm and the ampere the steady 
approach to definite values that are consistent with all the observations made by 
a9 the methods within what may reasonably be regarded as their limits of error. 
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There is good reason to believe that the points in double rings obtained in the most 
recent measurements at the N.P.L. and N.B.S. represent the most accurate deter¬ 
minations, and it is seen that these deviate Jfrom the fin al value marked on the 
charts by little more than 1 part in 100,000. The maximum deviation of the three 
values for the ampere is only 4 parts per million, and of the four values for the 



Figxjbe 4 . Determinations of the ampere. The symbol following a name has the same 
meaning as in figure 3 . For farther details see Smith (1922} and Curtis {1944). 

ohm only 12 parts per million. It is exceedingly improbable that any of these 
results are significant to 1 part per million, and there is no reason to suppose that 
the ampere is known with greater certainty than the ohm. It may, however, be 
concluded that the uncertainty in both values is approximately 1 part per 100,000, 
or about one-tenth of the smallest amount that is significant in industrial measure¬ 
ments. 
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The agcelekation due to gravity 
By J. S. Clark 

Most determinations of the acceleration due to gravity are relative measurements, 
the resulting values of g being made to depend on some one reliable determination 
of the absolute value. The relative values of gr in such a system are in general 
more accurate than the computed absolute values. 

The values of g at two stations are usually compared by swinging a pair of 
so-called ‘invariable’ pendulums in each of the stations in turn. At each station, 
the two pendulums, which usually have semi-periods of about half a second, are 
set swinging in opposite phases so as to eliminate the effect of the motion of the 
support on which the pendulums are swung. Other methods of comparing the 
values of g at two stations have been used, but the above method is the one most 
generally employed, and is capable of giving an accuracy of about one part in a 
million. 

Only a very few absolute determinations of g have been made in recent times, 
and the method used in each case was essentially that of the Kater ‘reversible’ 
pendulum, wherein the pendulum was adjusted until its period of oscillation about 
one of two alternative points of support was made very closely equal to its period 
about the other point of support when the pendulum was reversed end for end. 
The points of support may be knife-edges attached to the pendulum (as in the 
original Kater pendulum) or planes attached to the pendulum, the knife-edge 
being on the support. In either case, the length of the equivalent simple pen¬ 
dulum depends on the distance between the two points of support. 

The accuracy of determination of the absolute value of g by the reversible pen¬ 
dulum method is inferior to that of relative determinations because, in addition to 
the corrections which also have to be applied to the observed periods of the in¬ 
variable pendulums, there are a number of corrections peculiar to the reversible 
pendulum which are difficult to estimate with precision. These arise from the 
flexure of the pendulum itself, and from the fact that the pendulum does not oscil¬ 
late about a geometrical point, but swings about a material knife-edge in contact 
with a plane surface. The knife-edge usually has a small, but finite, radius of 
curvature, and it undoubtedly suffers deformation under load. It is likely that the 
principal cause of * uncertainty in the results obtained by means of reversible 
pendulums is due to the use of knife-edges. 

Since 1909, the accepted international base for gravity measurements has been 
Potsdam. The accepted value, 981-274 cm./sec./sec., is the result of an absolute 
determination made by Kuhnen & Purtwangler ( 1906 ) in the ‘Pendelsaal’ at the 
Konigliche Preussische Geodatische Lastitut in Potsdam, and described by them 
in 1906. It corresponds with the value 981-275 cm./sec./sec. for the ‘Ostkeller’ 
of the Geodetic Institute. 

Recent absolute determinations of g indicate that the Potsdam value is too large. 
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In 1936, Heyl & Cook pubKshed the result of an absolute determination made at 
the National Bureau of Standards, Washington, viz. 980*080 + 0*003 cm./sec./sec. 
This result is 0*020 cm./sec./sec. lower than the value derived from the Potsdam 
value by means of a direct connexion between the two stations made in 1933 by 
Brown ( 1936 ) of the United States Coast and Geodetic Survey. 

In 1939, the author published the result of an absolute determination made at 
the N.P.L., viz. OSl-lSlg + O-OOlg cm./sec./sec. This result is 0*0138 cm./sec./sec. 
lower than the value derived from the Potsdam value by means of number of 
transfer measurements adjusted by Bullard & Jolly in 1937. 

In 1940, Browne & Bullard published the results of direct intercomparisons 
made between the N.P.L., Teddington, and the N.B.S., Washington. These relative 
measurements gave the difference 

gr(Teddington)«-^(Washington) = 1*0969 cm./sec./sec., 

the difference between the two absolute determinations being 1*1015 cm./sec./sec. 

In 1942, Dryden published the results of his analysis of the corrections which 
Kiihnen & Furtwangler applied in the course of their original Potsdam deter¬ 
mination. He suggested that the systematic errors present in the individual Pots¬ 
dam determinations arose from other causes than those discussed by them, and 
that in the absence of further knowledge these errors should be considered as of 
a random nature, in which case a straight mean value, about 12 parts in a miUion 
lower than the value adopted by Kiihnen & Furtwangler, would better represent 
the true value of g at Potsdam. 

The following figures summarize the above absolute and relative determinations: 


- --——-^ 

! 

(A) Potsdam (amended by Dryden) = 981*262 

Residuals 

0*0025 

(B) N.B.S. (Heyl & Cook) = 980-080 

0*003 

(C) N.P.L. (Clark) = 981*1815 

O-OOOs 

A-B (E. J. Brown) = +1*174 

0*0025 

B-C (Browne & Bullard) = — 1*0909 

O-OOli 

C-A (Bullard & Jolly 1936 ) = — O-OTSy 

0*0002 


The least-square solution of these six results gives 

A (Potsdam) = 981*259g cm./sec./sec. 

B (N.B.S.) = 980*083 

C(N.P.L.) =981-181 

from which the residuals quoted above have been calculated. Using the original 
(Kiilmen & Furtwangler) Potsdam value 981-274, the least-square solution gives 


1 

Residuals 

i Potsdam 981-2655 

0*0085 

1 N.B.S. 980-086 

0*006 

N.P.L. 981-184 
-! 

0*0025 
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No attempt has been made to weight the individual results contributing to these 
calculations. There would be obvious difficulty in doing so, and the smallness of 
the residuals indicates that no important change in the calculated values would 
be likely to result from any reasonable degree of weighting that might be sug¬ 
gested. 

According to Dryden ( 1942 ), the Sub-Committee on Gravity of the National 
Research Council Committee on Fundamental Physical Constants has recommended 
a reduction of values in the Potsdam system by 17 parts in a million in those 
eases where the most precise absolute values are desiced. The above analysis, 
however, supports the view that values in the Potsdam system should all be 
reduced by 0-0145 cm./sec./sec. to give the closest approximation to the absolute 
values. 

It seems unlikely that any future absolute measurements made with reversible 
pendulums will lead to appreciable improvement in accuracy, despite the very 
high precision with which measurements of length and time can now be made. 
There is, however, at least one other possible method of determining g absolutely, 
which does not involve the corrections associated with the use of a pendulum and 
knife-edges, and that is by observmg the time of free fall of a body in vacuo. 

Standard gravity 

For certaiu purposes, e.g. the measurement of barometric height, which varies 
with the acceleration due to gravity, the need for relating the results to some 
gravity standard has long been recognized. OrigiaaUy this standard was taken to 
be gravity in latitude 45°, at mean sea-level. No particular value of gravity was at 
first associated with this standard, and the reduction of results on this basis was 
made by means of simple theoretical formulae providing for changes of gravity 
with latitude and altitude. Later, when the need arose for associating a particular 
value with the gravity standard, the value 980-665 cm./sec./sec. was accepted by 
the Third International Conference for Weights and Measures in 1901.* This 
value was subsequently found to be- somewhat too high, but it was deliberately 
retained by the Fifth International Conference in 1913 as the value of standard 
gravity for reference purposes, and was thereby given a conventional status 
ffistinct from the or^al conception of standard gravity. The same value was used 
in ^e definition of the standard atmospheric pressure to which boiling-points on 
the International Temperature Scale are referred.f 

A different view of standard gravity, however, was taken in regard to meteoro¬ 
logical work under the auspices of the International Meteorological Committee, and 
the geophysical basis, viz. gravity in latitude 45° at mean sea-level, was retained. 
Associated with this is the rounded value 980-62 cm./sec./see.$ 

* 1901, OJ?. Srd Conf. Q6n. Poids Mes. 

t 1927, CJt. 1th Cm). Gin. Poids Mes.; 1933, C.B. SOt Gonf. G6n. Poids Mes. 

Internationale, no. 45, Comm. M4t. int. Eroc.-verb. BerUn, 

1939. Lausanne, 1941, p. 75. 
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The concurrent use of two difFesrent conceptions of standard gravity, each sup¬ 
ported by the authority of an international organization, is unsatisfactory and is a 
cause of confusion which should be eliminated. The whole subject of gravity in 
its bearing on geodesy, physics, meteorology, etc., needs to be reviewed with due 
regard to changes which now appear necessary in the absolute basis of gravity. 

The barometric standard 
By F. a. Goudd 

Fundamental considerations 

In connexion with the establishment of some of the standards discussed in other 
papers of this series, an accurate knowledge of atmospheric pressure is necessary. 
Examples of this may be found in the determination of the steam point and other 
basic points on the international temperature scale; also in the determination of 
air density in connexion with certain precision weighings. The mercury barometer 
provides the most accurate means, of determining atmospheric pressure. Baro¬ 
meter scales were originally graduated in units of length, and the process of deter¬ 
mining pressure consisted, in principle, of two stages, viz. 

(i) the determination of the true height of the mercury column from the scale 
reading, and 

(ii) the translation of that height into a conventional pressure unit. 

The first stage is largely a matter of instrumental convention and technique, 
which wiU be considered in a later section of this paper. In the second stage it is 
evident that if the density of mercury and the value of gravity in the vicinity 
of the barometer are known, the pressure can be expressed in absolute units, 
e.g. dynes/sq.cm., in accordance with the fundamental hydrostatic equation: 
p = hpg. Further, the scale can be graduated in units of length so chosen that the 
reading taken under specified conditions of temperature and gravity is identical 
with the pressure expressed in absolute units. In effect, such a scale would represent 
the result of multiplication of the three quantities, h, p and gr, in the hydrostatic 
equation. This principle is adopted in the graduation of the 'millibar’ scale 
(1 millibar = 1000 djmes/sqlcm.). 

Apart from the millibar, which is of comparatively recent introduction, the 
conventional pressure unit adopted is a column of mercury of unit length (inch or 
millimetre) measured at 32° F (0° C) and subject to standard gravity. 

The use of this reference temperature follows a long-established practice, but 
there are, unfortunately, two conceptions of standard gravity, each supported by 
the authority of an international organization.* The International Meteorological 
Committee retain the original conception of standard gravity, i.e, gravity at mean 
sea-level in latitude 45°, and now associate with it the value 980*62 cm./sec./sec, 
* See ‘The acceleration due to gravity’ in this series of papers. 
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On the other hand, the International Conference for Weights and Measures has 
defined standard gravity as being equal to 980’665 cm./soc./sec., regarding it as a 
conventional reference standard distinct fcom. the original geophysical conception. 
This value is used by physicists, chemists and engineers generally in work of high 
precision carried out in this country. In addition, the International Conference for 
Weights and Measures* has defined standard atmospheric pressure as the pressure 
exerted by a column of mercury, 760 mm. high, and of* density 13*5951 g./c.c., 
subject to an acceleration of 980*665 cm./sec./sec. due to gravity. This definition 
is followed in precision pressure measurements made in the determination of 
physical standards and constants. 

Fundamental standard barometers 

(a) Early history. For many years the standardization of barometers was 
carried out at Kew Observatory where there were two mercury barometers, both 
having tubes of large diameter and designed to be read by cathetometer. These 
were installed between 1855 and 1860, and served as the fundamental standards of 
the Observatory. In 1912, when barometer testing was transferred to the N.P.L., 
the two standards remained at Kew, and a Fortin type barometer, having a tube 
of internal diameter 19 mm., was used as the principal reference standard at the 

■ Laboratory pending the design and construction of a new primary standard baro¬ 
meter, to be installed at Teddington. The Fortin barometer was compared with the 
Kew standards before being put into service and was subsequently standardized 
occasionally ficom fibrst principles at Teddington. It was later compared with the 
new primary standard barometer, which was installed at the N.P.L. in 1931. 

During the interval, 1912-31, the Fortin barometer remained in exceptionally 
good condition without need of overhaul, and no appreciable change in its error 
was found. A high degree of accuracy was attained in the maintenance of a baro¬ 
metric standard in rather difficult circumstances, and ho appreciable discon¬ 
tinuity was introduced by the use of different standard-barometers in 1912 and 1931. 

(b) Primary Standard Barometer at the N.P.L. In this barometer a departure 
has been made from the usual conception of an instrument based on the use of a glass 
barometer tube containing the mercury column (see figure 5, plate 6). Instead of glass, 
a block of stainless steel is used, suitably bored to take the barometric column of 
mercury, which is of large diameter at the top and bottom, where the mercury 
surfaces are viewed through optically flat and parallel glass windows sealed to the 
body of the barometer. Provision is made for the vacuum space above the mercury 
column to be renewed, as required, by a suitable pumping system. The measure¬ 
ment of the length of the column is referred to a line-standard of length mounted 
vertically near the colu mn , and is made by means of a vertical comparator which 
carries a pair of micrometer microscopes disposed one above the other. The com¬ 
parator can be traversed so that the microscopes are brought opposite either to the 
mercury surfaces or to the line-standard as required. 

* 1927 szid. 1933, OB. Ootif, Gen. Poids Udes, 
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The steel body of the barometer is also bored vertically to take a mercury 
thermometer having a bulb which is adjacent to and extends over the whole length 
of the barometric column. This thermometer, being immersed in mercury and 
surrounded by the same mass of steel as the barometric column, records very 
closely the mean temperature of the latter. The reader is referred to the original 
account (Sears & Clark 1933 ) instrument for further details, including the 

optical system for reading the position of each mercury surface. 

(c) Reduction of measurements. The first stage in the determination of pressure 
with this barometer is the measurement of the true height of the mercury column 
at the prevailing temperature, which can he controlled thermostatically. The 
height is then corrected to give the equivalent height of the column at 0® C. The 
coefficient of thermal expansion of mercury which is used for this purpose is suffi¬ 
ciently well established to provide for this correction without any appreciable loss 
in accuracy.* Further, to express the pressure in terms of a column of mercury 
at 0° C and under standard gravity 980-665 cm./sec./sec., the height of the column 
at 0® 0 is multiphed by the ratio of gravity at the N.P.L. to standard gravity, i.e. 
^ 98M8I5 

980-665 ■ 

Alternatively, if the pressure is desired in dynes/sq.cm., the height of the column, 
reduced to 0° C but subject to gravity at the N.P.L., is multiplied by the density 
of mercury at 0° G, which is taken to be 13-5951 g./c.c., and also by the value of 
gravity at the N.P.L., viz. 981-1815 cm./sec./sec. 

{d) Accuracy, It is estimated that under reasonably steady conditions the 
barometric height can be determined to an order of accuracy of ± 0-002 mm., viz. 
to 1 part in 400,000 approximately. The accuracy associated with the absolute 
determination of gravity made at the N.P.L. in 1937 is +0-0015 cm./sec./sec., 
(Clark 1939 ), corresponding to 1 part in 700,000. So far, however, the density of 
the mercury used in this barometer has not been ascertained, and this is the chief 
cause of uncertainty in the determination of pressure. The ordinary method of 
purifying mercury by distillation under reduced pressure results in a partial 
separation of its isotopes. For this reason the densities of different specimens of 
mercury vary slightly according to their history. The evidence available from 
relative and absolute density determinations suggests that the density of mercury 
should not be regarded as constant to closer than ± 1 part in about 150,000 of 
the mean value 13-5951 g./c.c. assumed. When due allowance for all sources of 
error has been made, it is considered that an accuracy of ± 1 part in 100,000 is 
attained in the determination of the atmospheric pressure with the Primary 
Standard Barometer. 

Secondary standard and other mercury barometers 

(a) Usual types. There are numerous varieties of design of mercury barometers, 
and these vary considerably in different countries. It is proposed here to refer 
* See, for example, Froc, Armr. Acad, Arts Sci. 74, 371,1941. 
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briefly to two general types of barometers which have long been in use in this 
country, viz. the !Fortin and Elew types. In the Fortin barometer, settings are 
made at the lower and upper mercury surfaces. For the former, a fiducial point 
fixed in the ceiling of the cistern serves as the zero to which the mercury surface is 
brought through the agency of Fortin’s leather bag and an adjusting screw. The 
level of the top of the barometric column is determined by a setting with a cursor 
carrying a vernier which is read against the scale of the instrument. In the Kew 
barometer only a single setting is required, viz. at the top of the column, this being 
effected as in the Fortin barometer. To compensate for changes in level of the mer¬ 
cury in the cistern, the scale is contracted uniformly. The amount of contraction 
depends on the diameters of the tube and cistern. 

Of the two types, the Fortin barometer is often preferred as an observatory or 
laboratory standard, but the Kew barometer is much more widely used for general 
purposes owing to its greater simplicity of design. For high accuracy, the tubes of 
barometers should be of large diameter. Small tubes are used where portability is 
of greater importance. 

(6) Scale units and conventions employed. The scales of barometers of the Fortin 
and Kew types are normally graduated on brass. The inch scale of a mercury 
barometer is nominally correct at the temperature 62° F associated with the 
definition of the Imperial Standard Yard. Under this convention the scale mea¬ 
sures correctly in inches the current length of the mercury column when the 
temperature of the barometer is 62° F.* The convention is applied to all inch 
barometers, irr^pective of their type. Thus the readings of all inch barometers 
should agree at 62° F. 

In conformity with the temperature 0° C at which the international metre is 
defined, the millim etre scale of a mercury barometer measures correctly in milli¬ 
metres the length of the mercury column when the temperature of the barometer 
is 0° C, Accordingly, the readings of all millimetre barometers should agree at 0° C. 

The mil l ib ar scale is employed almost exclusively for meteorological purposes, 
and the current conditions underlying its use were formulated by the Meteoro¬ 
logical Office in 1914. The scale is so graduated that its reading gives the pressure 
correctly m millibars when the barometer is at a temperature of 285° A (12° C),t 
and is at mean sea-level in latitude 45°. 

It is unfortunate that the conventions governing the graduation of the inch, 
metric and m il h bar scales lack uniformity. This causes some confusion in the 
correlation of corresponding readings on the scales and also in their reduction; and 
renders it difficult to prescribe for a fourth scale, viz. a scale of altitudes, which is 

* Effect of capillary action. In practice, barometers are adjusted to agree ultimately with 
a f i i ndam enW standard instrument in which the effect of capillary action is negligible. This 
adjustment involves a slight displacement of the ‘zero ’ of the scale, so that the reading corre¬ 
sponds, not to the length of the actual mercury column, but to the length which the column 
would have in the absence of capillarity. 

t For meteorological purposes, temperatures expressed in ° A are derived from temperatures 
measured in ®C by adding 273®. 
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used on one type of long-range barometer. Consideration should therefore be • 
given to the possibility of simplifying the current system of scale conventions. 

(c) The testing of mercury barometers. The testing of mercury barometers is 
undertaken at the N.P.L., where they are compared directly with a secondary 
standard of the Laboratory. The standard used for this purpose, a long-range 
instrument of appropriate design, is compared as required with the Primary Stan¬ 
dard Barometer at the prevailing atmospheric pressure. This comparison is supple¬ 
mented by others made fro.m first principles, using as basis a barometric column 
in a large-bore^tube in which the mercury levels are read with a cathetometer. 
It is estimated that an accuracy of ± 0*03 mm. is attained in the determination of 
the errors of *the secondary standard. 

In the routine tests, mercury barometers are set up in a large airtight chamber 
in which five instruments of ordinary design are compared with the secondary 
standard at the same temperature and pressure. The pressure in the chamber is 
set and controlled barostatically at any value in the range required, and the 
settings on the barometers are effected by suitable controls from outside the 
chamber, enabling the barometers to be read in the usual manner by means of their 
cursors and verniers. An accuracy of the order ±0*1 mm. is attained in the stan¬ 
dardization of barometers whose design admits of this precision. In many instru¬ 
ments, particularly those having tubes of small diameter in which the amount of 
capillary action is both considerable and variable, the accuracy attainable cannot 
be guaranteed to closer than ±0-2*mm., or even ±0*3 mm. 

(d) Beduction of barometric readings. The term reduction’ relating to baro¬ 

metric readings is normally understood to cover the corrections which have to be 
applied to the readings in order to express the pressure in some conventional form, 
either in absolute pressure units or in terms of a column of mercury measured 
under specified conditions of temperature and gravity. If the latter form of expres¬ 
sion is chosen, it is important that these conditions should be clearly stated. For 
example, the definition of the gallon lacks precision on account of th^ omission to 
state the conditions.* * 

In the more precise determinations the reduction is made from first principles 
with due allowance for errors in measuring the height of the column, for its tem¬ 
perature, and for the value of gravity at the station where the barometer is read. 
So far as the temperature reduction is concerned, the Fortin and Kew types of 
barometer have a somewhat different temperature coefficient. To avoid misunder¬ 
standing, the appropriate reduction formulae for the respective types are given in 
the certificates issued for barometers tested at the N.P.L. unless provision for 
effecting the reduction is otherwise made. If the value of gravity at the station is 
not known it can be assessed to a reasonably good approximation, in general, by 
reference to International Critical Tables,^ With this information the equivalent 
height of the column under ‘standard’ gravity can readily be computed. 

* See ‘ The measurement of volume ’ in this seri^ of papers. 

t InterruLtiovial Griticcd Tables^ 1, 401. New York and-London: McGraw-Hill. 
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For ordinary piirposes published tables of temperature and gravity reductions 
are available.* These lack satisfactory provision for the temperature reduction of 
Kew barometer readings in inches and millimetres, and are confusing in regard to 
the two different conceptions of standard gravity employed. More comprehensive 
reduction tables for inch and millimetre barometers are needed, but before these 
can be prepared the whole subject of gravity values needs reconsideration with 
due regard to changes which now appear necessary in the absolute basis of measure¬ 
ment of gravity, t 

• Note. The scope of this paper has been restricted to determinations of pressure 
covering broadly the whole natural range of atmospheric pressures and based on 
the mercury barometer as standard. For the measurement of pressures of a higher 
order of magnitude, pressure gauges are ordinarily employed. These are stan¬ 
dardized by dete rmi n ing the pressure applied by a piston loaded with known 
weights. Pressure gauges of all ranges up to 12 tons/sq.in. are tested bn this basis 
at the N.P.L, to an accuracy lying within ± 1 part in 2000. 


The MEASTJitEMENT OF VOLUME 


By Verney Stott 

Units oj volume 

There are two kinds of units of volume, those directly derived from the corre¬ 
sponding unit of length, and those defined in terms of the volume occupied, under 
specified conditions, by a definite mass of water. In any system of units, once the 
fundamental unit of length has been defined, a hypothetical cube with edges of unit 
length clearly becomes a unit of volume. For practical purposes, however, hollow 
vessels are very convenient, and have long been used for measuring volumes of 
liquid, but to determine their capacity from linear measurements is not nearly so 
simple as to determine the weight of water required to fill them. Consequently 
umts of volume came into existence defined in terms of the space occupied by a 
definite mass of water under specified conditions. The two types of unjt are defined 

independently and the relation between them is a matter of experimental deter¬ 
mination. 

In the older systems of units there is no simple numerical relation between the 
two types. For example, the number of gallons in a cubic foot is not a whole 
number. In the metric system an attempt was made to link the two types of unit 
m a simple manner through the definition of the kilogram, and was achieved to a 
high degree of accuracy, but, as will be seen in the next section, even in the metric 
system the two types of unit are now defined separately and the relation between 
them is one based on experiment. 


London: Meteorological Office; Smithsonian 
To61e«. Washington; Smithsonian Institute. 

T See The acceleration due to gravity’ in this series of papers. 



A discussion on units and sta 7 idards 201 

Metric units 

The founders of the metric system sought to ensure a simple numerical relation¬ 
ship between the two types of unit by defining the kilogram as the mass of a 
quantity of water occupying 1 dm.^ at its temperature of maximum density^. 
Since, however, a cubic decimetre of water is manifestlyr unsuitable as a standard of 
mass, practical realization of the object in view necessitated making a standard of 
mass, of suitable material, strictly confo rmin g to the above definition of the 
kilogram. The original Kilogramme des Archives was accepted as fulfilling this 
condition, and the litre, the volume of a kilogram of water at its temperature of 
maximum density, was regarded as equal to the cubic decimetre. Subsequently, 
however, the original definition of the kilogram was abandoned because doubt had 
arisen as to whether the Kilogramme des Archives did conform precisely to that 
definition, and the kilogram is now simply the mass of the International Prototype 
Ealogram. 

The litre was separately defined* as being the volume occupied by a mass of 
1 kg. of pure water at its temperature of maximum density and under a pressure of 
1 atm. The reference to atmospheric pressure was introduced because water is 
slightly compressible. For pressures in the neighbourhood of 1 atm. and at 
ordinary room temperature a change in pressure of 1 mm. of mercury causes a 
change in volume of 0*000066 ml./l. Since the litre is defined on a mass basis, the 
buoyancy effect of the air will always result in the apparent weight in air of 11. 
of water being less than 1 kg. For example, against weights of density 8*4 g./ml. 
and in air of density 0*0012 g./ml., the weight of the quantity of water of temperature 
4° C which occupies 11. at that temperature (and hence has a mass of 1 kg.) is 
998*943 g. At higher temperatures the weight will be still less owing to the decrease 
in density of the water. For example, under the same conditions of weighing as 
above, the weight of a quantity of water of temperature 20® C and occupying 11. at 
that temperature is 997*176 g. 

The present definitions of the kilogram and the litre contain no reference to the 
cubic decimetre, and when the litre was redefined arrangements were made for the 
accurate determination of the relation between the litre and the cubic decimetre. 
Three separate determinations were made.f The principle of each method was to 
determine by linear measurements the volumes of bodies of simple geometrical 
form and then to determine the mass of water displaced by the bodies by weighing 
them first in air and then in water. The methods differed only in the means em¬ 
ployed to determine the linear dimensions. Guillaume used three hoUow bronze 
cylinders, closed at the ends, of volumes approximately 780,1300 and 2000 cm.^ and 
having diameters approximately 10, 12 and 14 cm. respectively and detfermined 
their dimensions by mechanical means. Chappuis used three glass cubes of 4, 5 
and 6 cm. edge and employed a Michelson interferometer to measure the distances 
between the faces. The third determination’was made by De Lepinay, Buisson and 

* See Trav, Bur. Int. Poids Mes* 12 ( 1902 ). 

t See Trav. Bur. Int. Poids Mes. 14 ( 1910 ). 
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Benoit using two quartz cubes of 4 and 5 cm. edge. They also utilized an inter¬ 
ference method to determine the separation of the faces of the cubes but one 
diffeiing from that employed by Chappuis. The final means of the individual 
determinations were: 

using bronze cylinders 11. = 1000-029 cm.®, 
using glass cubes 11. = 1000-026 cm.®, 

using quartz cubes 11. = 1000-027 cm.®, 

and the value finally accepted on the basis of all the results was • 


11. = 1000-027 cm.® 

It is a tribute to the skill with which the Kilogramme des Archives was constructed 
in the eighteenth century that the litre approximates so closely to the cubic 
decimetre. 

The difference in magnitude between the litre and the cubic decimetre and 
consequently between the.mfihlitre and the cubic centimetre may often be ignored 
in comparison with the accuracy desired in a determination,, but the distinction 
between the units should be clearly borne in mind and the difference taken into 
account when necessary. For example, densities expressed in g./ml. will differ 
numerically by approximately 3 parts in 100,000 from the same densities expressed 
in g./cm.®, and so when densities of liquids are given to five decimal places the results 
expressed in g./ml. and those expressed in g./cm.® wiU differ significantly in the fifth 
place. 

To avoid much of the confusion which exists at present,'it would be an advantage 
to express density—mass per unit volume—in g./ml. on aU occasions, not only 
beca^ of the difference just noted but also as affording a much better basis than 
sp^mo gravity. This view is gaining acceptance; for example, density expressed in 
g./^. IS used throughout the Interruaional Critical Tables, and British Standard 
hydrometers are adjusted to indicate density in g./ml. at 20° 0. 

At one time confusion existed with volumetric glassware because some vessels 
were marked ‘c.e. ’ although the unit used was the volume of a quantity of water 
having an apparent weight in air of 1 g. It has been stated previously that 11. of 
water of tejnperature 20° 0 has a weight in air of 997-176 g., so that a ‘ 1000 c.c. ’ 
vessel containing water of temperature 20° C having a weight in air of 1 kg. would 
e ne^ y 3 ml. greater in capacity than one containing either 1000 cm.® or 1000 ml 
a^O C. Volumetric glassware, however, is now calibrated in terms of the miUi- 
htre, marked ml.’ and also with the standard temperature 20° C; with such glass¬ 
ware no confusion can arise. ■ ° 

Imperial units 

The gaUon is the same type of unit as the litre. It is the volume of ten Imperial 
standard pounds of disfflled water weighed in air ’against brass weights with the 
wa^ and the air at the temperature of sfrty-two degrees on Fahrenheit’s thermd- 
meter and with the barometer at 30 in. ’ (§ 16, Weights and Measures Act, 1878). 
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The definition does not give precisely the conditions of weighing, and the Board of 
Trade assumes values of 0*00121698 g./ml. for the density of air and ^8*143 g./ml. for. 
the density of the brass weights to define the conditions under which 1 gal. of 
water of temperature 62° F has a weight of 10 lb. On this basis the gallon is 
equivalent to 4*545961. For conversion to units based on the Imperial units of 
length the relation 1 gal. = 277*42 cu.in. may be used.* 

Heavy water 

Prior to the discovery of isotopes, distilled water was regarded as a perfectly 
definite and homogeneous substance, and this assumption is implicit in the 
definitions of the litre and of the gallon. The average ratio of Dg to Hg in water is 
1 to 6500, and if a sample of water contained Dg in this ratio the complete removal 
of the Dg would decrease the density by 17 parts in a million (Dorsey 1940). The 
variation in the Dg content of ordinary distilled water is considerably less than that 
corresponding to the complete removal of Dg, and the lack of precision in the 
definition of the litre, in the light of the discovery of isotopes, is not likely to cause 
any practical difficulty in the measurement of volume. 

Values of the density of water have, however, been published giving seven 
significant figures, e.g. to take only the values at one particular temperature firom 
the tables, 0*9982336 g./ml. at 20° C (Chappuis as recalculated by the National 
Bureau of Standards (Tilton & Taylor 1937)) and 0*9982303 g./ml. at 20° C (Thiesen, 
Scheel & Dieselhorst 1900). The difference between these two values exceeds 3 parts 
in a million. The density of ‘pure’ water is therefore not known accurately to 
seven places of decimals, and the isotopic constitution would have to be taken into 
account in any attempt to establish the density to this degree of accuracy. 

Volumetric measurements 

Measurements of volume at the National Physical Laboratory have been mainly 
concerned with the verification of volumetric glassware. There is a great variety of 
such apparatus, some of which is Kmited in use to specific purposes, e.g. butyro- 
meters, haemacytometer dilution pipettes, etc. The following details of the 
accuracy of certification offered for certain simple types of apparatus in general use 
serve to indicate the precision of measurement attainable in practice. 


T 3 q>e of Apparatus 

Total Capacity 
(ml.) 

Accuracy of 
Certification 
( 0 ) (ml.) 

V as Fraction of 
Total Capacity 

measuring fiask 

1000 . 

0*1 

1 in 10,000 

- measuring flask 

100 

0^02 

1 in 5000 

pipette 

. 100 

0*02 

1 in 5000 

pipette 

10 

0*01 

1 in 1000 

pipette 

1 

0*005 

1 in 200 


* The present U.S.A. gallon derives from an did ‘wine gallon’ and is defined as being 
231 cu.in.—finches being defined in the TJ.S.A. by the relation 1 m. = 39*370000 in. 
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The accuracy is lower for the smaller capacities than for the larger ones. The 
development of micro-analysis has created a demand for more accurate measure¬ 
ment of small volumes of liquid. A syringe-pipette recently designed at the 
Laboratory, in which liquid is expelled from a glass barrel by means of a well¬ 
fitting piston working between stops, enables an accuracy of 1 part in 1000 to be 
obtained on volumes of 1 ml. An accuracy approaching 1 part in 5000 is obtainable 
with a micrometer operated burette of similar capacity recently made at the 
Laboratory. 


The photometric units and standards 
From the Light Division, National Physical Laboratory 

Historical 

The candle was legalized by the Metropolitan Gas Act of 1860 which referred to 
t e testing of gas in the metropolitan area. Apparently no unit was ever legalized 
for any other part of the country or for any other purpose. It had many dis¬ 
advantages, and the Gas Referees who, under the Board of Trade, were responsible 
for gas testing under the Act, in their published ‘Notification’ for 1898 discarded 
the sperm candle m favour of the pentane lamp. What legal power they had to do 

T ^ Act of 

unchanged, at any rate to the order of accuracy 
with which It had been maintained. 

to is no tost for tte flltoattog power of ges in the metropoUtan 
the last vestige of legal status for the standard sperm candle or, in fact, for the 

pentane lamp, seems to have disappeared 

'■y ooimtries, 
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would au use the Z'S of '‘I 

Paterson (1910). ‘ ^ statement is given in a paper by 

s ' was assured by repeated exchanges of speciafiy con- 

the position was 

no primary staSlrd Ih 1991 fT' ^®w, although there was 

agr^d unit, tel^y whibh “tT handle’ was given to this 

the scheme and continued to use the nXeSrr^ wMch^^^^^^^’ 

tenths of a candle. which was approximately nine- 
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The present position 

The definition of the international candle is incomplete, in that it does not specify 
how the unit is to be realized in fight of any colour other than that of the electric 
lamps referred to in the definition. These lamps run at a colour temperature slightly 
below 2000° K, whereas a commercial gas-filled tungsten lamp may run at a colour - 
temperature of 2800° K or more. The completion of the definition had been 
accomplished implicitly by the Commission Internationale de FEclairage in 1924 
when it adopted a table of values of the visibility function (the relative sensitivity 
of the eye to radiant energy of different wave-lengths in the visible spectrum). For 
some time, however, no attempt was made to use this as a basis for heterochromatic 
photometry, with the result that the practical units at higher colour temperatures, 
derived from the carbon-filament lamps at the various national laboratories, 
showed disagreements of various amounts, the most serious being a progressive 
change in the ratio of the international candle to the Hefherkerze from 1*11 to 1*17 
on stepping up to a colour temperature of 2600° K. 

. After a preliminary discussion in 1927,. the four national laboratories began 
co-operative work on the problem of devising a practical means by which the unit 
at higher colour temperatures could be derived in accordance with the agreed 
visibility function. As a result of this work it was found that- the unit in use in 
Great Britain, U.S.A. and France for measuring tungsten filament vacuum lamps 
(i.e. at the colour temperature 2360° K) was too small by about 1| % 
higher colour temperatures it was smaller stiU. 

While this work was going on, impor^nt developments were taking place, 
at first at the Bureau of Standards in America and later at the other national 
laboratories, towards the establishment of a primary standard of light, i.e. a 
standard quite independent of electric lamps and one reproducible from a written 
specification.* 

This standard consists essentially of a small tube of thoria immersed in a crucible 
of pure platinum. The tube forms a 'cavity’, or 'black-body’ radiator, the bright¬ 
ness of which depends solely on its temperatme. The temperature of the whole 
crucible is first raised until the platinum is melted and it is then slowly cooled. 
The brightness of the mouth of the tube is measured and the value obtained at the- 
' arrest point ’, which marks the stage at which the platinum is solidifymg, is used -bo 
define the unit of luminous intensity. It is,-perhaps, fortunate that this standard 
has a colour temperature, 2046° K, which is close to that of the carbon-filament 
lamps used to maintain the international candle. The average value found at the* 
various laboratories for the brightness of this standard is 58*9 ±0-1 international 
candles per sq.cm. 

Until 1929 photometry was not among the subjects dealt with by the International 
Committee of Weights and Measures, but in that year it was added to the terms of 
reference of the Consultative Committee on Electricity, and in 1935 a Consultative 

* P.F. Com, InL Poids Mes. 193 ?, 14, 249; 1933 , 16, 254, 256, 261; 1937 , 18, 247. 
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CSoimnittee on Photometry was formed. This Committee recommended the adoption 
of a new unit of intensity, such that the above black-body standard should be 
exactly 60 units instead of 58*9. Though this sensibly alters the candle at this 
temperature the change is not serious for the temperature 2360 K., since the 
alteration almost exactly compensates the error at that temperature previously 

referred to. ‘ ^ 

The international adoption of the new umt was prevented by the war, though it 
came into force independently in Germany. It is expected that as soon as inter¬ 
national co-operation is restored it will become umversal. 

The other photometric units, viz. the lu m en (luminous flux), the foot-candle or 
metre-candle (illumination; flux received per unit area) and the foot-lambert or 
apostilb (brightness; flux emitted per imit area of perfect diffuser) are derived by 
formal definition from the unit of luminous intensity. The only one of these for 
which material working standards are required is the lumen. The most convenient 
method of preparing such standards is first to make point-to-point measurements 
of luminous intensity for a source which is^ as nearly as possible, symmetrical 
about one axis and which can be rotated rapidly about that axis. A tungsten 
filament vacuum lamp of suitable design is used. The total luminous flux from the 
lamp can be found by integration from the mean polar curve of lu mi nous intensity 
thus obtained. Other working standards of luminous flux can then be prepared by 
means of a spherical photometric integrator. 

Standards of radiaiion 

Radiation covering the ultra-violet, visible and infra-red regions of the spectrum 
can be standardized on a common basis, namely, that of energy. It is convenient 
to use the electrical units of energy for this purpose, so that the standards of 
radiation are ultimately based on the units of voltage and resistance. 

The evaluation of radiant flux density in absolute units can be obtained by the 
use of a variety of radiometers. In aU of the precision instruments the underlying 
principle involved is that the radiant energy is degraded into heat by absorption by 
lamp black or a black-body cavity, and the resulting heat measured either by 
comparison with heat produced electrically or by the absoirption of the heat by 
Peltier cooling. The efficiency and accuracy of the instruments depend on the close- 
n^s with which the conditions of radiative and electrical heating approximate to 
each other as regards heat loss and distribution. 

The accuracy to which the radiant flux density can be determined is very much 
lower than that attained in the establishment of electrical standards; consequently, 
the small errors associated with the latter are of no consequence. Scales of radiation 
maintained at the National Bureau of Standards, the Smithsonian Institute and 
Uppsala have been compared with the scale maintained at theN.P.L. (Guild 1937) 
and the general measure of disagreement among these scales probably does not 
exceed 0-5 %. The mtemal consistency in the maintenance of the N.P.L. scale is 
of the order of 0-2 %. , 
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The absolute radiometer, like the majority of absolute instruments, is not con¬ 
venient as a working instrument and is consequently replaced by thermopiles or 
calibrated lamps for substandards. 

For radiation measurement generally the achievement of an accuracy of even 
1 % demands much careful work so that a better accuracy than this is rarely 
required except by standardizing laboratories. 

Spectral energy distribution 

In addition to measurements of total radiation it is important to be able to 
determine the way in which the energy is distributed in the spectrum. This is 
particularly important in the visible region. When this distribution is known the 
three response functions, which are internationally agreed as a definition of the 
normal observer, enable brightness and colour to be derived. Unfortunately, in the 
visible spectrum the accuracy of direct spectral energy determinations is very 
much lower than that attained in related measurements such as spectral trans¬ 
mission or reflexion, and is also lower than the discriminating power of the eye. To 
ensure internal consistency up to visual standards spectral distributions are 
obtained indirectly by means of tungsten lamps used as working standards of 
energy distribution. They are calibrated on a colour temperature scale based on 
visual comparisons with a black-body furnace. 

Acoustical standards of measurement 
By R. S. Dadson 

Introduction 

The last few decades have seen rapid advances in the field of applied acoustics 
which are of profound significance to the community, but which need no enumera¬ 
tion here. In these advances, the increasing perfection of acoustical measuring 
instruments, and developments in the absolute measurement of sound, have played 
an important part and are stiU finding new applications. The present paper attempts 
to summarize the principles of those absolute methods of measurement which form 
the basis of the modern science of acoustics, with some discussion of the practical 
techniques adopted to meet different requirements and the degree of precision now 
attainable. No attempt is made to treat of the details of individual methods, in 
regard to which full references are given. Except where otherwise stated, the 
discussion is restricted to the measurement of sounds of simple-harmonic type of 
audible frequency, in air under normal atmospheric conditions. 

The measurable quantities which together determine the oscillatory conditions at 
a point in a sound field are; 

(а) the sound pressure, i.e. the alternating component of the total pressure at the 
point; 

(б) the three components of the displacement, or 6 f the particle velocity, relative 
to the co-ordinate axes. 
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In practice, however, it is seldom necessary for all of the four quantities referred 
to in (a) and (b) to he specified. Largely owing to the fact that the response of the 
ear is most readily interpreted in terms of sound pressure, the latter is the quantity 
of greatest significance in practical problems. Measurements of sound pressure are 
commonly carried out by means of microphones, and the calibration of such 
microphones in absolute terms is one of the most important applications of the 
basic measurements. Reference will be made in the section on' Calibration of micro¬ 
phones ’ to the methods used at the National Physical Laboratory for this purpose. 

Determinations of the acoustical pressure in ^und fields are seldom direct; 
generally they are derived indirectly by calculation from measurements of particle 
velocity or displacement. In order to obtain satisfactory results by this procedure' 
it is necessary to work with sound fields in which the theoretical relations between 
pressure and particle velocity are of reasonably simple form and capable of accurate 
realization in the laboratory. The conditions commonly employed are plan6 
stationary waves in tubes, and progressive spherical waves in an absorbent-hned 
cabinet. These two procedures are appropriate for the calibration of standard 
microphones in terms of their 'pressure sensitivity’ and 'field sensitivity’ re¬ 
spectively, as will be further discussed in the section dealing with this work. By the 
use of devices such as the pistonphone it is possible to generate known acoustical 
pressures in a small enclosure over the lower part of the audio-frequency range, and 
thence to obtain absolute pressure calibrations of suitable microphones. This 
method is independent of the above-mentioned indirect methods, and since the 
ranges of frequency over which the two procedures are applicable overlap, a useful 
check of accuracy is made possible. 

It is not within the scope of this paper to give details df the different varieties of 
microphones in use for practical sound measurements. They may be of the con¬ 
denser, movmg-coil, piezo-electric, or pressure-gradient types, all of which have 
their special applications. Of these the condenser microphone, introduced by 
Wente {1917), has been found to be particularly suitable for use in the laboratory 
for standardization purposes. This it owes to its simple and comparatively rigid 
construction, the possession of a flat and extremely stiff diaphragm which, for 
many practical purposes, may be regarded as a’ rigid boundary, its reasonably high 
sensitivity, and above all its great stability of calibration over long periods of time. 
There has lately been an increasing tendency to use piezoelectric microphones also 
as standards. Thus in practice a condenser microphone carefully calibrated in 
absolute terms may be regarded virtually as having the status of an absolute 
standard for the measurement of sound pressures under the appropriate experi¬ 
mental conditions. The unit of sound pressure is the d3me/cm.^. 

Absolute measurement of particle velocity: the Bayleigh dish 

Bor the purpose of the absolute measurement of particle velocity at a point in a 
sound field the Rayleigh disk is widely used. The development of accurate acoustical 
measurements has been very closely bound up with the study of this most useful 
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and simple device. Its action is based on the well-known fact that a flat object 
suspended in a stream of fluid is acted upon by a couple which tends to turn it at 
right angles to the direction of flow. It was proposed by Lord Rayleigh (1880,1882) 
that this effect should be turned to account for the absolute measurement of 
sound, and Koenig (1891) obtained the following expression for the torque T on an 
infinitely thin circular disk, which has formed the basis of subsequent work: 

T = sin 26. (1) 

In this expression d, the diameter of the disk, is assumed to be small compared with 
the wave-length of the sound, and the density of the material of the disk is assumed 
to be very large compared with p, the density of the medium, v is the root-mean- 
square value of the particle velocity in the sorn^jd wave, and 6 the angle between the 
normal to the disk and the direction of flow. The medium is assumed to be friction¬ 
less and the flow laminar. 

The disk, carefully shielded from draughts, is suspended in the sound field on a 
fine fibre usually of glass or quartz, measurements being made either of the torque 
required to maintain the disk at a fixed inclination to the lines of flow, or .of the 
actual deflexion of the disk id response to the sound. The value of 6 is normally 
chosen to be 45°, at which value the sensitivity of the device i^ a maximum. 
Practical details of the methods of calibrating and using Rayleigh disks will be 
found in a particularly useful paper by Barnes & West (1927), 

In the application of the Rayleigh disk a number of small departures from 
Koenig’s formula are encountered which have been studied in. detail by many 
workers. A very comprehensive investigation has been made by Scott (1945). 
Zernov (1908) and Scott have shown experimentally that on account of the finite 
thickness of the disk the torque tends to exceed the value predicted by Koenig’s 
formula to an extent which increases with the ratio of thickness to diameter. 
According to Scott the excess varies from about 1 to 10 % in torque (equivalent to 
0 ‘5-5 % in particle velocity) over a range of the ratio of thickness to diameter of 
from 0-006 to 0-12. To minimize this effect, therefore, the disks should be as thin as 
possible. A small tendency in the opposite direction is also found which originates 
from the fact that, owing to lack of infinite inertia, the disk is not completely im¬ 
mobile under the influence of the fluctuating torque. Appropriate corrections have 
been derived by Wood (1935) and King (1935), but, for most practicable tjrpes of 
disks used in air, would only amount to the order of 1 % in torque (0*5 % in particle 
velocity). King has also given a comprehensive theoretical treatment of the effect 
of the diffraction of the sound by the disk. The departure from Koenig’s formula so 
arising, which is only appreciable at the higher frequencies, reaches about 1 % 
excess in torque (0-5 % in particle velocity) when the wave-length falls to some 15 
times the diameter of the disk, increasing approximately as the square of the 
frequency. In the case of disks used in a plane-wave system in a tube, there is a 
further small effect due to the proximity of the walls, which, according to Scott’s 
measurements, may amount to an excess of some 2 % in torque (1 % in particle 
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velocity) when the diameter of the disk reaches about one-third of that of the tube. 
Barnes & West have shown that appreciable errors may arise over narrow bands of 
frequency close to the internal resonances of the disk; these errors, however, are 
very localized in frequency and may be eliminated if care is taken to avoid using 
any particular disk at frequencies close to these resonances. 

Barnes & West have concluded^ that if normal precautions are taken to ensure 
that the conditions presupposed in Koenig’s formula may reasonably be expected to 
be valid, the measurement of particle velocity may be effected with the Rayleigh 
disk to an accuracy within 2 %. 

Merrmgton & Oatley ( 1939 ) and Scott have suggested as a result of their in¬ 
vestigations that there is a residual uncertainty in the constant in Koenig’s formula 
which may lead to over-estimation of particle velocity of up to about 3% over 
certain ranges of frequency. The origin of this effect is so far obscure and appears to 
deserve further study. Nevertheless, this conclusion is not greatly at variance with 
the figure of 2 % estimated by Barnes & West. These estimates of the order of 
accuracy of Rayleigh disk measurements are m line with the experience over a 
period of years at the N.P.L. in the use of the mstrument as a reference standard 
for the calibration of microphones. In the use of a disk for the comparison of 
sounds of identical frequency it is possible that the accuracy may be somewhat 
improved, in that uncertainties in the constant in Koenig’s formula will largely be 
eliminated. ^ 

During the history of its development and use the Rayleigh disk has proved 
itself within the limits mentioned to be a reliable instrument, the performance of 
which Justifies its continued use as a reference standard. 

Absolute measurement of displacement: the smoke particle method 

Carriere ( 1939 ), Andrade ( 1931 ), and subsequently Andrade & Parker ( 1937 ), 
have investigated the use of illuminated smoke particles for the measurement, by 
direct observation, of the displacement amplitude of sound waves in a tube over a 
wide range of frequency. Theoretical considerations indicate that particles of 
sufficiently small cross-section and inertia introduced into the sound field may be 
regarded as vibrating with very nearly the full amplitude of the wave motion. In 
practice the observations are made in a plane-wave system in a tube. The particles 
are ill umi nated by a source such as an arc lamp and their excursions observed by 
microscope or by photographic means. Of various substances tried, magnesium 
oxide smoke has proved especially suitable. 

Scott employed this method as a reference standard in his investigation of the 
residual errors of the Rayleigh disk, and it has also been used by Cook ( 1940 ) for 
assessing the accuracy of the thermophone and reciprocity methods for the absolute 
pressure calibrations of microphones, which will be discussed in a later section. 

As regards precision, it appears that an accuracy of 1 % or better, ia the measure¬ 
ment of displacement amplitude, may be realized over the range of frequency for 
which the motion of the smoke particles may reasonably be regarded as indis- 
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tinguisliable from that of the medium. For particles of magnesium oxide smoke of 
radius about 0-3/i, which is typical of the sizes found in practice, this condition 
would be expected to hold up to a frequency of about 4000 cyc./sec., with an error 
of perhaps 1 or 2 % at 5000 cyc./sec. (Scott). Since, for given sound pressure or 
particle velocity, the displacement amplitude is inversely proportional to the 
frequency of the sound, it becomes necessary to use somewhat intense sounds at the 
upper frequencies in order to obtain sufficiently long traces for measurements of the 
highest accuracy. It is also worthy of note that the smoke method as at present 
used yields the value of the total excursion (peak to peak) of the particles. Purity 
of wave form is therefore of particular importance if it is desired to relate the 
results to quantities such as the root-mean-square pressure or particle velocity 
determined by other methods. 

The technique of observation with smoke particles, although of comparatively 
recent introduction, has already proved of great value in sound measurement, and 
gives as close an approach to a truly absolute measurement as any method yet 
available. 

Absolute determination of sound pressure and allied measurements 

In so far as the techniques described in the sections on absolute measurement of 
particle velocity and displacement relate to measurement of pressure, they have 
relied on the absolute determination of the particle velocity or displacement in 
sound waves of simple form (such as stationary plane waves or progressive spherical 
waves) and the calculation therefrom of the sound pressure making use of the 
known relations between the various quantities. Consideration is now given to an 
independent class of absolute measurements based on the generation of known 
acoustic pressures in a small rigid-waUed enclosure, by means of which it is possible 
to obtain directly the pressure calibrations of microphones of certaiu types. Two 
pressure generators of this nature, known respectively as the thermophone and 
pistonphone, have been widely used for the caKbration of condenser microphones; 
it is convenient to consider these two instruments together. 

The satisfactory operation of this method depends on obtaining a high degree of 
uniformity of soxmd pressure throughout the enclosure. The range of application is 
thus restricted to frequencies at which the wave-length is large'compared with the 
dimensions of the enclosure. 

The thermophone, introduced by Arnold & Crandall ( 1917 ) and further de¬ 
veloped by Wente ( 1922 ), Ballantine ( 1932 ) and others, consists of a small metal- 
walled enclostire containing strips of gold or platinum foil through which is passed 
a.c, superposed on'a much larger direct current. The resultant heating and cooling 
of the strip generates an alternating pressure in the enclosure which can be calculated 
provided the many constants of the instrument are accurately known and correct 
assumptions regarding -the modus operandi of the system are made. In practice, 
however, these calculations are very complicated, and some of the constants and 
correction factors involved are not altogether free from uncertainty. 
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The pistonphone operates on much simpler principles. The alternating pressure 
in the enclosure is generated by the simple-harmonic vibration of a piston, the 
amplitude of which is either prescribed by mechanical means or directly measured. 
The calculation of the pressure is comparatively straightforward, and the physical 
constants involved are few in number and easy to determine. 

Several authors (Wente, Ballantine, Cook, Ernsthausen and others) have 
assessed the performance of the thermophone and pistonphone by using them to 
calibrate condenser microphones which have also been calibrated by independent 
means. The pistonphone has generally proved a reliable instrument, and there 
appears to be general agreement that it may be relied upon to give an accuracy 
within 3 or 4t%. On the other hand, published accounts of the use of the thermo¬ 
phone are inconsistent as to its precision. Whilst certaiu workers (e.g. Wente, 
Ballantine) have succeeded in usiug the thermophone as an absolute instrument 
with a precision comparable with that of the pistonphone, others (e.g. Cook) have 
reported considerable discrepancies which they attribute to uncertainties in the 
behaviour of the thermophones they employed. 

Two other methods, which will only be mentioned briefly, may conveniently be 
grouped with the pistonphone and thermophone; both these methods allow of the 
calibration of microphones of suitable types by means of purely electrical measure¬ 
ments. The first, introduced by Gerlach ( 1923 ) and further developed by Ballantine, 
is often called the electrostatic actuator method, and was designed for the calibra¬ 
tion of condenser microphones* An additional electrode in the shape of a grille is 
placed close to the diaphragm and an alternating e.m.f. superimposed on a large, 
steady polarizing e.m.f. is applied between the two. This results in an alternating 
force on the diaphragm which may be calculated from the form and dimensions of 
the electrode. This method is reputed to be comparable in accuracy with the piston¬ 
phone. The second method, which has received increasing attention during recent 
years, is based on the principle of reciprocity as applied to linear reversible electro¬ 
acoustic transducers.* Accounts of the method have been published by Maclean 
( 1940 ), Foldy & Primakoff ( 1945 ), Cook and others; the latter author has made an 
extensive investigation of the application of reciprocity to the calibration of micro¬ 
phones of the condenser and crystal types, and has founS the results to agree 
generally with those afforded by the pistonphone and electrostatic actuator to an 
accuracy of the order 4 or 5 %, The principle of reciprocity appears to offer con¬ 
siderable promise as a supplement to the existing methods. 

Calibration of microphones 

The absolute measurements discussed in the foregoing sections are suitable only 
for fundamental laboratory determinations, and most practical sound measure¬ 
ments are carried out by means of microphones, associated with electrical amplifying 
and indicating equipment. The calibration of such microphones is therefore a 

* In its simplest forin the method is analogous to the well-known Hopkinson test of the 
performance of electrical machines. 
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particularly important application of the basic measuremei^ts. Even for purposes 
of microphone calibration it is not always necessary to refer directly to absolute 
methods, and it has been the practice at the N.P.L. to maintain certain high- 
quality microphones, carefully calibrated in absolute terms, as reference standards 
against which other microphones may be compared. This procedure gives ample 
accuracy for ordinary purposes as well as resulting in simplification and saving of 
time. The microphones chosen as standards are of the condenser type (Wente 1917; 
Oliver 1930), which have been found by repeated tests to maintain stability of 
calibration over very long periods. 

Owing to the disturbance of the sound field caused by the presence of a micro¬ 
phone,' including the resonance of the cavity normally existu^ in firont of the 
diaphragm, it is necessary to distinguish between two different ways of expressing 
the sensitivity (Aldridge 1928; West 1929). There is, first, its ‘field sensitivity’, 
which is the ratio of the response of the microphone when placed in a progressive 
sound wave to the sound pressure which existed at the same position before the 
introduction of the microphone. This quantity determines the performance of the 
microphone when employed to investigate free sound fields, and is the calibration . 
appropriate to most ordinary sound measurements. Secondly, there is the ‘ pressure 
sensitivity’ which is the ratio of the response of the microphone to the actual 
pressure actuating its diaphragm. This form of calibration determines the per¬ 
formance of the microphone when used to determine the pressure set up in a small 
enclosure, as, for instance, in the case of an artificial ear for the measurement of the 
acoustical output of telephone receivers. 

The determination of the field sensitivity of the standard microphone is carried 
out, between the frequencies .300 and 10,000 cyc./sec., in a progressive wave in a 
cabinet heavily lagged with sound-absorbing material, in one side of which is 
situated a loud-speaker serving as the source of sound. Measurements of the sound 
particle velocity are made by means of the Rayleigh disk at a series of points on the 
axis of the loud-speaker and are converted into the corresponding sound pressures 
from the known relations in the progressive wave. The microphone is substituted 
- for the disk and its response measured at the same positions. At frequencies below 
300 cyc./sec. reflexions from the walls of the cabinet are no longer negligible, with 
the result that the method ceases to be valid. However, at these low frequencies 
the dimensions of the standard microphone are small compared with the wave¬ 
length of the sound, and since the field and pressure sensitivities then become 
practically indistinguishable, the determination of the pressure sensitivity suffices 
to determine the field sensitivity also. The Rayleigh disks employed at the N.P.L, 
are normally of glass, 1 cm. in diameter and of the order of 0*015 cm. thick, and are 
suspended on quartz fibres about 5/t in diameter. Smaller disks, 0-5 cm. in diameter, 
are also employed at the upper frequencies. For the accurate determination of 
frequency, reference is made to theN.P.L. Primary Frequency Standard {Esseni938,) 

The pressure sensitivity is determined from Rayleigh disk measurements in a 
stationary wave system set up in a cylindrical tube, the diameter of which is 
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asuafly chQ^cii to bo approximately equal to that o£ the microphone diaphragm, 
which closes one end of the tube. The stationary wavefe are set up by a pure-tone 
source at the other end of the tube, the Rayleigh disk being situated at an odd 
number of quarter wave-lengths from the microphone diaphragm, i.e. very closely 
at a velocity antinode. From the particle velocity determined by the deflections of 
the disk the sound pressure actuating the diaphragm of the microphone may be 
deduced from the known relations in the stationary wave, and compared with the 
microphone response. Care must be taken in practice to avoid transverse resonances 
in the tube; in the case of the particular design of microphone concerned, the 
diaphragm of which is about 5 cm. in diameter, such resonances may be encountered 
in the frequency range above about 3500 cyc./sec. The use of stationary waves in 
hydrogen, in which the wave-length at a given frequency is nearly four times its 
value in air, may provide a means of extending the range of such measurements to 
higher frequencies. 

The stationary wave method is not employed at the N.P.L. at frequencies below 
62-5 cyc./sec. on account of the inconveniently long tube required, and at the lower 
end of the fi*equency range, from 10 to 400 cyc./sec., the pressure calibrations of the 
standard microphones have been determined by means of a moving-coil pistonphone. 
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Ficube 6 . Calibration curves of standard condenser microphone. 


Calibration curves determined by Mr N. Fleming for one of the standaM 
condenser microphones in use at the Laboratory are shown in figure 6. Over the 
range 62-5-400 cyc./sec. the pressure sensitivity has been determined both with the 
Rayleigh disk and pistonphone, the agreement between the results of the two 
methods being of the order of 3 % which may be considered satisfactory. Good 
agreement is also shown between the pressure and field sensitivities, determined by 
the Rayleigh disk in stationary and progressive waves respectively, in the region 
300-400 cyc./sec., where the two curves tend to become indistinguishable. 

The applications of absolute measuremeri^: measurement of noise 

The application to industrial and other pi'actieal problems of the absolute 
measurements discussed in the preceding sections virtually reduces to the use of 
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miGrophones which have been cahbrated in absolute terms, usually by comparison 
with microphones maintained as laboratory standards. These applications vary so 
widely in nature that the question of the precision of the measurements involved 
can only be treated in the broadest possible way. Frequently the sounds con¬ 
cerned are very complex, and the circumstances in which they arise can ouly be 
approximately specified. An accuracy closer than about 10 %, that is to say of the 
order 1 db.,* is rarely demanded in such measurements. 

In recent years much attention has been paid to the problems of measurements 
associated with the suppression of noise, and in 1936 the British Standards 
Institution laid down a standard procedure for the measurement of noise by 
subjective means, and defined the terms to be adopted. In brief, the loudness of 
noise is judged by comparison, in free air, with a standard pure tone of frequency 
1000 cyc./sec. under-certain specified experimental conditions. If the "normal’ 
observer (i.e. an average of a group of persons of normal hearing) decides that a 
noise is equally loud to a 1000 cyc./sec. tone of intensity n db. above a reference 
level corresponding to a root-mean-square sound pressure of 0-0002 dyne/sq.cm, 
(which is very close to the normal threshold of hearing for the standard frequency), 
the noise is said to have an "equivalent loudness ’ of n British Standard phons. An 
International Commission held in Paris in 1937 reached provisional agreement on 
the international standardization of the phon scale. It would be outside the scope 
of this paper to discuss the question of the standard procedure for such noise 
measurements in any detail, in which connexion the British Standard Glossary of 
Acoustical Terms and Definitions (1936) and a paper by Churcher & King (1937) 
should be consulted. The need for suitable objective instruments for the measure¬ 
ment of noise has also long been realized, and useful progress has'been made in the 
desigi). of objective meters employing a microphone, amplifier and suitable net¬ 
works simulating 'the characteristics of the ear, and designed to give readings m 
phons for various types of noises of common occurrence (Davis 1938; King, 
Guelke, Maguire & Scott 1941). The precision with which such measurements may, 
in general, be made and interpreted is difficult to assess owing to the widely 
differing types of noise encountered, and the variety of circumstances, psycho¬ 
logical and otherwise, in which they occur. In the more restricted case of reasonably 
steady noises, an accuracy of the order 2 to 3 phons should usually be possible if 
suitable precautions are taken. 

The author is indebted to Mr N. Fleming for information concerning some of the 
past work on acoustical standards at the National Physical Laboratory. 

* The decibel notation is commonly employed in acoustics on accoimt of the very wide 
range of intensity which be accommodated by the ear. Two powers Wi and stxe said to 
be separated by an interval of n db. where n=lO logio (Wi/Wq). If the conditions aa-e such 
that the ratio of the pressures Pj and Pq of corresponding particle velocities) is the 
square root of the power ratio, then n = 20 logio PJPq also. In most practical circumstances a 
variation of less than 1 db. is scarcely noticeable to the ear. 
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Kinetic studies in the chemistry of rubber 
and related materials 

I. The thermal oxidation of ethyl linoleate 

By J. L. BoMiAud 

{Communicated by Eric K. Bideal, F.B. 8 .—Received 5 March 1945 ) 

The kinetics of the initial stages of the thermal oxidation of ethyl linoleate (by molecular 
oxygen) have been investigated in the temperature range 35 - 75 ° C. From consideration of 
chemical and kinetic evidence the reaction mechanism has been established; oxidation 
c hains are initiated by thermal decomposition of ethyl linoleate hydroperoxide (which in 
the early stages of oxidation is substantially the sole product). The chain propagation 
reactions are identified as +0^^1202— and iSOa—f (where i2H 

represents ethyl linoleate). Chain termination occurs by mutual destruction of the radical 
chain carriers, R — and RO ^—. 

In recent years the chemistry of unconjugated polyolefins has been extensively 
studied, and it has been abundantly demonstrated that a very important t3?pe of 
reactivity is that associated -with methylene groups adjacent to a double bond 
(Farmer 1942). This a-methylenic reactivity plays an essential role in many of the 
reaction of natural rubber, including the important one of oxidation: thus when 
rubber is oadized photochemicaJly the first identifiable product is a hydroperoxide 
of undiminished unsaturation (Farmer & Sundralingam 1943), which on the analogy 
of the characteristic behaviour of a series of simple unconjugated olefins (Criegee, 
Pilz & Flygare 1939; Farmer & Sundralingam 1942; Farmer & Sutton 1942, 1943! 
Sutton 1944) may be represented thus: 


i 2 —OH2—C=CH—CHa—+ CH(OOH)—C=CH—CHa—i2'. (i) 

While photo-oxidation of such olefins does foUow this course almost quantita¬ 
tively m the initial stages, secondary reactions involving these primary products 
soon become of importance; in the case of thermal oxidation it is not in general 
possible to find conditions which make quantitative yields of hydroperoxide possible 
even at the outset. In embarking on a series of kinetic investigations designed to 
ow hght on the precise mechanism of this type of oxidation, attention has in 
the first instance been devoted to olefins which can be oxidized thermally at a oon- 
vement rate and with quantitative production of hydroperoxide. The 1:4 olefibuic 
esters appear to fulfil this requirement admirably, and the present paper describes 
an exa^ation of the kinetics of the thermal oxidation of one of the simplest 
examples of this type, ethyl linoleate (I): 

. CH=CH—CHa—CH=CH—(CHa)^. COOEt. 

[ 218 ] 


(I) 
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It will be shown that the oxidation products in the early stages of oxidation are 
simple and correspond exclusively to the type of reaction indicated by (1). The 
possibihty thus arises of examining what appears to be the key reaction in the 
oxidation of many olefins of various types in absence of complicating secondary 
reactions. 

Experimental 

Ethyl linoleate was prepared from a sample of cotton-seed oil by the bromination- 
debromination procedure. The tetrabromostearic acid was repeatedly crystallized 
from ethyl acetate to^give a product of melting-point 115-7 ± 0-1'' C and bromine 
content 53*3 % (theoretical 53-3 %). The ethyl linoleate so obtained was carefully 
fractionated in a molecular still at 78 ° C. The final product had a peroxide content 
< 0*01 %, and as it was stored carefully in vacuo^ this value did not increase appreci¬ 
ably during the investigation. 

Ethyl stearate was prepared by esterif3dng B.D.H. stearic acid (‘purified stearine’) 
and recrystaUizing the ester three times fi:om ethanol. The final product melted at 
33-3 ± 0-1° C. '■ • 

Benzoyl peroxide was reclrystallized three times from ether, when a sample of 
peroxide content 6*42 % (theoretical 6*61 %) was obtained. 

Rates of oxidation were measured in an apparatus of the constant-pressure type, 
indicated in figure 1. As the supply of ethyl linoleate available was strictly limited, 
the apparatus was designed to give accurate measurements of oxidation rates using 
a'sample of about 0-2 g. The gas burette A (internal cross-section about 1 sq.cm, and 
length 20 cm.) and controlling manometers B and 0 , were immersed in a water 
thermostat, operating at 25-00 ± 0-01° C, and were connected to the reaction vessel 
D (ca. 1-5 c.c. volume) by means of a 6 in. length of Thiokol tubing of external and 
internal diameters 15 and 2 mm. respectively. Vigorous agitation of the contents 
of the reaction vessel was achieved by connecting to an eccentric wheel driven at 
speeds of about 200 r.p.m. The reaction vessel was immersed in a subsidiary thermo¬ 
stat, the temperature of which was controllable to 0 - 05 ° C. 

Prior to each run the required amount of ethyl Imoleate (normally ca. 0*2 g.) was 
weighed into the nitrogen-filled reaction vessel and the glass-thiokol connexions 
sealed with picein. The apparatus was then thoroughly evacuated at 10“^ mm. and 
left overnight with free access to a liquid-oxygen trap. 

During an oxidation run the di-octyl phthalate manometer B was u^d to in¬ 
dicate deviations from the chosen constant oxygen pressure in the apparatus; by 
observing the meniscus through a reading microscope (magnification 10 x), pressure 
alterations of 0-005 mm. Hg could readily be detected. The upward movement of 
the mercury level in the gas burette was actuated by the evolution of gas from the 
small electrolytic cell E, The method of automatic control of the gas burette, 
originally described by Kohman (1929), was used. A thermionic relay, based on 
the original design of Hershberg & Huntress (1933), wag incorporated in the device. 
Details of the circuit, designed by Dr G. F. Bloomfield of these laboratories,* are 
* The British Bubber Producers’ Research Association. 
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included in figure 1. Since the current through the platinum control contacts sealed 
into the reverse side of the wide-limbed mercury manometer was only a few micro¬ 
amperes, the repeated making and breaking of the contacts, even in an atmosphere 
of oxygen, caused no sign of contamination of the mercury surface. Provided the 
current through the electrolytic cell was regulated so that the cell was on and off 
for approximately equal periods, the pressure variation during the control cycle did 



Figube 1 . Apparatus for measuring rates of oxidation and circuit of electronic relay* F re¬ 
presents a PX4 valve, iS* a Simvic hot-wire vacuum switch (type 602 V), M the contacts in 
the manometer, G and and resistances of 5 megohms and 5000 ohms respectively. 


not exceed 0-02 mm. During an oxidation run, therefore, the automatic device was 
employed to maintain the oxygen pressure close to the selected standard value, while 
at regular intervals the exact time at which the standard pressure was obtained— 
as indicated on the octoil manometer—^was noted and the current burette level 
measured to 0*01 mm. 

The thiokol tubing, forming the flexible connexion to the reaction vessel, was 
baked out in vacuo for 16 hr. at 100° C before use; after such treatment only negligible 
amounts of permanent and condensable gases penetrated into the apparatus over 
periods of many days. 
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The peroxide content of oxidation products was, when possible, determined by 
the colorimetric ferrous thiocyanate method described by Bolland, Sundralingam, 
Sutton & Tristram (1941) and the iodoihetric method of Dastur & Lea (1941). 
Both methods were found capable of giving reproducible results, but the iodometric 
method suffered the disadvantage of requiring an inconveniently large sample if 
accurate results were to be obtained for peroxide contents less than 0*1 g.moL 
peroxide/g.moL ethyl linoleate. 

Standard experimental conditions, under which the oxidation of ethyl linoleate 
proceeded at a readily measurable rate, were chosen as follows: temperature, 45° C; 
oxygen pressure, 100 mm. Hg; concentration of ethyl linoleate, 100 %; and weight 
of linoleate sample, 0*2 g. 


y 



extent of oxidation {g.moL oxygen/g.mol. linoleate) 

Figure 2 . Oxidation of ethyl linoleate at 25° C and 100 mm. oxygen pressure. 

The course of a typical oxidation run under such conditions is shown in figure 2. 
Oxidation commences without any apparent inhibition period. During the intro¬ 
duction of up to 0*2 g.moL oxygen/g.mol. ethyl linoleate a linear relation between the 
experimentally determined rates of oxidation and the extent of oxidation is satisfied. 
At higher extents of oxidation the curve deviates from hnearity imtil at about 
I'O g.moL oxygen/g.mol. linoleate the maximum rate of oxidation is reached. In 
this investigation, attention has been concentrated on the earlier stages of oxidation, 
during which, there is reason to believe, the complications associated with secondary 
reactions—such as peroxide decomposition and molecular intercondensation-—^are 
of minor importance. 

Formation of volatile products. In the case of a sample of ethyl linoleate oxidized 
at 46 ° C the formation of products condensable in liquid oxygen was found to corre- 
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spond to 1 mol. for every 70 and 100 mol. oxygen reacted during the mtroduction of 
the first and second 0-2 g.mol. oxygen/g.mol. ethyl hnoleate respectively. Analyses 
indicated that at least 90 % of the volatile products was water. 

Peroxide formation. Measurexpent of the peroxide content earned out at the 
conclusion of or during the course of oxidation runs at 45 ° 0 have shown that 

divergentresultsareobtained from the two analytical methods—ferrous thiocyanate 

and Dastur-Lea iodometrio-employed. This is illustrated in figure 3 , where the 
fraction {T) of oxygen atoms in the oxidized hnoleate which are active in oxidizmg 
Fe"*^ or HI respectively is plotted against the total extent of oxidation. This repre- 
sents'the first instance encountered where more than half the total reacted oxygen 
is active towards either ferrous thiocyanate or hydriodic acid (in particular, it may 
he mentioned that both methods agree in estimating the active oxygen content of 
oxidation products from the very smular ethyl linolenate at exactly half the total 
oxygen absorbed). Pending further investigation of the matter, peroxide deter- 
ininatioiis by the iodometric xncthod bave boon taken as correct. 



Figure B. Determination of peroxide content of oxidized ethyl linoleate. Y represents the 
fraction of oxygen atoms in oxidation products active in oxidation of ferrous ion (curve a) 
and K1 (curve 6). 


Active hydrogen content. The active hydrogen content of samples of oxidized ethyl 
linoleate was determined by the method described by Bolland (1941). Duplicate 
analyses gave the following results: the peroxide contents (based on iodometric 
estimations and on measured extent of oxidation of samples) of three samples were 
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0-290, 0-272 and 0-120 g.mol. peroxidic oxygen/g.mol. ethyl linoleate respectively; 
the corresponding active hydrogen contents were determined as 0*143, 0-141 and 
0*062 g.mol. active hydrogen/g.moL ethyl linoleate. In each case the active hydrogen 
content was, within experimental error, half the peroxidic oxygen content. 

Chromatographic analysis of oxidation products. Samples of oxidation products 
were dissolved in 40—60® C petrol ether and passed through a short {ca. 10 cm.) 
column of activated alumina (Savory & Moore) in an atmosphere of nitrogen. The 
chromatogram was eluted with a further quantity of 40-60° petrol ether, which was 
collected in several separate successive portions. These were evaporated down 
in vacuo at-room temperature and the residues weighed. In one experiment a solu¬ 
tion of 4-2500 g. oxidized ethyl linoleate, containing 0-184 g.mol. oxygen/g.mol. 
ethyl linoleate, in 150 c.c. petrol ether was chromatographed in the above fashion. 
The first 250 c.c. petrol ether passing through the column contained 3*4121 g. residue, 
the next 100 c.c. 0-0075 g., and a further 100 c.c. 0-0010 g. As all three residues 
contained only negligible amounts of peroxide, the separation between oxidized and 
non-oxidized ethyl hnoleate was taken to be complete at this stage. The oxidized 
portion remaining in the chromatogram accordingly amounted to 0-8294 g., con¬ 
taining 1-01 g.mol. oxygen/g.mol. ethyl linoleate. A similar experiment with an 
oxidized ethyl hnoleate sample cont ainin g 0-20 g.mol. oxygen/g.mol. ethyl linoleate 
gave a very similar result in indicating that the average oxygen content of the 
oxidized molecules was 1-05 g.mol. Og/g.mol. ethyl hnoleate. 

The effect of altering the various experimental conditions in turn from their 
standard values was investigated. 

Ethyl linoleate concentration. The linear character of the rate of oxidation v. extent 
of oxidation relation was not altered by dilution of ethyl linoleate with its most 
closely related saturated ester, ethyl stearate. Further, as figure 4 shows, the slope 
of the hnear curve is proportional to the concentration of ethyl hnoleate. 

Oxygen pressure. A series of short measurements of the rate of oxidation of a 
sample of partly oxidized ethyl hnoleate (oxygen content ca. 0-1 g.mol./oxygen/ 
g.mol. hnoleate) was carried out while the oxygen pressure was maintained at a 
succession of widely varying values in the range 4-760 mm. Any increase in the rate 
of oxidation arising from an increase in extent of oxidation was corrected for by 
interspersing the series with measurements at a selected standard pressure (actuahy 
17 mm.). A lower limit was placed on the range of pressures employed by the neces¬ 
sity of ensuring that the rate of diffusion of oxygen into the hquid phase did not 
become a rate-controlling i^actor. At the lowest pressure included in the series of 
experiments, from which figure 5 was constructed, a twofold increase in the rate of 
shaking the reaction vessel had no effect on the rate of oxidation. 

The results of similar sets of measurements at 22 and 65° 0 are incorporated in 
table 1 . 

Temperature. Oxidation runs carried out in the temperature range 35-75° C 
conformed to the character shown in figure 2 . The slopes of the initial portions of 
the rate of oxidation v. extent of oxidation curves are recorded in table 1 . 
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OxiddtioTi of Bthyl linoleate in presence of benzoyl peroxide. In a short series of 
oxidation runs at 45° 0, the effect of addition of benzoyl peroxide in various con¬ 
centrations was determined. In each experiment the oxidation was followed 
sufficiently far to give an accurate (extrapolated) value of the rate of oxidation at 
zero extent of oxidation. The initial rates of oxidation conformed accurately to 
the equation 

{Eate)o = 1-20 X 10r^[Cf + 0-30 x (2) 

where [0] represents the gram-molecular fraction of dibenzoyl peroxide (cf. figure 6). 



Figxjbe 4 . Dependence of rate of oxidation on concentration of 
ethyl linoleate at 45 ° C and 100 mm . oxygen pressure. 


Thermal decomposition of ethyl linoleate hydroperoxide. It will be shown below that 
the thermal decomposition of the linoleate hydroperoxide plays an important role 
in the oxidation mechanism suggested, and this reaction has therefore been studied 
in some detail, A full account will be published elsewhere; it is sufficient for present 
purposes to note the main conclusions: 

(a) Decomposition is substantially bimolecular with respect to peroxide con¬ 
centration, the velocity constant at 45° C, for example, being 1*50 x 10“^ (g.mol. 
peroxide/g.moL linoleate)-^ min.”^. 
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(b) Not more than one molecule of water is formed for every two peroxide mole¬ 
cules decomposed. 

(c) The temperature coeiBficient corresponds to an apparent energy of activation 
of 26 kcal./g.mol. 



Figure 5 



Figure 5 a 


Figures 5 , 5 A. Dependence of rate of oxidation of ethyl linoleate on oxygen pressure at 45 ° C. 

s^d jSjj represent the rates of oxidation at 17 mm. and p mm. oxygen pressure 
respectively. 
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TherTnal decomposition of dibenzoyl peroxide. It has been demonstrated that the 
thermal decomposition of dibenzoyl peroxide in benzene solution is a unimolecular 
reaction (McClure, Robertson & Cuthbertson 1942 ). This has been checked under 
conditions more closely approximating to those under which the oxidation runs were 
carried out: for this purpose a 6 * 10 molar % solution of dibenzoyl peroxide in ethyl 
stearate (reasons of economy precluded the ij^e of ethyl linoleate for this purpose) 
was heated at 45° C in presence of 10 mm. carefully purified nitrogen (included to 
prevent evaporation of ethyl stearate). At intervals samples were withdrawn and 
the peroxide content measured iodometrically (Braun 1942 ). Over a fourfold 
diminution in peroxide ’concentration results consistent with unimolecular decom¬ 
position were obtained. The average value of the unimolecular velocity coefficient 
at 45° C was 3*0 x 10 “^ mm.-i. 



Figttbb 6 . E^ect of addition of dibenzoyl peroxide on the rate of oxidatioit 
of ethyl linoleate at 45 ° C and 100 nun. oxygen presstire. 


Bisctjssion 

In the initial stages of the interaction between molecular oxygen and ethyl 
hnoleate peroxide groups are formed exclusively: determination of the peroxide 
content of oxidation products by the Dastur-Lea iodometric method of estimation 
shows that fomation of non-peroxidic products does not become appreciable until 
some 0-4 g.mol. oxygen/g.mol. ethyl linoleate has reacted. This quantitative aspect 
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of the reaction is emphasized by the almost complete absence of such volatile 
products as water and carbon dioxide; in sharp contrast, during the thermal oxida¬ 
tion of certain other olefinic materials, such as rubber, which give only fractional 
yields of peroxide, water and carbon dioxide are formed from the outset.* The 
active hydrogen estimations quoted on p. 223 show that the peroxide groups formed 
in the thermal oxidation of ethyl linoleate, as in the case of other olefinic substtoces 
(Criegee, Pilz & Mygare 1939; Farmer & Sundralingam 1942, 1943; Farmer & 
Sutton 1942,1943; and Sutton 1944) are of the hydroperoxidic type. While no formal 
proof is offered here that these hydroperoxide groups are disposed in the a-position 
to a double bond, the observation (BoUand & Koch 1945) that the introduction of a 
hydroperoxide group may result in the formation of a conjugated diene chromophore 
in the oxidized molecule represents very strong evidence that the double bonds are 
not destroyed in the process. The obvious inference is that the alternative reactive 
points in the molecule, the three a-methylenic groups, constitute the site of reaction. 
Farmer, Koch & Sutton (1943) have pointed out that the most satisfactory explana¬ 
tion of the diene conjugation which accompanies the oxidation of 1 :4 unsaturated 
esters lies in the formation, at some point in the oxidation mechanism, of free radicals, 
formally derivable from the parent ester by abstracting a hydrogen atom from an 
a-methylene group. In the comparatively simple case of ethyl linoleate only three 
radicals of this type are possible: 

CH3(CH2)3 . CH3—CH=CH—CH—CH=CH—CHg. (CK ^)^. COOEt, (II) 
CH3(CH2)3 . CH—CH=CH—CHa—CH=CH—CH2. (CK ^)^. COOEt, (III) 

and CH3(CH2)3 . CHa—CH=CH—CH^—CH=CH—CH. (CH2)6 - COOEt. (IV) 

The factor which governs the relative probabilities with which these three radicals 
are formed must of necessity be the resonance energy made available, by the breaking 
of the (a-methylenic) carbon hydrogen bond, for stabilizing the resulting free radicals. 
Calculations of the resonance energies concerned have been made by Orrf (BoUand 
& Orr 1945), who estimates that the resonance energies associated with the radical 
systems 

i?—CH=CH—CH—CH=CH—-R', (V) 

1 

and iJ—CH=CH—CH— 5 ', (VI) 

! 

are 30-5 and 18-7 kcal,/g.moL respectively. On this basis formation of the radical 
(II) is very much more probable than formation of (III) or (IV). Though the position 

* Thus if rubber is oxidized in the temperature range 25 — 100 ° C, about 0*05 g.mol. H2O 
and 0*02 g.mol. CO2 are formed per g.mol. of oxygen reacted. 

t I wish to thank Dr W. J. C. Orr for making available these calculations and for the 
benefit of discussion on the importance ofTesonance energies in the present problem. 
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into which substituents (e.g. —OOH) are introduced into the radical by succeeding 
reaction processes may well be affected by other faptprs, it is probably of significance 
that the formation of products of the types (VII) and (VIII) wiU be favoured at the 
expanse of (IX) by the resonance energy (ca. 7 kcal./g.mol.) associated with their 
conjugated structure: 

CH^(CH^) 4 . CH=CH—CH=CH—CH(OOH)—(CH 2)7 . OOOEt, (VII) 
CH 3 (CH 2 ) 4 , CH(OOH)—CH=CH—CH=CH—(CHg)^. COOEt, (VIII) 
CH 3 (C!H 2 ) 4 . 0 H=CH—CH(OOH)—CH=CH—(CH^)^ . COOEt. (IX) 

It is important to note that formation of radicals is less likely from mono-hydro¬ 
peroxide molecules than from the unoxidized ester: in the case of the isomers (VII) 
and (V TTT ) the resonance energy made available by radical formation is some 
23 kcaL/g.moL (i.e. the resonance energy of radical (V) less that of the conjugated 
diene structure), while in the case of the non-conjugated hydroperoxide (IX) the 
resonance energy concerned wiU be that of the allyl radical (VI), viz. 19 kcal./g.mol. 
It is thus to be anticipated that the oxidative attack on ethyl linoleate mono-hydro¬ 
peroxide is relatively difficult, so that in the early stages of oxidation the formation 
of even the most probable di-hydroperoxides, e.g. 

CH3(CH2)3CH(00H) . CH=CH—CH=CH—CH(OOH). (CH2)7000Et (X) 

is small. The distribution of the hydroperoxide groups as determined from chromato¬ 
graphic analysis of oxidation products containing up to " 0-2 g.mol. 62 /g.mol. lino¬ 
leate (cf. p. 223) provide confirmation of this view. 

On chemical and spectroscopic evidence alone, it thus appears that in the early 
stage of the thermal oxidation of ethyl linoleate a-methylenic hydroperoxides are 
formed quantitatively and in restricted variety, and that the intermediate formation 
of free radicals of type (11) form an essential part of the oxidation mechanism. The 
kinetio measurements, as will appear in the sequel, are entirely compatible with this 
general picture, and in addition fill in much detail regarding the oxidation mech¬ 
anism, in a manner which it is beyond the possibility of purely chemical investigation 
to provide. 

Kinetic analysis 

Under all experimental conditions examined, the course of 02 ddation (cf. figure 2 ) 
shows the well-known characteristics of the autocatalytic reaction, but it is to be 
noted that a fimte rate of oxidation is observed even at zero extent of oxidation. 
This points to the composite nature of the oxidation, and, indeed, examination has 
shown that it is permissible to attribute the overall rate of oxidation to two distinct 
types of reaction, which may with advantage be considered independently. The 
results of the oxidation rate meaBurements detailed in the experimental section may 
be summarized by the following expression: 

rate of oxidation = ^. [J?0OH] [iJH] ./([OJ) +/'([J2H], [OJ), ( 3 ) 
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where [jBH], [jROOH] and [O 2 ] represent the concentration of ethyl linoleate, ethyl 
linoleate hydroperoxide and oxygen in the liquid phase. The first term is identified 
with oxidation, which being catalysed by the sole product oxidation (i.e. hydro¬ 
peroxide) is responsible for the autocatalytic aspects of the oxidation and represents 
the predominant mode of reaction in all but the very initial stages of oxidation. 
The form of the second, peroxide-independent, term/'([jBH],[02]) has not as yet 
been completely established. This type of oxidation obviously is of prime importance 
in the earliest stages of the oxidation of peroxide-firee ethyl linoleate in so far as it 
provides the initial concentration of peroxide, from which the peroxide-catalysed 
oxidation develops in autocatalytic fashion. In the discussion following, however, 
attention is concentrated entirely on the peroxide-catalysed oxidation. 

Any reaction mechanism which may be advanced for the peroxide-catalysed 
oxidation of ethyl linoleate must fulfil three essential requirements: [a) it must 
account for the kin etic characteristics of the oxidation, (6) it must provide a satis¬ 
factory explanation of the catalytic action of peroxide, and (c) it must be consistent 
with information derived from chemical evidence. 

In considering many alternatives, the reaction scheme (i21--B 6) alone has been 
found to satisfy the first two of these three criteria. This mechanism requires that 
the thermal oxidation of ethyl linoleate should, in common with many different 
types of oxidation, be a chain reaction,* and that chains should be initiated by the 
formation of free radicals from the thermal decomposition of linoleate hydro¬ 
peroxide, and terminated by the mutual destruction of the particular radicals which 
act as chain carriers. In the somewhat generalized formulation below, these chain 
carriers are denoted by X and Y : 


Initiation: 

2500H->-X or Y 


(i?i) 

Propagation: 

X + O 2 

Y+ 

^25 -^25 

{E2) 


y + J?H^Z+i?OOH 


(i?3) 

Termination: 

X+X 

\ 

k^i -®4? 

(i?4) 


X+Y -> 

■ end-products k^, 

(iJ5) 


Y+Y 

1 

^65 '®'6> 

{i?6) 


where to and to Eq represent the reaction velocity coefficient and energies 
of activation of the elementary reactions (i?l) to (jB6 } respectively. 

Two limiting forms which the rate equation deduced from the above mechanism 
may assume, will be discussed in the first instance. The stationary concentration 
of the chain carrier, X^ will be determined by the rate at which it is formed by the 
propagation reaction (223) and the rate at which it is destroyed by termination 

* Formal confirmation of this view has been obtained from measurements of the effect of 
inhibitors on the rate of oxidation of ethyl linoleate (J. L. Bolland & P. ten Have, unpublish 
work). 
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reactions (-K 4 ) and (iJ 5 ); [Z] is controlled in similar fashion by propagation re¬ 
action {J?2) and termination reactions (JiS) and (jR6). If the value of [Og] is suffi¬ 
ciently high relative to [^H] ’ (i.e. at sufficiently high oxygen pressure) the stationary 
concentration of X and Y will be adjusted so that is very large in comparison 
with [F]. Undo: these circumstances chain termination will be effected entirely 
by (jB 6 ), and the rat.e equation becomes 


dlBOORjldt = *3 V(*#6) [-BOOH] [i 2 H]. ( 4 ) 

Similarly, when [Og] is sufficiently low the stationary concentration of X assumes 
a value low relative to that of T, and termination by (-B4) predominates. Under 
.these conditions 

d[BOOKydt = [iJOOH] [Og]. (5) 

Equation ( 4 ) is in complete accord with our experimental results at high oxygen 
pressures, since in the pressure range 100-700 mm. the rate of oxidation was found 
to be proportional to the hydroperoxide content (figure 2) and ethyl linoleate 
concentration (figure 4 ) and almost independent of oxygen pressure (figure 5 ). 
The increasing influence of the oxygen pressure on the rate of oxidation as the 
former is reduced from 100 to 4 mm. is apparent from figure 6. The intervention of 
experimental difficulties prevent reliable rate measurements being made below 
about 4 mm. oxygen pressure, but if it is legitimate to extrapolate the straight line 
shown in figure 5 A it follows that equation (6) is obeyed at still lower oxygen 
pressures. 

In order to derive a kinetic equation apphcable at aU oxygen pressures, reaction 
(S) has to be considered as weU as ( 4 ) and (6). No simple general solution is then 
possible, but the result is obtained in a very simple form by Tnfl,Ving the plausible 
assumption that = ' 




___ 

*2V*6 [Oa] + [-BH] + [-BOOH]' 


"When the oxidation chain length is large—^as is shown below to be the case in the 
present system ^the term [J?OOH] is easily shown to be of quite negligible 

importance, so that the dependence of oxidation rate on oxygen pressure is of the 
form found experimentally (cf. figure 6 A where l/rate is shown to be a linear function 
of 1/p). 

The oxidation chain length, v, under any particular set of conditions in which 
the suggested mechanism holds good, is given by 


V - - j: _ ^3 [-BH] _ ^2^6 [Qa] 

• oBj, ocy{kike)[BOOB.]kzyk^[0^+ksyki[BB.y 

where B represents the rate of oxidation, the rate of thermal decomposition of 
ethyl linoleate hydroperoxide, and a is the average number of fresh chain carriers 
resulting from the decomposition of one hydroperoxide molecule. 
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Under ^standard’ conditions of temperature (45° 0), oxygen pressure ( 100 mm.) 
and initial linoleate concentration (100 %), equation ( 7 ) reduces to 

when [J?OOH] is expressed in g.mol. peroxidic oxygen/g.moL ethyl linoleate. For 
example, at extent of oxidation 0*1 g.mol./oxygen/g.mol. ethyl linoleate the chain 
length is 96, if a is assumed to be unity. It is of interest that the amount of water 
formed during oxidation is consistent with a chain length of this order. On the basis 
that one molecule of water is formed for every two peroxide molecules thermally 
decomposed (cf. p. 224), the average chain length during the introduction of the 
first and second 0*2 g.mol./oxygen/g.moL ethyl linoleate is 40 and 56 respectively, 
compared with values of approximately 96 and 32 calculated &om ( 8 ). 


Oxidation of ethyl linoleate catalysed by dibenzoyl peroxide 

The manner in which the thermal decomposition of dibenzoyl peroxide may 
initiate chain reactions of the radical type (Smith 1945 ), and the nature of the 
reaction products with cyclohexene (Farmer & Michael 1942 ) indicate that the 
thermal decomposition of dibenzoyl peroxide results in the production of firee 
radicals. While these are almost certainly phenyl CgHg- and benzoate CgHgCOO- 
radicals, details of the mechanism whereby they are formed are by no means esta¬ 
blished (McClure et ah 1942 ). If these radicals are capable of initiating oxidation 
chains in ethyl linoleate, a reaction mechanism differing from that suggested above 
(i? 1 -jB 6 ), only in so far as the initiation step is concerned, is to be anticipated. On 
this basis, the resulting rate of oxidation will be given by 


d[jSOOH] 






where [C] and represent the concentration and the (unimolecular) reaction velocity 
coefficient for the thermal decomposition of dibenzoyl peroxide. 

The underl 3 dng reason for the appearance of the square root of the ra^ of chain 
initiation in the theoretical rate equations {^Jkl [iJOOH] and aJIO] in equations 
( 6 ) and ( 9 ) respectively) lies in the assumption that chain termination occurs by 
mutual deactivation of two chain carriers. Accordingly, the proof by direct experi¬ 
ment (cf. equation ( 2 )) that the rate of oxidation catalysed by dibenzoyl peroxide 
is in fact proportional to ^j[C] provides valuable confirmation of the correctness of 
the suggested chain te rmin ation mechanism (i?4r-i?6). 

When comparing the chain lengths of oxidation, initiated by dibenzoyl peroxide 
and linoleate hydroperoxide, conditions must be chosen under which the rates of 
peroxide decomposition are equal. Thus at 45° C the rate of decomposition 
( 1*5 X lO"^ g.mol. peroxide/g.moL ethyl linoleate/min.) is the same in samples of 
ethyl linoleate containing 0*05 g.mol. dibenzoyl peroxide/g.mol. ethyl linoleate and 
0*10 g.mol. linoleate hydroperoxide/g.mol. ethyl linoleate respectively. Since the 
rates of oxidation (at 100 mm. oxygen pressure) of these samples are 3*2 x 10 ”^ and 
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1-4x10"^ g.mol. 02 /g.niol. linoleate/min., the respective chain lengths are 213 
and 96. In view of uncertainty as to the number and chain-starting efficiency of the 
radicals formed by the decomposition of the two different peroxides, it is felt that 
the coirespondence between the chain lengths is satisfactory and provides con¬ 
vincing evidence that the thermal oxidation of ethyl linoleate is in fact initiated by 
hydroperoxide decomposition. 

Identity of chain carriers 

The foregoing discussion of the oxidation of ethyl linoleate, catalysed by ethyl 
linoleate hydroperoxide and dibenzyl peroxide, shows that the mechanism [R \-R 6 ) 
does satisfy the first two of the three requirements given on p. 229; in particular, 
the nature of the chain-initiation and chain-termination steps have, it is felt, been 
fully established. It is important" to note that no assumptions regarding the actual 
form that the chain carriers X and 7 take have been involved. 

In deciding the identity of the chain carriers the remaining requirement— 
consistency between kinetic and chemical conclusions—^is of importance: due 
weight must be given to the spectroscopic evidence which points conclusively to the 
formation during the oxidation chain of linoleate radicals (of types (V) and (VI)) 
which is denoted, in conformity with the other abbreviated formulae, by R —. In 
order to reconcile this view and the requirement that one propagation reaction must, 
from kinetic analysis, involve an oxygen molecule and the other an ethyl linoleate 
molecule, X is identified as R — and 7 as JSO 2 —, i.e. molecules with the radical 
end-group O— 0 — substituted in one of the three alternative a-methylene groups. 

The precise sequence of reactions by which R — or JSO 2 — radicals are in the first 
instance formed from the decomposition of the hydroperoxide has not been deter¬ 
mined, but doubtless all the possible free radicals which might be primary products 
of decomposition could generate R — radicals by the removal of hydrogen atoms 
from ethyl linoleate molecules. 

It is not of course possible to determine the correct chemical formulation of the 
three termination reactions from kinetic evidence; in the case of (i?4) and (R5) 
the possible alternatives to the formation of R— R and R —0—0— R bridges 
between linoleate molecules are not obvious. On the other hand, in the third ter¬ 
mination reaction (R 6 ) cross-li n ki n g must almost certainly be accompanied by the 
elimination of oxygen or the introduction of oxygenated groups in the neighbourhood 
of the a-methylene groups concerned. In the early stages of oxidation such' cross- 
linking will be of minor significance; when, however, oxidation reaches more advanced 
stages, and the chain length presumably becomes short (cf. equation (8)),this type of 
reaction will become increasingly important and may make a definite contribution 
towards the ^drying’ phenomena which materials like ethyl linoleate exhibit. 

An alternative which is formally satisfactory from the kinetic standpoint is that 
the chain carriers are H— and H02-^—. As this view, however, provides no possible 
explanation of the conjugated structure of the oxidation products, it is not con¬ 
sidered tenable. 
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The activation energies of the elementary reactions 

The apparent energy of activation calculated from the temperature coefficient 
of the oxidation rate is a composite quantity, and according to (4) equal to 
^3ider conditions of very high oxygen pressure. Extrapolation of 
directly dete r mi n ed rates of oxidation (normally at 100 mm.) to infinite pressure 
may be carried out by means of the equation 

= ( 10 ) 

which, it was noted earlier, is in agreement both with experiment and the approxi¬ 
mate theoretical equation (6). Table 1 includes measurements of the constant y at 
three temperatures, determinations of the slope of the linear rate of oxidation v. 
extent of oxidation curves in the temperature range 35-75° C, and the corresponding 
values at infinite oxygen pressure calculated from (10). The energy of activation 
derived from the last set of figures is 17-2 kcal./g.moL (cf. figure 7). 


temp. 

°C 

22 

35 

45 

54 

65 

75 


Table 1 

y 


mm. Hg 

■^oo/I^lOO 

2-6 

1-03 

— 

1-06 

7-7 

1-08 

— 

M2 

18 

M8 

m — 

1*26 


slope X 10® 


100 mm. 

11 

8 

0-58 

0*61 

1*36 

1*47 

2*72 

3*04 

6-9 

8-2 

10-5 

13-2 


From equations (4) and (5) the ratio of rates of oxidation at infinite pressure and 
a very low oxygen pressure {p) may be written 

^ /^4 [■^•^3 Qj\ 

where fip = [O^]- 

This relation is of the same form as the limiting expression derived from (10) 
when If, therefore, the assumption that the linear IjRv, Ijp relation may be 

extrapolated to lower pressures than those actually investigated is made, then 



( 12 ) 


and 

where Ey is the apparent activation energy calculated from the temperature 
coefficient y, and is the heat of solution of oxygen in ethyl linoleate. The value 

of Ey obtained from figure 7 is 8*7 kcaL/g.moL, and AHg is taken as zero: thus 
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Horiuti ( 1933 ) found negligible values for the heat of solution of oxygen in a series 
of six organic liquids. Inserting these values in (13) 

J? 8 — —Eg) 8-7 kcal./g.mol. ( 14 ) 

We also have Eg+l{E-j^—Eg) = 17-2 kcal./g.moL, or inserting the value of E-^ 
(26 kcal./g.mol.) deduced jfrom the kinetics of the thermal decomposition of ethyl 
linoleate hydroperoxide, 

^3—i^e = kcal./g.mol. ( 15 ) 



l/TxlOO 

7 . Dependence on temperature of y (curve a) and the slope of 
the rate of oxidation y. extent of oxidation relation (curve 6). 

It 3 s obviously not possible to evaluate the four activation energies involved from 
(14) and (15). E^, since it corresponds to recombination of hydrocarbon radicals, 
may, however, be taken to be about 6 kcal./g.mol. On this assumption, E^ is esti- 
WN-u i kcal./g.mol. Eg and Eg are interrelated in accordance with (16). 

Without making any assumptions as to the magnitude of Eg (which may weh be 
different from Eg) we may therefore estimate Eg at not less than 4-2 kcal. 
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In view of uncertainty as to soine of the energies introduced in the above argument 
(especially Ey and AHf)^ it is not perhaps surprising that the value of so derived 
is negative. It seems, however, permissible to conclude that the energy of activation 
required for ^ 

22O2—h-KH—> jKOOH-}-— (^3^) 

is significantly in excess of that for 

J?—+02->i?02—. (i22') 

The thermochemistry of the elementary reactions 

A further test which must be applied to the individual reactions which comprise 
the suggested reaction mechanism is their soundness fi’om the energetic point of 
view: thus the propagation and termination reactions, to which only small energies 
of activation have been assigned above, would require to be exothermic or only very 
slightly endothermic. Rough estimates of these heats of reaction can readily be 
made from the bond energies appropriate to the various reactants and products. 
.The bond energies employed here are carbon-hydrogen 99 kcal. (Baughan 1941; 
Kynch & Penney 1942), carbon-oxygen 87 kcal. (Baughan, Evans & Polanyi 1941) 
and oxygen-hydrogen 110 kcal. The most reliable estimate at present available of 
the oxygenroxygen bond strength in hydroperoxides (Z>o—0) is calculated from 

the data of Stathis & Egerton (1940) on the heats of combustion of ethyl and propyl 
hydroperoxides, viz. 56 kcal.; preliminary measurements of the heat of oxidation 
of ethyl linoleate and ethyl linolenate provide confirmation of this value. 

The termination reactions will clearly be exothermic. The condition that the 
propagation step 4® 2') should be exothermic is Dq— 0^^^ kcal., where Z)J)_o 
represents the oxygen-oxygen bond energy in the peroxide radical, JBO2. This 
requirement will obviously be fulfilled provided Dq— o ^ significantly less than 

Do—o- ^0—0 ^ fs,ct exceed Dq— o ^ accept Pauling’s (1940) treatment of 

the electronic structure of the peroxide ion, on the analogy of which the BO2 radical 
maybe described asE—0—0, the three-electronbondserving tomakeDJ)_o > Eq^ ; 
Pauling’s quantitative interpretation of the three-electron bond would suggest that 
fDo—0* 

Since it is unlikely that D'q o exceedDo o uiore than 41 kcal,, the energetic 

requirement for the second propagation reaction (i?3') is considered fulfilled. 

The final conclusion is that the set of elementary reactions which permit of the 
-complete interpretation of the kinetic data is also satisfactory from the thermo¬ 
chemical point of view. 

I wish to express my thanks to Dr G. Gree for the benefit of many helpful and 
stimulating discussions during the course of the above work, which forms part of 
the programme of fundamental research undertaken by the Board of the British 
Rubber Producers’ Research Association. 
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Recombination and tbe long duration of the 
Balmer spectrum 

By H. Zakstea, Ph-D., Howard College, Durban 


{GommuniccOed by Lord BayUigh, F.R.S.—Received 20 February 1945 ) 

» 

^ found that the time of relaxation of the Balmer series of hydrogen 

^ discharge is at least of the order 10-» see. after it has been blown 
out of ae eleotno field by ite own expansion. Fofiowing Page, it is assumed that the luminosity 
^ of electrons with protons, and then Kramers’s theory yields hal^ 

■Hifii larger than 10"® sec. under the special experimental conditions. 

Difaoulties in the apphoation of this theory raised by CSIU^ and Page are briefly disciissed. 


piirpose of the present paper is to discuss an experiment by Lord Eayle^h 
(1944). He finds that if hydrogen made luminous by a powerful discharge is blown 
out of Je electric field by its own expansion, the time of relaxation of the intensity 
oi the Balmer lines is under some conditions of the order lO-® sec. at least. This is 
about a thousand times more than the life usuaUy adopted for the excited states 
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from which the Bahner series originates, which is of the order sec. This fact is 
presented by him for comment. * 

In the following the decay is worked out under the supposition that the spectrum 
is produced by recombination. In the case of galactic nebulae, this mechanism of 
luminosity has been used for explaining the production of the Balmer series and the 
continuous spectrum at its head by capture of electrons by protons on the various 
energy levels and subsequent coming down to lower levels. In the laboratory, Page 
(1938) has investigated the recombination spectrum of hydrogen in the eleetrodeless 
discharge. His work does not seem to have been published in full, but was briefly 
discussed by him a few years ago in a letter to Nature. Unfortunately, the title 
'Kramers’s absorption law in astrophysical problems’ made no reference to his 
experiments, so that it may have been overlooked easily by those interested in the 
experimental side. Page, measured the spectrum in the electrically undisturbed 
region, and states that recombination of protons and electrons must account for 
almost the entire emission. 

It would seem that the same applies to Rayleigh’s experiment. Where the hydrogen 
is blown out of the electric field there is no direct excitation, and one may expect 
the excited states to be chiefly produced by capture of electrons on the energy levels 
of the protons. Besides this there may be the collision excitation due to the free 
electrons, but this, as will be shown, is only of short duration. Our considerations 
will be somewhat simplified, because a possible influence of molecular hydrogen is 
disregarded. 

At any instant let N atoms per c.c. be ionized, so that there are N free electrons 
and N protons. The number of recombinations/c.c./sec. on any level n is then given 
by N^C^, where is a function depending on n of the absolute electron temperature 
T, ass umin g the electrons to have a Maxwell distribution. The electron temperature 
win be considered constant, then (7^ is a constant depending on the level. The number 
of recombinations/c.c./sec. on all levels should be equal to the rate of decrease 
of A", so that 

^=-i\r2C7’ (1) 



where 


(3a) 
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This also represents the nnmher of quanta emitted/c.c./sec. in the Balmer series 
of hydrogen or luminosity as has been shown elsewhere (Zanstra 1927).* 

The luminosity has gone down by a factor 2 when or JV = NqI^J2. This 


occurs in the time r. 


V(2)-l 0-414 

ON„ ~ 


( 4 ) 


as foflows from (2). 

'‘The decay is not exponential. From (3) it follows that the luminosity has gone 
down to i and J of its initial value, if N has gone down to l/-^y2,1/^4, 1/^8 of Nq, 
so that the subsequent half-value periods are t, TaJ2, t^4, t^JS, etc. Assuming 
constant electron temperature, the dying down should therefore become slower 
as time goes on. This effect, however, might be opposed if the electron temperature 
decreases with the time making for faster recombination. 

Besides, by recombination, the free electrons might also produce luminosity by 
collisions with neutral atoms. Since initially their energy cannot be greatly in 
excess of the ionization energy, the total luminosity of this collision excitation 
integrated over the time cannot greatly exceed that of recombination. Initially 
many electrons of the Maxwell distribution still have energies larger than the 
excitation energy of some hydrogen levels, and then by theory and experiment the 
effective area of Collision is of the order of that of a Bohr orbit 10“^® cm.^, whereas 
the effective area of capture according to Eframers’s theory is of the order cm.^ 

for electrons of such energy. Initially this collision excitation is therefore pre¬ 
dominant, but because of this the main kinetic energy is spent in a very short time 
and leaves only the much slower process of recombmation which has just been 
considered. 

In Rayleigh’s experiment the pressure was ^bout 0-2 mm., leading to a con¬ 
centration of 2-38 X g./c.c. or a number of atoms per c.c. of 1-44 x 10^®. 

From the heat developed, the energy produced in the gas by one discharge was 
found to be 10*^ ergs or 0-629 x 10^® eV. Dividing this by the volume 79 c.c. of the 
tube and the ionization energy of the hydrogen atom 13-53 eV., one finds that the 
maximum number of ion pairs which can be produced per c.c. is 0-589 x 10^®, so 
that at most about four-tenths of the hydrogen can be ionized. One may therefore 
assume 




(5) 


but presumably of this order. 

Up to here no special assumptions have been made as regards the form of the 
coefficient as a function of n and T. The recombination, according to Kramers’s 


* In particular, pp. 56 and 57 of the reference. Trom equation (9) Lyc+Bac-¥Ba = N^i 
follows Ba:=Njti--Lyc—Bac- may be considered as the number of recombinations on 
all levels, Ly^, as those on the first and Ba^ 8& those on the second level, so that the total 
number of quanta Bd emitted in the Balmer series equals the number of recombinations on 
levels 3 and higher. The equation presupposes that a quantum of the Lyman series can 
frequently be absorbed on its way out of the gas, which results in the transformation into the 
first line Ly^^ and other quanta. 
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theory, will now be introduced (Kramers 1923). It was worked out by Gillie (1932) 
in connexion with nebulae.* The quantities (7^ for this theory are given by 



= 3-208 X 10 -«ir(?i, T), 

(6) 

where 


(60) 

and 


m 


represents the ionization energy for the 9^th level and h the Boltzmann constant. 
The rather involved constant in Gillie’s formula (6a) has been replaced by its 
numerical value. In his table 1 CiUie has given the values of T) for levels uj) 
to the tenth. From these and (6) the quantities G of (la) and < 7 ' of (3a) have been 
computed for the same electron temperatures as GiUie’s by summation of the 
quantities M[n, T). The contribution by levels higher than the tenth is not negligible 
and was allowed for by replacing the summation for those levels by the integral 

^00 

Min, T) dn. For the various temperatures between 1000 and 50 , 000 ° C of the 

J 71=11 

table it amounts to the percentages 20,11, 8, 6 and 4 of the total for aU levels. The 
details of this computation need not be given. These results are given in table 1. 
In each case the last figure of the number given may be somewhat in error. 


Table 1. Values of C, G' and r in sec. (Keamebs’s theoby) 


T .. 

. 1000° C 

500*0° C 

10 ,000° C 

20 ,000° C 

50,000° C 

10^(7 

218 

74 

46 

27 

13*5 

lO^^C' 

122 

33 

17-7 

9*4 

3-6 

105r> 

3-23 

9-5 

15-3 

26 

52 


The upper limit (5) for Nq in Rayleigh’s experiment and C from the second row 
substituted in (4) yield the lower limits for the half-value period t of the dying 
down luminosity given in the last row. From the heat developed Rayleigh computed 
a sudden rise in temperature for each discharge of about 35 , 000 ° C if the gas is not 
ionized. Ionization and excitation without collisions of the second kind would lower 
this temperature which refers to kinetic energy of molecules or neutral atoms. The 
electron temperature T, however, is determined by quite different factors, and it 
would be hard to make an a priori estimate. An argument for a low electron tem¬ 
perature might be obtained from Page’s work. From the relative intensity distribu¬ 
tion of the continuous spectrum at the head of the Balmer series, Ra^, Page derived 

* The probability of capture for a level n may be found from the absorption coeffrcient of 
radiation for this level by TyiAartg of a relation between probabilities of al^orption and emission 
found by Elramers and Milne independently. Gaunt’s wave-mechamcal absorption coefficient 
for a level differs from that of Kramers only by a factor of the order unity. Since Cillii took 
the Gaunt factor equal to unity, big Gaunt-Milne treatment is equivalent to that of Kramers 
and close to that required by wave mechanics. 
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electron temperatures of about 1000° C botb for certain nebulae (Page 1936) and in 
the electrodeless discharge in the laboratory (Page 1938). If this Ba^ spectrum does 
not spread far into the ultra-violet, the electron temperature thus determined mainly 
depends on the general relation bet'ween probabilities of absorption and emission 
for the second level and not on any special type of theory. Assuming for Rayleigh’s 
experiment r= 1000°C, Kramers’s theory would predict t> 3 ' 23 x 10 -® sec. 
according to the last row of the table, which is of the order observed by Rayleigh. 
One would scarcely allow an electron temperature much smaller than 1000° C, the 
miniTnuTn being room temperature. If one admits higher values than 1000° 0 , the 
half-value period is even larger as is seen in the last row. Whether Kramers’s theory 
be quite correct or not, the conclusion seems justified that recombination would 
lead to a half-value period much larger than the life of excited states which is of the 
order 10'® sec., and that the large times of relaxation found by Rayleigh are to be 
explained by the assumption that the luminosity outside the exciting field is due to 
recombination, in agreement with Page. 

After having stressed the recombination according to Kfamers’s theory as a guide 
for understanding the matter under discussion, it is only fair to mention some 
difficulties. Cillie (1936) has pointed out that the intensity ratio of the Ba^, to the 
Balmer spectrum in certain planetary nebulae observed by Page (1936) is ve^y 
much smaller than predicted by theory and may even be of a different order. This 
would mean that the share of captures coming to the second level is much smaller 
than the theory requires. Page (1938) has shown that the same difficulty occurs in 
his laboratory spectrum where the second level only gets 1/2000 of its theoretical 
share in the captures. Besides this there are lesser deviations, as Page shows. 

One might be tempted to jump to the conclusion that the captures on the 
second level do not obey Kjamers’s theory, but Pannekoek’s discussion of Menzel & 
Gillie’s data on the chromosphere seems to show that this level obeys the theory 
fairlyweU(Pannekoek 1938; Menzel&Cillie 1935,1937). Pannekoek uses the merging 
of the higher Balmer liaes—distorted by Stark effect—^into a continuous spectrum. 
To produce the required Stark effect, an electron and ion concentration 

= 6 X lO^^/c.c. 

is required. On the other hand, using Kramers’s theory, Menzel & CSllie derive an 
electron temperature of about 10,000° C from the relative Ba^ distribution and a 
proton and electron concentration = 4 x 10 ^^ from the absolute Ba^ in¬ 

tensity. Since the Stark effect is well established experimentally, Pannekoek’s 
determination seems well founded, and the fact that nearly the same concentra¬ 
tion gives a good fit with Kramers’s theory seems to show that this theory 
accounts quantitatively for the captures on the second level resulting in B% 
emission. 

One may express the hope that the effect found by Lord Rayleigh will provide 
another powerful approach to this problem of recombination which as yet seems to 
be so full of contradictions. 
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The emission of light from spark discharges 

By j. D. Ceaggs ajstd J. M. Meek 
{Communicated by 0 . B. Burch, F.R.S.—Received 5 March 1945 ) 

[Plates 7-11] 

The investigation is concerned with the transitory effects occurring in spark channels, after 
the discharge gap has been bridged completely by a streamer. Observations have been made 
for various gases, in particular for hydrogen and argon, at pressures of the order of 1 atm. 
The main features studied are the light emitted from the spark channel during the period of 
current flow, and also the after-glow which persists after the current has fallen to a negligible 
value. The results indicate that the affcer-glow in hydrogen is probably a thermal effect only, 
whilst in argon it is due also, indeed largely, to other causes of which the persistence of atoms 
in metastable states is the most likely. 

Two main experimental methods were employed: (a) a revolving mirror camera, in 

principle to those used previously by several investigators, and (6) a photoelectric electron 
multiplier tube coupled directly to a cathode ray oscillograph. The latter method, which is 
new in investigations of this character, enables quantitative light emission results to be 
obtained, and methods of calibrating the apparatus are described in detail. The overall time 
constant of the circuit was sufficiently small to enable after-glows of duration as low as 
1 /tsec. to be clearly distinguished. 

The measurements show that for currents of about 100 amp., lasting for 2-4/fsec,, the 
after-glow in argon at a pressure of about 1 atm. could be detected after some ZO/isec., 
whereas in hydrogen, for similar conditions, the after-glow lasted for only some Z/isec. Other 
gases showed after-glows of durations vaiying between the limits set by hydrogen and 
argon. 

In order to correlate the light output with energy dissipation in the spark channel, calori¬ 
metric measurements were made from which the mean voltage drop duaing the passage of 
current was estimated. The channel radii were measured with photographic plates sensitive 
to the visible and near ultraviolet light. Observations were also made of the spectra of the 
light emitted from the channel. The argon spectrum showed a strong continuum, and, for 
hydrogen, only the Balmer lines, much broadened, were seen. 

The density of ionization in the spark channels is deduced approximately in several ways, 
from the Stark effect, in hydrogen, and from a consideration of the energy balance in the 
channel, in both hydrogen and argon. The various calculations are in fairly close agreement 
and give N^ -^10^^ ions per e.c. Channel temperatures, as determined on the basis of Saha’s 
equation, the limited applicability of which is discussed, are shown to be about 10,000- 
15,000° K. 

The mechanism of light emission from the channel is discussed in some detail, and it is 
shown that either normal excitation or elytron-ion recombination could be entirely respon¬ 
sible for the observed effects. 
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1 . Inteoduotion 

The properties of the main spark channel, to be distinguished from the electron 
avalanche and streamer processes which lead to its formation in a spark discharge 
(Loeb & Meek 1940), have been little studied. The spark channel may be defined as 
the conducting path formed, during a spark discharge, after the complete bridging 
of a gap by a streamer. The physical form of the discharge jjdrresponds to a high- 
pressure glow or incipient are and, after a suitable time, if the external circuit con¬ 
ditions are favourable, leads to the formation and maintenance of a stable arc. The 
present experiments were undertaken partly to obtain mform,ation on the mechanism 
of Mght emission from the spark channel in various gases and partly to study after¬ 
glows. 

Tbft present work differs from that of previous authors in that the light measure¬ 
ments are made by a combined photoelectric and oscillographic method and refers 
not only to the hght emitted during the discharge, but also to the after-glow per¬ 
sisting in the gas after the cessation of current flow. 

2 . EXPBEIMElirTAl METHODS 

The sparks were observed through about 3 mm. of hard glass, which absorbed 
most of the radiation for A < 3300 A, by means of a synchronized rotating mirror or 
an electron multiplier photocell directly coupled to a synchronized cathode-ray 
oscillograph. The current was supplied either from a condenser or, when square 
pulses were required, from artificial transmission lines (Kennelly 1917). The gases 
used were of industrial purity, i.e. > 2 % impurity. 

With a load resistance of 10,800 ohms, the time constant of the multiplier output 
circuit was 0-3 /laeo. The multiplier was calibrated for varying intensities of light 
with a seri^ of calibrated gauzes, using spark sources of light to simulate working 
conditions. Figures 1 and 2 give typical calibrations, the shape of which were not 
altered by using light of various colours. 

The colour response (figure 4 ) was determined with a series of glasses and Wratten 
filters, whose spectral ranges taken with a copper arc are shown in figure 3 (plate 7) 
and a mercury discharge, lamp, calibrated against a special photocell of uniform 
colour response. The variations shown in figure 4 , which represents results taken over 
6 months, were probably due partly to small charges in multiplier colour response 
and to the unsuitability of the emission from the mercury lamp which gave only 
a small light output for some of the filter combinations. 

Finally, absolute calibrations with a further set of calibrated filters and standard 
lamp were taken. At a source/multiplier cathode distance of 22-5 cm., 0 - 60 , 5 - 76 , 
1-96 and l- 58 /tW/sq.cm./m. at wave-lengths of respectively 3680 , 4600 , 4900 and 
5330 A, gave multiplier output currents of 0 - 035 , 1 - 32 , 0-51 and 0 - 38 mA. 

As an example, the multiplier sensitivity at 4861 A (H^) was determined, using 
the results for the 4900 A filter and correcting the multiplier response. 5 cm.bscillo- 
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graph, screen deflexion was fonnd to correspond to 1-6 x 10^® quanta/sec. at 4861 A. 
Therefore the total emission from a spark at 16 cm. distance necessary to give that 
deflexion was 3-6 x 10“ qnanta/see. 



Waveleng/’h (A) 


FiGtHEtB 4. Variation of relative response of electron multiplier with 
wavelength of incident light. 

3. ExPBEIMBNTAIj results 
3-1. Rotating-mirror photographs 

Photographs of spark discharges across a 1 cm. gap between in. diameter 
tungsten electrodes in hydrogen, argon, nitrogen and helium,, as recorded with the 
rotatii^-mOTor camera using Ilford Astra HI plates, are shown in fig ure 6 (plate 8). 
Several ‘ stUl ’ photographs, obtained with the mirror stationary, are also included. In 
all these records the sparks were produced by the discharge of a 0-04 /iF condenser, in 
series with a 13-ohm resistance. Oscillographic observations showed the resultant 
current wave-form to be critically damped, and enabled the peak value of the 
current to be measured. The magnitude of the current fell to less than one-thousandth 
of the peak value, within S/tsec. after the initiation of the spark and, as later experi¬ 
ments for argon (figure 12a) showed, the light emission varies approximately as the 
current strength, so that such low currents would have a negligible effect in the 
maintenance of the observed after-glow in the different gases used if the same 
mechanisms of light production obtain both during the current pulse (when figure 12 a 
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applies) and the after-glow. The same mechanisms would not apply if the flow of 
current affects the light output by virtue of the drift velocity of electrons or ions, 
because such effects would rapidly disappear after the cessation of current, as simple 
calculations indicate. However, the channel temperatures and therefore the 
electronic random velocity are so high that thermal processes, which are operative 
both during and after the current flow, probably exert a controlling influence. It 
is also for further reasons considered that the very small residual currents are not 
responsible for the after-glow. Later experiments (flgure 9, plate 9) showed that 
currents of very marked oscillatory character show relatively little disturbance of 
after-glow. The great difference in after-glow lengths in argon and hydrogen, 
where residual currents should be almost equal as they are largely controlled by 
circuit conditions, indicates that some mechanism other than any caused by such 
small residual currents, exerts a controlling influence. Other details of the con¬ 
ditions associated with the discharges shown in figuire 6 (plate 8) are given in table 1. 


Table 1 


figure 

gas 

pressure 
lb./in.2 abs. 

condenser 

voltage 

kV 

peak 
current 
^ amp. 

photograph 

5a 


22 

12 

740 

moving 

b 

Hs 

22 

12 

740 

stiU 

0 

Ne 

22 

4*5 

280 

moving 

d 

Ne 

22 

4-5 

280 

StiU 

e 

He 

22 

6 

370 

moving 

f 

He 

22 . 

6 

370 

StiU 

g 


.15 

12 

740 

moving 

h 


15 

12 

740 

stiU 

i 

A 

22 

7 

430 

moving 

3 

A 

22 

7 

430 

stiU 

k 

A 

22 

7 

430 

moving 

1 

A 

22 

7 

*430 

moving 

m 

A 

22 

8-5 

610 

moving 

n 

A 

50 

12-5 

770 

moving 

0 

A 

50 

12-5 

770 

moving 

P 

A 

22 " 

8 

580 

moving 

g 

A/H 2 

19/3 

11 

680 

moving 


The hydrogen sparks, three of which are shown in the rotating-mirror photographs 
of figure 6 a, give no detectable after-glow, and it is not possible to distinguish any 
differences between such photographs and those obtained with a stationsnry mirror.* 
The spark channel is more sharply defined than that observed in the other gases used 
and has a diameter of about 0*15 cm., so that the peak current density is of the 
order of 40,000 amp./cm.^. 

In argon the after-glow is appreciable, and persists for times as long as 50 /^sec. 
at the higher currents used. Considerable differences occur between the after-glows 

♦ § 3*2 describes results with higher resolvmg powers. 


Vol. i86. A. 
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for sparks with the same circuit conditions, as shown by comparison of the various 
records i to p in figure 6. The after-glow may be either uniform and wedge-shaped 
on the photographs, with a greater persistence of illumination in the centre of the 
gap, as in figure 6m, or may be composed of a number of more or less separate 
luminous regions {figure dn). 

The rotating mirror records for nitrogen and helium show no detectable after¬ 
glow, for the degree of resolution used. In neon, however, there is a visible after-glow 
of about 10/^sec,, as shown by comparison of the moving and still photographs of 
figure 6c and i. 

’ 3-2. Oscillograms of light emission 

The rotating mirror photographs of the discharges are confused to some extent 
by the difficulty of distinguishing between spatial changes in the channel and the 
time variations. Such difficulties can be reduced by an increase in the resolving 
power of the camera, but a more convenient and direct method is afforded by the 
use of the photoelectric recording system. 

A series of oscillograms showdng the variation of light with time are shown in 
figure 5 (plate 7). These refer to discharges of 0-5 cm. length in argon and hydrogen, 
and in mixtures of these gases, when subjected to a square current pulse of 120 amp. 
flowing for about 4*5/6sec. An oscillogram of the current pulse is given in figure 5/. 
The total gas pressure was 18 Ib./in.^ abs., and was constituted in the proportions 
indicated in table 2. 

Table 2 

figure 6a figure 56 figure 5c figure 5d figure 5e 

A 1-0 0-97 0'94 0*75 0 

Ha 0 0-03 O-Oe 0-25 1-0 

The light emitted by the hydrogen spark follows fairly closely the shape of the 
current pulse, and falls rapidly to zero once the current is extinguished. In argon 
the light reaches a maximum value during the early stages of the spark and then 
falls, even though*the current is maintained at the same value. When the current 
ceases, an appreciable after-glow^ lasting many microseconds is recorded in argon. 
The peak light output for each spark is roughly constant, but the after-glow varies 
considerably from spark to spark as shown in figure 5a, which is a composite oscillo¬ 
gram of the light pulses from a number of sparks. The addition of a small amount 
of hydrogen to the argon reduces the variability of the after-glow, which tends to 
stabilize at a higher rather than a lower value. 

Analyses of typical light oscillograms for discharges in argon and hydrogen are 
given in figure 7 a and b respectively. The rate of increase of light in hydrogen is 
lower than that in argon, and is too low to be accounted for by consideration of the 
frequency response of the light-recording system. It may partly be explained in 
terms of the difference of diffusion rates for hydrogen and argon, in that the dis¬ 
charge channel, which is constricted in an abnormal manner, wdth high current 
density and light output, requires a longer time to establish maximum light output 
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in hydrogen than in argon. A further consideration affecting the response of the 
recording system is the change in spectral distribution of the light emitted during 
the initial and final stages of the spark. Finally, the high specific heat of hydrogen 
(about 6 times that of argon) tends to impede the formation of a high-temperature 
channel, which is necessary for maximum light emission. The effect is emphasized 
in the oscillogram of figure 5^, which also includes a current pulse oscillogram. The 
discharge took place across an 0*5 cm. gap in hydrogen at 18 Ib./in.^ abs., with a 
current of 120 amp. lastmg for about 4*5/^sec. Figure 5 A shows, for comparison, a 
discharge in nitrogen at 10 Ib./m.^ abs., for the same current pulse. 

The introduction of small amounts of oxygen into the argon has a sumlar effect to 
that causedbythe introduction of like amounts of hydrogen. Figure 8a and6 (plate 9) 
show, respectively, discharges across an 0*5 cm. gap m argon at 18 Ib./in.^ abs., and 
in argon at the sarnie pressure but containing 5 cm. Hg abs. of oxygen. The current 
pulse was 120 amp. lasting for 3 /tsec. The addition of the oxygen causes an increased 
stability of the after-glow for each spark, but the after-glow still persists for the 
same length of time, and, as in the case of the addition of hydrogen to argon, there 
is no evidence of a marked ‘ quenching ’ effect on the duration of the emitted light, 
though it is known that such quantities of oxygen or hydrogen in argon have a 
noticeable effect on the electrical characteristics of the gas, and are effective in 
quenching metastable levels. 

Discharges across a 0*5 cm. gap in hehum at 45 Ib./in.^ abs. and in a mixture of 
helium and argon in equal proportions at 18 Ib./in.^ abs., produce the light pulses 
shown in figure 8 c and d respectively. The current pulse, of 120 amp. for 4/«sec., is 
the same as that given in figure 5/. The introduction of helium into argon does not 
make.any appreciable difference until the proportion of helium present is high, and 
even when the mixture contains equal amounts of argon and helium the after-glow 
time is still not less than that produced by 10 % of hydrogen in argon. 

The rapidity of response of the light emission from a spark channel with sudden 
changes of current was investigated with an oscillatory current wave-form, as shown 
in figure 9 a, plate 9,which also includes the corresponding light pulse for the discharge 
across an 0*5 cm. gap in oxygen at 7 Ib./in.^ abs. The current amplitude for the first 
pulse of the osciUation was 120 amp. The light pulses shown in figure 9i^ (plate 9) 
refer respectively to discharges across a 0*5 cm. gap in hydrogen at 18 Ib./in.^ abs., 
nitrogen at 10 Ib./in.^ abs., argon at 19 Ib./in.^ abs. and helium at 45 Ib./in.^ abs. 
A fairly close relation between the light and current variations is obtained in 
hydrogen (short after-glow), but the transitions in light emission become less 
sharply defined for the other gases, especially for argon (long after-glow). These 
results are in accordance with expectations from the study of the single current pulse 
discharges. However, other interesting features of the argon discharge, for the 
oscillatory current wave, are the continued maintenance of light at a relatively high 
value, as compared with the other gases, and its steadiness for the series of sparks 
observed, in comparison with the variable nature of the after-glow when no current 
is flowing. 
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The peak“light emission varies directly as the gap length, in. argon and hydrogen, 
for a given gas pressure and discharge current, as shown in figures \0cb and b. This 
indicates that the channel is closely uniform, throughout its length, except for the 
regions in the immediate vicinity of the electrodes. It is also in agreement with the 
records, given later in this section, which indicate a uniform voltage gradient along 
the spark channel. 

A nearly linear relation also obtains for the variation of light with gas pressure 
(figure 11 ), for a given gap length and discharge current, over the range of gas pres¬ 
sures examined. The variation of peak-light emission with current is also a nearly 
linear one, for discharges in argon (figure 12 a), in agreement with the results of 
Flowers ( 1943 ) for air. But in the case of hydrogen (figure 126), while the light 
emission increases rapidly in a nearly linear manner, for currents up to about 
150 amp., the rate of increase thereafter falls rapidly. 

It is of interest to relate the light emission from the discharge with the rate of 
energy dissipation in the gap. The discharge tube was immersed in a heat-insulated 
oil-bath, and the discharge was operated with a square current pulse of 120 amp. 
and 3 - 6 /isec. duration, at a repetition rate of 200 pulses/sec. The average energy 
losses for a number of gap lengths in both argon and hydrogen were investigated, 
and considerations of the pulse duration and the repetition rate enabled the rate of 
energy expended during the pulse to be determined. Knowledge of the pulse-current 
amplitude then permits the calculation of the voltage drop across the gap, and the 
latter is plotted as a function of gap length in figure 13. For a given gap length the 
voltage drop is appreciably higher in hydrogen than in argon. Extrapolation of the 
curves for argon indicates that.the cathode drop is about that to be expected in an 
arc, but a considerably higher value than the arc cathode drop is obtained for 
hydrogen. The voltage drop along the column of the discharges is roughly the same 
for both gases, at about 90 V/cm,, and is appreciably above that corresponding to 
arc conditions on account of the constricted nature of the channel. Further investiga¬ 
tions of the voltage drop by oscillographic methods confirm the calorimetric deter¬ 
mination given above, and show that the voltage drop varies only sKghtly during 
the period of the pulse after falling from a high value during the first 0 - 1 /isec. 
Curves relating the light emission with the Energy dissipation in the gap are given 
in figure 14. A nearly linear relation is obtained, though at the lower values the lines 
must curve and tend towards the origin. The linear variation of light output with 
current (figure 12 a) is now explicable since the data of figure 14 show light output 
to be proportional to the wattage dissipated in the gap, and other experiments 
(D. E. M. Garfitt, unpublished) have shown that the voltage drop in the gap was 
sensibly independent of current over the range covered (up to 40 amp.). 

With a given gas, for the range of gas pressures and currents used, it has been 
considered sufficiently accurate to assume a relatively constant spectral distribution, 
and to plot the relative changes in total light emission, as recorded by the multipliers, 
with no corrections o^j this account. Direct comparisons between the light emitted 
from discharges from different gases cannot be made on this basis without regard to 
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Figxjbe 12 a. Curve relating the maximum rate of light output from a spark discharge 
between tungsten etectrodes separated by 0*5 cm. in argon 19 lb. per in.^ abs. as a function 
of the maximum discharge current. 



126. Curve relating maximum light output from a spark discharge between tungsten 
electrodes separated by 0*5 cm. in hydrogen at 17 Ib./in.® abs. as a function of the maximum 
discharge current. 



/0.OCO 


/^ooa 


Figuke 14. Relation between maximum light output for sparks in argon and hydrogen at 
atmospheric pressure and rate of energy dissipation. 
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the differences in spectral distribution, and no attempt is made here to compare the 
light on an absolute scale. Experiments were made, however, with various filters, 
to obtain an indication of the spectral changes in the light emitted during the 
discharges as a function of time. The filters were introduced between the spark and 
the window of the multiplier, and some of the resultant oscillograms for various 
discharges are shown in figure 15 (plate 10). The current pulse has an amplitude of 
120 amp.; other details of the discharges are given in table 3. 


figure 

gas 

pressure 
Ib./in.^ abs. 

Table 3 

gap 

length 

cm. 

pulse 

length 

/4sec. 

Wratten filters used 

15a 

A 

19 

0*5 

4 

none, 1, 4, 15 

6 


18 

0-5 

4 

none, 2 a, 15, 27 

c 

A/H, 

11-5/8-5 

1-0 

3 

none, 1, 2a, 4, 15, 27 


The effect of the various filters (§ 2 and figure 3), which successively cut off the 
light of lower wave-length reaching the multiplier, is most pronounced in the 
reduction of the amplitude of the light which occurs during the initial stages of the 
discharge, and indicates the presence of more intense ultra-violet emission at this 
stage in the spark development than in the later stages. This is to be expected on 
account of the high fields and ion concentration which occur during the initiation 
of the spark channel. The effect is most noticeable in the reduction of the peak light 
for the argon and argon-hydrogen discharges. The abnormally high light output at 
the commencement of the current pulse in argon (figure 5a), as compared with 
hydrogen (figure 5 c) where the light output reaches a maximum slowly and only 
falls at the end of the current pulse, appears to be connected with the existence of 
a restricted channel in the early part of the discharge after complete breakdown of 
the gas has occurred. 

Some preliminary experiments were made to examine the effect of electrode 
materials on the nature of the light emitted. For this purpose a discharge across a 
0*3 cm. gap in air was observed, with a square pulse of amplitude 120 amp., and some 
of the records so obtained are shown in figure 16 a, 6, c (plate 10) for electrodes of 
tungsten, copper and magnesium respectively. Figure 16d shows the current oscillo¬ 
gram. The light emitted during the imtial stages of the discharge is not appreciably 
affected by the changes in electrode material, as would be expected, since the light 
emission is governed here by the characteristics of the gas. During the later stages, 
when metal vapour has had time to diffuse into the gap, considerable differences 
become evident. The after-glow is particularly prolonged for magnesium electrodes 
and is least for tungsten. This can probably be explained not only by differences in 
spectral emission for the metals used, but also by the differences in the total amount 
of metal vaporized, which will be the greater for magnesium, with a lower boiling 
point. 
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4. Discussion of results 


4*1. Hydrogen discharge 


Thei light output during and after the passage of a square current pulse in hydrogen 
is shown in figure. 5 e-gr (plate 7). 

The after-glow which may be caused by thermal excitation in the hot spark 
channel, or by recombination, is much longer than the mean life ( 10 “®sec.) of the 
excited states (Rayleigh 1944)5 and to assess the importance of these processes a 
knowledge of the channel temperature is necessary. The Stark broadening (figure 
17 a, plate 11) observed with the 120 amp. sparks at 1 atm. pressure indicates an 
inter-ionic field of about 3S0 x 10 ®V/cm. (von Traubenburg et al, 1930 ) and thus 
an* ion concentration of about 3*5 x 10 ^^/c.c. or 13% ionization (Margenau & 
Watson 1936 ). This result is clearly only an approximation and represents an 
upper limit for the estimate of ion concentration. 

In a time of 1 /isec. it may be considered that thermal equilibrium is virtually 
established in the spark channel, as during this time many thousands of electronic 
collisions have occurred. In arcs, at much lower temperatures, times of about 
1 msec, are required to establish thermal equilibrium (Witte 1934 ). 

On the assumption of thermal equilibrium, the following form of Saha’s equation 
enables spark channel temperatures to be calculated from a knowledge^ of ion 
concentrations: 


, Px^ 


-50501^ 

T 


-h2*51ogioy~6*5, 


( 1 ) 


wh^e P = pressure in atmospheres, T = temperature (°K), x = degree of ionization 
and V{ = ionization potential (13*5 V for ionization of and 18 V for ionization to 
of Hg). Molecular dissociation (Langmuir 1915 ; Finkehiburg 1931 ) will be almost 
complete in the channel. Calculations have been made only for PJ of 15 (PJ for argon 
= 15*7 V) and 18 V, because (Unsold 1938 ) the high inter-atomic fields may affect 
the ionization potential, thus making an accurate estimate of P^ difficult. The effect 
of initial vapour on P^ is probably negligible, as the spark spectra iudicate; figure 
17 a and* 6 (plate 11) respectively show hydrogen discharges between electrodes 
of copper/tungsten alloy for a 3 / 4 sec. pulse and a 5 mm. gap and a l/isec. pulse 
with a 12 mm. gap. 

Table 4 gives results of calculations from equation ( 1 ). = number of electrons 

or positive ions/c.c. in the channel. In the presence of an electric field (electrons) 
will differ from iV^, and a modified form of equation ( 1 ) has then to be used. As the 
after-glow conditions refer to zero field, it is felt justifiable at least as a first approxi¬ 
mation to put = N^, Table 4 gives several pressures, since the true channel pressure 
varies with its temperature (constanhdensity conditions obtain) so that, for example, 
P = 20 atm., Ps 6000°K, and P = 50 atm., Ps 15,000°K. Molecular dissociation 
also affects the pressure values. 
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Now if -4 is the channel cross-sectional area, e and v the electronic charge and 
drift velocity respectively, then 

I = N^Aev. (2) 


With the current of 120 amp. used in the majority of the experiments the channel 
radius of the discharge in hydrogen appears to be about 0'75mm. so that 



4-2x1022 

N, • 


( 3 ) 



Table 4 



T^K 

P = 1 atm. 

P = 20 atm. 

P = 50 atm. 

V cm./sec. 

X Y/cm. 


■ 

Vi = 15 V, Ni ions/c.c. 



10,000 

2-5xl0»’ 

6 -6x10“ 

3-5 xKP® 

1-0x106 
(P = 34 atm.) 

200 

12,000 

l-3xl0« 

2-8 X 10“ 

1 -8x10“ 

2-0 X 10® 

(P = 41 atm.) 

40 

15,000 

7-0x10“ 

1-6 X 10“ 

1 -0x10“ 

4-2 X 10^ 

(P = 51 atm.) 

8 



Ff = 18 V, Nf ions/c.c. 

t 


10,000 

4-3x10“ 

9-6x10“ 

6 -1x10“ 

5-7 X 10® 

(P = 34 atm.) 

1,100 

12,000 

3-1x10“ 

6-7 X 10“ 

4-1 X 10“ 

9-1x106 
(P = 41 atm.) 

180 

15,000 

2 -3x10“ 

1 -6x10“ 

, 3-4x10“ 

1-2x106 
(P = 51 atm.) 

24 


In table 4 values of v. as determined Jfrom equation (3) are given corresponding to 
the various temperatures on the assumption of constant gas density in the channel, 
ibx)m these values it is possible to estimate X, the field strength along the channel, 
by considerations of electron mobility (Loeb 1939 ). Agreement with the experi¬ 
mentally determined value for X, of about 90V/cm. (figure 13), is obtained with 

= 18 V at a channel temperature between 12,000 and 15,000® K, when the ion 
density is approximately 10 ^^ ions/c.c. 

The energy input to the channel, assumed to have a radius of 0*75mm. and a 
length of 1 cm., is 18 kW at 120 amp. at the end of the^current pulse. The energy is 
emitted partly as a continuum, but largely as a line spectrum (figure 17 a and 6 ).* 
If the heat capacity and rate of heat loss of the channel were known, the cooling 
time could be calculated for a range of 12000-8000® K (equivalent to = 10 ^*^ 
and = 5 X 10 ^^, see below). Using the results obtained above, assuming a reason- 
able value of emissivity from line breadths, etc., and taking = 17-5 cal./g.mol. 

* JVoie added in proof: Energy dissipated in other ways, i.e. by gas movement etc. is 
probably negligible in the very short times involved here (Flowers 1943). 
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because of dissociation (Pier 1909 ; Langmuir 1915 ), the cooling time is found to be 
of the correct order, i.e. about 5 /^sec. 

It is necessary now to consider the recombination process in more detail. The 
recombination coefficient a is defined by 

d\ = -aNIJt, (4) 


where and are the values of ion or electron concentration, assumed equal, at 
times t = 0 and t = t respectively. If a is independent of then 


^i = 




(5) 


There do not appear to be any data on electron/ion recombination at these very 
high temperatures and ion concentrations. Mohler ( 1937 ) found a — 10 “^° for 
hydrogen in a particular case of a low-pressure discharge, but this value should be 
appreciably higher than that obtained in sparks. Indeed, the value a = 10 “^^ 
substituted in equation (5) seemed to give the best agreement with the previous 
Stark effect and Saha theory calculations, and gave the calculated data of table 5 
{t = 2 /isec.). 

Table 5 






5 Xl0i« 

2x108 

1018 

4*7 X 1018 

21 


3-3 X 1018 

3 

1018 

8-3 X 1018 

1-2 

10^8 

-1018 

-1 

101 ® 

-101® 

-1 


It is seen, e.g. from figure Qg, that the light intensity has fallen to about 1/10 in 
2 /isec., so that if recombination is responsible for the after-glow 

N^JN^ = ^10, and therefore 10^’ from table 5. 

K a is lower than 10 ”^^, then the recombination process possibly becomes insigni¬ 
ficant in comparison with thermal excitation. It has been assumed for simplicity 
that no fresh ions are produced during the cooling period, which cannot be true. 
To give the observed rate of decrease of light intensity a should then be greater than 

10-11. 

The number of recombination processes per sec. in a channel of length 1 cm. and 
radius 0*75 mm. is 1*8 x lO^i if = IQi^ ions/c.c. and oc = 10“ii. It has been shown 
(§ 2 ) that to give a full screen defiexion on the oscillograph a spark at 16 cm. from the 
multiplier c£|/thode must emit 3*0 x IQi® quanta/sec. for A = 4861 A. This number of 
quanta is much less than the number ( 1*8 x lO^i) of recombinations and could, it is 
reasonable to suppose, be supplied at A = 4861 A. Hence the recombination process 
alone could be responsible for the after-glow in hydrogen. 
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The relative populations of two states, energies €i and €q, of which €q may be taken 
as the ground state, are given by 




( 6 ) 


for thermal equilibrium, where k and T are respectively Boltzmann’s constant and 
the absolute temperature. Fi and Wq are the statistical weights. Tor hydrogen 
12 eVs 1-9 x ergs and that x 10"^ at 15,000'’K. is 

2‘7 X 10 ^^ atoms/c.c. at ir.T.P. or in the spark channel for constant density conditions, 
and the mean life of the excited atoms is about 10 “^ sec., so that about 4x lO^i 
quanta/sec. are emitted for the whole spark (r = 0*75 mm ., Z = 1 cm.). This quantity 
of light, which covers a wide spectral range, also is greatly in excess of that required 
at A = 4861A to give the observed multiplier output. 

In conclusion it seems that either thermal excitation or recombination could 
account for the after-glow. It is not possible from the present preliminary work to 
decide which process predominates, but spectrographic and other methods of 
observation are being pursued. The recombination continuum on the short wave¬ 
length side of the Balmer series limit has been observed. It appears that the per¬ 
sistence of energetic electrons from the discharge, in the after-glow period, may be 
ignored; the mean electron energy falls to a negligible amount in about 0 - 1 /tsec. 
for both hydrogen and argon sparks. 


4-2. Argon discharge 

Most of the arguments advanced in §4*1 refer qualitatively to spark channels in 
argon when, however, dissociation complications are absent. 

It seems (figures 5 a, 5 g) that argon spark channels are established more rapidly, 
in that the rate of light emission increases more rapidly. This would be expected 
from the relative values of electronic mean free paths and energy transfers at 
collisions (Healey & Reed 1941 ). The heat capacity of an argon channel is lower than 
for hydrogen, because C^, (argon) is about one-sixth of (hydrogen) at 10 , 000 '’K, 
and so will more rapidly reach a given temperature for the same input energy. 
Unfortunately the strong argon after-glow masks the effect of channel cooling. 
Argon (figure 17c), helium (figure 17d) and neon (figure 17e) spectra are shown 
for 30 amp. and 55 lb./sq,m. abs. pressure. 

It is likely that the after-glows in the rare gases, particularly argon, are due* to 
metastable atoms. The estimation of such effects is difS-cult at present, as extra¬ 
polation from low pressure results appears imjustified. 

The visible after-glow in argon, which is that recorded by the glass bulb system, is 
not greatly affected as to time duration by the addition of quenching agents, such 
as hydrogen or oxygen in moderate amounts (figures 5 a, 6 and 8 a, 6 ), which exert 
a marked influence in low pressure discharges. The presence of quenching agents 
removes the variations in after-glow as observed for consecutive sparks. Such 
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variations are probably connected with the fact that the after-glow is often (figure 
%n) though not always (figure 6 m) concentrated into discrete regions. A similar 
effect is noticed with moving camera recor(k of long sparks and lightning where 
interpretation is further complicated by current flow. It is possible that the localized 
regions of after-glow can be associated with differences in space charge accumulation 
in the discharge, as produced by variations of voltage gradient along the channel. 
A farther investigation of this phenomenon is planned. 

The variation with current of the light emission from an argon spark can be 
explained on the basis of recombination in the foUowiug approximate manner. 
From equation (4) the light emission L per unit length of channel of radius r is given by 

Lcc^^ocN^r^, 
dt ^ 


It has been shown in equation ( 2 ) that N^cc IjrH and therefore 


Lee 


IL 


Now Flowers ( 1943 ) has shown experimentally that I/r^ is constant for established 
spark channels. Also, considerations of the variation of electron mobility with 
temperature and gas pressure indicate that the electron drift velocity v is roughly 
proportional to the voltage gradient along the channel, on the assumption of con¬ 
stant gas density, and in unpublished work by D. E. M. Garfitt it has been shown 
that the voltage drop across spark gaps in argon varies little over the range of 
parameters used in the present investigation. If then we consider both Ijr^ and v 
to be constant, expression for L becomes 

LozI, 

in agreement with the present observations (figure 12 a). Alternatively, if the light 
emission is caused by thermal excitation, then 

Lee 

or on substitution from equation ( 2 ) 

Loc Ijv, 

Again, for the reasons discussed in the preceding paragraph, we may consider v 
to be roughly constant, so that 

Loc/. 


5. C03^CLUSI0NS 

Observations of the variations with time of the light emission from spark dis¬ 
charges indicate that the after-glow in hydrogen is probably a thermal effect, whilst 
in argon it is due largely to other causes, of which the persistence of atoms in meta¬ 
stable states is the most hkely. 
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From considerations of tiie spectra of the discharge and the energy balance in 
the channel it is deduced that the density of ionization is about lO^*^ ions/c.c. for 
the sparks observed. Channel temperatures, as determined on the basis of Saha’s 
equation, are shown to be about 10,000-15,000'’ K: 

The mechanism of light emission from the channel can be explained in terms either 
of thermal excitation or of electron/ion recombination. Further investigations 
which are being undertaken are necessary to decide the relative importance of 
th^ two processes. 
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Figube 3 



Figtjbe 5 


The calibration of ordinates is the same for all light oscillograms. 

To obtain relative light values, refer to figure 1, §§ 2, 3. {Facing p. 360) 
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Figure 9 

The calibration of ordinates is the same for all light oscillograms. 
To obtain relative light outputs, refer to figure 1, §§ 2, 3. 
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Figuee 15 



Figijke 16 

The calibration of ordinates is the same for all light oscillograms. 
To obtain relative light outputs, refer to figure 1, §§ 2, 3. 
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Further interferometric studies with mica 
New multiple-beam fringes and their application 
By S. Tolastsky, Ph.D., MancJiester University 
{Communicaied by Sir Lawrence Bragg, F.B.S.—Received 14 March 1945) 

[Plates 12-14] 

A description is given of multiple-beaim interference precision methods for studying the 
surface topography and internal strnctiiral features of thin slips of mica. Three methods are 
described involving (a) new white light multiple-beam interference fringes, called here 
‘fringes of equal chromatic order’, (6) an adaptation of monochromatic multiple-beam 
Fizeau fringes, (c) monochromatic multiple-beam non-localized fringes of hi^ diapemon. 
The properties of the fringes of equal chromatic order are discussed and their applications 
reviewed. They are shown to be a powerful weapon for investigating interferometric pro¬ 
perties of thin films. The directions of surface contours and of cleavage steps can be deter¬ 
mined. Surface angles of only 0*003 min. of arc can be measured, over a length of 1 cm., this 
being at least 50 times better than the Rayleigh limit of the goniometer. The fringes reveal 
information about surface contours, local variations in chemical composition local occlu¬ 
sions, growth nuclei, birefringence, nature of cleavage surface, etc. The precision is such that 
the molecular lattice spacing of mica nonnal to the cleavage direction can be evaluated. The 
birefringence can be determined even if it is as low as 0*0001. Changes in thickness of a mica 
sheet are shown to be discontinuous. 

The non-localized fringes of high dispersion also reveal cleavage steps and bicefiringence. 


iNTROBTJCnOIT 

A description is given here of three mnltiple-beam interfeience methods, used in 
this particular instance for the study of structural and surface topographical features 
of thin slips of mica. This account wiU deal with the experimental techniques em¬ 
ployed, detailed analysis of specific mica features being communicated elsewhere. 
The procedures described have wide potential applications and can be employed with 
any type of approximately plane surface, and to any thin solid or liquid transparent 
medium which does not attack silver. 

The three methods used involve (a) a new type of multiple-beam white light 
fringes, which for reasons developed fully elsewhere are called ^fringes of eqwd 
chromatic order \ (6) an adaptation of multiple-beam Pizeau fringes, using mono¬ 
chromatic light, (c) the multiple-beam non-localized monochromatic ring firings of 
high dispersion, recently described by the writer. These three methods, each sensitive, 
together form a powerful optical combination, complementing each other; method 
{b) gives information about extended areas, method (a) refers to a selected line 
section, and method (c) supplies restricted information about smafi areas (crude 
points), and in some cases extended areas. 

Of the three methods, which are independent, the most powerful is method (a), 
employing the multiple-beam white light J&inges. This procedure solves, by inspec¬ 
tion alone, problems intractable to other methods. It has wide possible application 
to thin filTn interferometry (low order of interference) and will be described first. 
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In earlier publications (Tolansky 1943i 944 < 3 ^, 1945 ) ^ description has been 
given of a rnmiochrcmatic multiple-beam interference procedure for studying the 
topographical features of the surfaces of fairly flat crystal faces, mica, selenite and 
quartz being examined. In this method a high-reflecting thin film of silver is deposited 
upon the crystal face which is then brought close to a similarly coated good optical 
flat. When illuminated under specified critical conditions vsdth monochromatic light, 
sharpened multiple beam Fizeau ‘fringes of equaf thickness’ are formed. These 
repeal surface topographical information, demonstrating on mica surfaces, for 
example, the existence of numerous small hills and dales and also of sharply defined 
cleavage steps often of molecular dimensions. In the case of mica and selenite, 
experimental conditions were such that there remained ambiguity as to whether a 
given contour group represented a hill or valley. Nor could the directions of the 
cleavage steps be decided; The contour picture given may equally well have been a 
mirror image of actual conditions. The fringes of equal chromatic order remove 
ambiguity and reveal farther information of interest. 

These fringes are essentially multiple-beam white light fringes, the basis of the 
precision attained lying in the employment of high-reflecting coefficients. The 
technique for the production of the necessary metallic films has already been 
described elsewhere. An unusual feature is that the precision is reached without the 
employment of a monochromatic light source, a 100 W lamp sufficing. 


Fbustges of equal chromatic order 

The formation of the fringes and their application may be examined by con¬ 
sidering first those formed with a silver modified Newton’s rings apparatus. It has 
' been shown elsewhere (Tolansky 19436) that the deposition of high-reflecting tbin 
silvering upon the optical components (lens and glass plate) of a Newton's rings 
apparatus leads to a striking sharpening of the fringes vs^-hen coUimation is correct. 
Such sharpened fringes in transmission are shown in plate 12 a. Local glass defects 
are rendered conspicuous and deviations of the order of 25 A can be measured with 
precision. 



The arrangement for producing the fringes of equal chromatic order with this 
interference film is shown in figure 1. A is a white light source (a lamp), an image of 
which is projected by the lens B on the 1 mm. aperture C, which is at the focus of 
the achromat lens i>. An approximately parallel beam falls at normal incidence 
upon the interference film E, An image of E {enlarged some 3-5 times) is projected 
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by the good achromat lens F on to the narrow slit of a spectrograph O. The fiinges 
are photographed at H, 

The fringes covering the spectrum from the red to the blue are shown in plate 126 . 
A wave-length scale is superposed. 

The fringes show the following characteristics: 

(1) Although white light is used the fringes are very sharp, the fringe width being 
a small fraction of the distance between orders. 

(2) Each fringe is multicoloured, extending over a considerable spectral range, 
which depends upon the focal length of the lens F, 

( 3 ) The approximately parabolic shape ^an be predicted finm simple theory. 

( 4 ) The local defects visible in the Eizeau fringes on plate 12a appear as irregu¬ 
larities in the fringes on plate 126 . 

( 5 ) Each fringe is identical with the others, due allowance being made for the 
variable dispersion of the prism spectrograph employed. 

(6) The separation between orders is large in terms of angstroms. 

These fringes differ from, but are related to, the well-known Edser-Butler fringes 
formed with white light when a plane parallel ‘half-silvered’ thin air film is placed 
before the slit of a spectroscope. They are i^elated also to the lesser known ‘hook’ 
fringes of Roschdestwensky. These relationships are discussed elsewhere. The 
following suffices to give the relationships required for the problems considered 
here. 

The interference in the silver-enclosed film obeys the relation nX = 
where the symbols have the usual meanings. In this instance ji and cos 6 are taken 
to be unity, whilst t varies in a regular manner across the slit. This relation can be 
written as = 2 vt, where v is the wave number. Differentiating for variation «of 
with t constant, gives dn — 2 dvt, For successive orders dn = 1 , thus if riy is the 
wave-number separation between orders then, t = IftAv. With a plane parallel film 
{t constant) the fringes are parallel lines equally spaced in wave numbers. Edser- 
Dutler fringes correspond closely to this special case. When t varies across the slit 
image, then is greatest where t is smallest. If the point of closest approach in E 
is imaged on the slit centre, then it is clear, without detailed analysis, that parabolic 
shaped fringes will result. 

For monochromatic fringes obeying the relation nX = 2 /d cos 6 Lummer long ago 
proposed the following classification. With a parallel-sided film constant) inter¬ 
ference produces ‘fringes of equal inclination’. With a wedge, using parallel light 
{6 constant) interference leads to ‘fringes of equal thickness’. This terminology has 
received wide acceptance. In each of the fringes in plate 126 the condition obeyed is 
tjX constant. This quantity, the order of interference (constant for any type of 
fringe), applies here to fringes which are chromatic, since A varies. To correlate these 
with Lummer’s classification, it is proposed to adopt the name 'fringes of eqmd 
chromatic order\ A moredetailed justification for this is being given ^Isewhere, where, 
in addition, the fringes formed by the simultaneous variations of both A and d are 
discussed. 

17'2 



264 


S. Tolansky 

Amongst the many possible uses of the fringes of equal chromatic order, the 
following appKcations will be surveyed here: 

(1) Determmation of hill and dale features. 

(2) Measurement of small cleavage steps and determination of step direction. 

(3) Measurement of very small surface angles. 

(4) Evaluation of birefringence over a wide frequency range. 

{5} Detection of small thickness diJBFerences, approac h in g molecular dimensions. 

In each case a suitable modification of the formula t = Ij^Av enables precision 
measurements to be made rabidly. A fringe pattern as on plate 126. is effectively a 
section diagram of a surface contour, the section being that selected by the spectro¬ 
scope slit. With a curved surface (the lens in E) de^tion is improved if the image 
projected on to the slit is enlarged. This is then equivalent to the examination of a 
thin slice of the surface narrower than that of the slit by the appropriate magni¬ 
fication factor. The improvement is due to the fact that the variation in film thickness 
across the slit width (despite the employment of a fine slit) is appreciable to the 
degree of sensitivity employed. There thus arises the unusual optical situation in 
which an enlargement in projection leads to improvement in definition. 

It has been shown elsewhere that in monochromatic multiple-beam fringes the 
interference film must be very thin if high defimtion in the fringes is required. This 
condition also applies to the white light multiple-beam fringes. If the interference 
film is wedge-shaped, set with its edge perpendicular to the sht, the fringes are 
straight lines sloping across the slit image direction, the fringe slope being a measure 
of the wedge angle. Defiboition in this case is not affected by enlargement, since the 
film thickness varies only along the sht length and not across the slit width. Enlarge¬ 
ment reduces the fringe slope, and it is helpful in the case of small wedge angles if 
the image is redvced, increasing thereby the fringe slope. With a plane parallel film, 
magnification or reduction of the image has no effect on definition. It is clear that 
a suitable choice of image magnification should be made, according to the problem. 
The guiding criterion is that magnification affects only the surface area, not the 
film thickness. 

By sliding the image of the interference film across the slit, a large area 
can be scanned. This is rapidly done visually, but is photographically slow, 
the covering of an area being a more laborious process than is the case with Kzeau 
fringes. 

A noteworthy feature is the attainment of high precision (approaching molecular 
dimensions) without the use of the monochromatic sources generally required for 
thin film interferometry. 

In mica and selenite the fringes of equal chromatic order have been used in two 
types of experiment: (a) surface topography studies, (6) examination of internal 
structure features of thin slips. These studies resolve the ambiguities remaining in 
the earlier Eizeau fringe experiments. 
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Appuications to subpage topogeaphy 

The crystal surface (mica) is silvered and matched close to a silvered optical flat, 
as formerly. This combination replaces the lens-flat (E) in figure 1. The fnnges 
given by a smooth sample of mica are shown in plate 12 c, inth an enlarged section 
in plate 12 d. A surface cleavage splits the pattern in two. Compaiison with the 
Newton’s ring fringes shows by inspection that the upper half is a valley feature and 
the lower half a hillock. 

Since there are more fringes above than below the dividing line, and as ^ == 1 12 Av, 
inspection suffices to show that the air fil m is thinner in the lower section, hence the 
direction of the cleavage step is determined. Precision values for cleavage steps and 
heights of hill features can be derived by a number of separate procedures. The 
following methods can be used for step evaluation. 

For a particular order n, at some wave-length A, the air film thickness being t, 
then nX = 2 t, giving dt = dIA/ 2 Adv, where Av has the previous meaning and can be 
obtained from any fringe paiif. It is usually sufficiently accurate to evaluate the 
wave-length displacement dX at the mean value A to obtain dt The method is 
suitable when the displacement is a small fraction of an order. 

A better procedure is to measure the change in order at a given wave-length. 
In this case A is constant and dn varies with t, thus dt = drb JA, which is a convenient 
relationship to apply. The fractional order of separation dn is measurable with 
precision and inspection suffices to show whether an integer must be added, which 
is the case when orders have overlapped. 

A further method is to make use of coincidences. Let m and m' be the number of 
fringes (including fractions) between any two selected points Av apart. If t and f 
are the thicknesses ofthe two corresponding air films then ^ = m/2^j^andf = m'l 2 Av, 
so that t—f — dt — {m—m')l 2 Av. In the case where m = m'-tl then dt = lj 2 Av^ 
which occurs for perfect coincidences only. 

Since the fringes are displaced above and below the dividing line, both resolution 
and precision of measurement exceed that normally possible with usual multiple- 
beam fringes of the same degree of sharpness, as, for example, Fabry-Perot rings. 
The condition here’is analogous to that which obtains.in the use of displaced 
fiduciary fringes such as are used in the Rayleigh refractometer. A displacement of. 
1 / 126 th of an order can be accurately measured at 6000 A. This corresponds to a 
step of 20 A., which is the molecular lattice spacing of mica. The step shown is large, 
being some 16,000 A. 

It may be noted that the smoothness of the fringes proves that mica cleaves true 
to a "molecule’. This will be discussed elsewhere. 

A further example of the use of the fringes of equal chromatic order is shown in 
plate 12 e, an enlarged section is in plate 12/. This exhibits a sharp surface ridge, 
details of which are discussed elsewhere. It will be seen from this example that a 
useful cljaracteristic of the fringes is that they reveal small surface angles. Consider 
a fringe inclined to the vertical, arising from two points on the mica surface L cm. 
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apart, the difference in air film thickness being dt. The small wedge angle on the 
surface (angle between normals) is then s = dtjL, Writing the fringe slope as 
S = KdXjL gives s = SvtjK, in which K depends upon the dispersion of the spectro¬ 
scope. For any fringe {n constant) t = Ij^Av, so that s = Svj^KAv, The magnifica¬ 
tion of the slope of the fringe over that of the surface wedge is thus M = 2KAvjv. 
At 5000 A. a typically good value for -dv is 1500 cm.”^, and with the spectrograph 
in use the,dispersion is some 30 A./mm., giving M = 50,000, With a Hilger large 
glass littrow spectrograph this would be increased to over 500,000. 

With the Hilger medium quartz spectrograph, used throughout here, a slope of 
can be detected on a 1 cm. length of fringe. This corresponds to a wedge on the 
*^ca of 2 ^ 000 ^ some 0*003 min. of are. Comparison with the Rayleigh limit of 
the goniometer is of interest. At best, over a 1 cm. length, and providing too that a 
large enough area is available to give sufficient intensity in the reflected signal, the 
goniometer can resolve some 4 ^°* The fringes of equal chromatic order are at least 
50 times better than this, probably 100 times better. When small facets are involved 
the goniometer is far surpassed. 

Further applications of ttie fringes will be indicated in the following section 
dealing with Fizeau fringes, where it will be shown how the two fringe types can be 
correlated. 


Fizeait feestges with doubly silveeed mica 

Since the topographical features of any single mica surface are always complex, 
it was anticipated that the multiple-beam monochromatic Fizeau fringes formed 
between the two faces of a single slip of mica would be more complex because of 
superposition. However, the effects observed are simpler than in the case of a single 
face matched against a flat. Experiments were made on thin rectangular slips with 
dimensions some 3x4 cm., thickness var 3 nng from to mm. Such thin flexible 
sheets were sensitive to air shock and in mdst of the ob^rvations were enclosed 
between glass plates held together with gummed paper strips. This leads to the 
formation of weak low-visibility secondary fringes formed in the air film between a 
glass surface and silvered mica surface. One air film only was involved, a large 
wedge being formed on the other face with a paper separator. 

The doubly silvered mica was illuminated with parallel monochromatic light 
(green mercury) at nomal incidence, using a small source at tfie principal focus of 
a good lens. To reduce complexity arising from the birefringence of mica, plane 
polarized light was used. The interference patterns which result are of interest and 
the visual appearance is striking if an unfiltered mercury arc is used as the source. 
Interference patterns (monochromatic) for different mica samples are shown in 
plate 13, each representing some 3 sq.cm. The sample shown in plate IZj exhibits 
moderately large areas of uniform tint separated by cleavage lines which radiate 
from the point of insertion of the needle used for separating the sheet. These cleavage 
lines can be seen on the mica surface with a low-power lens. The sample in plate 13g 
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shows a mass of irregular tom cleavage strips of considerable complexity. Patterns 
between these two extremes have been observed in different samples. 

Within the uniform tint areas are three major characteristic features: 

(а) Gradual changes in depth of tint. 

(б) Striations and irregular discontinuous patches. 

(c) Secondary low-visibility fringes. 

The characters (a) and (6) are due to changes in refractive index arising from 
variations in chemical composition. These aspects are being discussed elsewhere. 
The low-visibility secondary fringes still appear when the mica rests upon an 
optical flat and thus represent the contour of the surface topography of that mica 
surface in contact with the glass. 

In plate 13m the doubly silvered mica rests upon a silvered optical flat. Compound 
Fizeau fringes result. The inica acts as a filter leading to uniform tint areas bounded 
by cleavage lines. Within each area of transmission sharp multiple-beam fringes 
form between the silvered glass and mica surfaces. Uniform tint shows that both 
faces of the mica are parallel to within a small fraction of a wave, yet the secondary 
fringes show that the surface is highly contorted. It must be concluded that the dis¬ 
tortions on the one face are faithfully followed on the other face of the mica slip. 
Because of this the main features of the fringe pattern from a piece of doubly silvered 
mica are much less complex than those of either separate face when matched 
against a flat. 

The ‘parallel distortions’ on the two faces do not prevent formation of uniform 
tint, which is determined by the condition nX = 2/itooBd, For t is postulated con¬ 
stant and the minute variations in 6 due to the heights of the surface contours are 
negligible. Thus it is clear why Fabry-Perot fringes (or the original Haidinger rings) 
can be perfectly formed by mica with very imperfect surfaces. 

CORRELATIOlsr WITH ITlINaES OE EQUAE CHROMATIC ORDER 

Owing to the local parallelism of the opposing sides of a slip of mica, the Fizeau 
fringes fail to give information about the directions and values of the steps, merely 
indicating their existence. The iriissing data are supplied by the fringes of equal 
chroinatic order. These fringes corresponding to a line section 1’5 cm. in length 
crossing over one of the cleavage lines of plate 13 j are shown alongside the latter in 
plate 13ij (enlarged section in plate 13i). The fringes are straight lines, parallel to 
the slit, affording independent proof that the mica faces are parallel. The fringes 
are double, because of the birefringence of the mica. 

These fringes reveal many properties, e.g. 

(а) The direction of the cleavage step. 

(б) The height of the step. It is 120 A, i.e. exactly 6 ‘molecules’. 

(c) The thickness of the mica. It is ^ mm. 

(d) Secondary intensity variations superposed on the whole pattern. 

(c) The birefringence over an extended wave-length range. 
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The secondary fringes reveal the surface topography, since they are the low- 
visibiKty fringes of equal chromatic order formed between the mica surface and the 
unsilvered flat on which this rests. This again proves that the surface is contorted, 
yet parallelism retained. There exists point to point correspondence between the 
two types of fringes. 

The fringes of equal chromatic order shown in plate IZh (enlarged section in 
plate ISi) refer to a 1*4 cm. length of part of the sample shown in plate 13^. Again 
correspondence can be traced, but it is clear that the fringes of equal chromatic 
order reveal much additional detail about the cleavage steps. One such conclusion, 
for example, is that changes in thickness are always discontinuous (excluding 
some special local features associated with inclusions and growth nuclei). 

The details of the analysis of the interference pictures are not being given here, 
since the object in view is the description of methods. It can, however, be demon¬ 
strated that steps occur which are all small integral values of 20 A, which is the 
crystal lattice spacing of mica in the direction concerned with cleavage. 

A special characteristic of doubly silvered mica fringes is that the ‘opticaP 
thickness being involved, displacements are magnified by the factor fi. The sensi¬ 
tivity is thus some 60 % better than when using an air film as in the topographical 
studies on single surfaces matched against a flat. 

linally, the method has been applied to the study of small local features in¬ 
volving what are considered to be growth nuclei and occlusions. The results of 
these investigations are being communicated elsewhere. 


BntEFEIKGElirCS; OP CliBAVED MICA SHEETS 

The fringes of equal chromatic order permit a determination of birefringence to be 
made over a wide wave-length range from a single exposure. The refractive indices of 
micas differ, determinations for any given sample not necessarily being representa¬ 
tive. The average three refractive indices (D lines) given by Rutl^ for muscovite 
{Mineralogy^ 23rd ed.) are 1-560,1-593,1-600. The International Critical Tablee^ve 
1*561, 1*590, 1-594 for muscovite. The birefringence expected in a cleavage flake is 
thus small, of the order 0*007-0-004. 

Consider the wave-length change dA for a fringe of given order, due to a change in 
refractive index d/e. As TeA = 2/ei differentiation gives ridA = 2diit, hence the bire¬ 
fringence d/e is given by d/e — fidAjA. This can be measured over a wide spectral 
range by evaluatmg the doublet separations dA, the value of /e for the wave-lengths 
selected being obtained firom the wave-number separation between any two adjacent 
orders,* or by other means. 

Measurement shows that d/t is sensibly constant over the visible region, having 
the value 0-0046 ± 0-0001 for the sample examined, at 5000 A. 

* Strictly, taking into account dispersion, then 1/2/jtt = Av-h where Aft is the change 

in ft Over the range Ap. For an approximate evaluation of /£, 1/2/a = Ap can be used. 
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Since dX — d/i^Xj/i, the birefringent doubling, in Angstrom units, is independent 
of the thickness of the mica film. This has been confirmed by observation. It is 
estimated that a birefringence of 0-0001 could be measured by first polarizing* the 
incident light and then separately independently measuring the positions of the 
doublet components. Even this low value could be improved upon in special 
instances with a suitable spectrograph. 

NoiJir-LOCALIZED FEINGES OF EQUAE ESTCLmATION 

The third interferometric method developed fcjr the examination of doubly 
silvered mica employs the high dispersion non-localized multiple-beam circidar 
monochromatic fringes described recently by the writer (Tolansky 19436 ). 

It is known that with selected pieces of doubly silvered mica, good Fabry-Perot 
rings can be formed if a small area is iUtpninated. Haidioger’s original discovery of 
the fiinges of equal inclination ( 1854 ) was made with unsilvered mica. Rayleigh 
( 1906 ) was the first to silver (crudely) the two faces of a mica slip and he succeeded 
in resolving two ring systems, due to bireMngence, Chinmayanandam ( 1919 ) and 
Schafer & Berber ( 1926 ) extended these observations, and more recently Pfund 
( 1942 ) has added more, without, it seems, being aware of the earlier literature. 

The non-localized fringes formerly described by the writer are closely allied to 
true Fabry-Perot rings, although the latter are at infinity. The theory of their 
formation has already been discussed. It was shown that with a small source a 
Fabry-Perot interferometer produces characteristically highly sharpened rings 
which extend indefinitely into space, growing larger as the distance between the 
screen and source is increased. No lenses are required for the production of these 
fringes, which, providing certain conditions are fulfilled, are as sharp as Fabry-Perot 
rings. The most striking characteristic of these fringes is the high dispersion available 
■with such simple means. Rings many metres in diameter can be obtained. If thin 
slips of mica are used as the interference film, it is necessary to tilt off-centre to 
accommodate more than one order upon a quarter plate ;^aced only 10 cm. distant 
from the source. 

The optical arrangement is simple. A small aperture is placed before a green- 
filtered mercury arc, and with a 1 in. microscope objective a di mim shed bright image 
of this circular apert'ure is focused on to the mica. The image size is some 0*25 mm, 
across. The mica is tilted to bring down higher orders and a photographic plate held 
some 20 cm. distant. Two successive orders of the rings formed when an image of 
the source is thrown on to the uniform "feint area of plate ISj are shown in plate 14o. 
The light is first suitably plane polarized to cut out one ring system. 

The rings are sharp and the high dispersion is evident. The linear distance on the 
plate between orders is 3 cm. It would have been made 30 cm. by moving the plate 
2 m. from the mica instead of 20 cm. With green mercury light the change in mica 
thickness needed to displace the rings through one order is 1700A. It is evident tliat 
a change of less than 1 /lOOth order can be measured, i.e. astep of 17 A or less can be 



270 


S. Tolansky 

detected, whilst a setting on a fringe can be made to within 1/lOOOth order. The 
sensitivity is thus the same as with the fringes of equal chromatic order. 

For comparison the true Fabry-Perot fringes (at infinity) are shown in plate 14 
This mica thickness is so uniform over a large region that a considerable surfa.ce area 
can be il himm ated with little loss in definition. A 6 mm. disk was here illuminated. 
The fringe sharpness again confirms the earlier conclusion about parallelism of the 
sides despite surface contortion. 

The non-localized fringes (with a small source image) shown in plate 14 p were 
obtained when the source image was placed to cross over one. of the cleavage lines in 
plate A discontinuity appears in the fringe pattern. There exist effectively two 
Fabry-Perot interferometers, side by side, differing in gap only by the height of the 
cleavage step. The incident converging beam is divided by the cleavage line so that 
on one side of the line some half of the converging cone is* available and therefore 
only half the ring system appears. On the other side of the cleavage line is the other 
half of the ring system, from the second interferometer, with a displacement in order 
corresponding to the difference in gap. From the displacement a precision value of 
the step can be obtained. 

, This one photograph is insufficient to give the step, since there is no indication 
either of the direction of the displacement or of the number of integers to be added 
to the observed fraction. There are two methods for resolving the ambiguity. The 
' fiocst is to use different wave-lengths and then apply Benoit’s method of exact 
fractions. This is laborious and requires a knowledge of the dispersion. The second 
is simpler. The fringe are compared with the corresponding fringes of equal chro¬ 
matic order, and this reveals whether an integer is to be added. The onb advantage 
of these non-localized fringes over those of equal chromatic order is the great 
dispersion of the former, obtained with simple means. 

Plate 14g was taken over the same region as plate 14pbut with the polarizing 
device removed. The birefringence doubling appears, one ring system being circular, 
the other slightly elliptical. This effect was indicated, although much less clearly, in 
the earlier work of Rayleigh on the Fabry-Perot rings and was also clearly established 
«by Pfund with Fabiy-Perot rings. None of the earlier workers who studied the 
Fabry-Perot rings succeeded in discovering the step effects rendered so easily 
visible wdth the non-localized firinges. 

The non-localized fimiges on plates 14r and 14^ were obtained from small areas of 
the mica sample in plate 13gr, which ha« a tom surface. In plate 14r the small source 
image is covering an area containing a number of discrete patches extending hori¬ 
zontally over sufficient length to encompass a considerable angular range for each 
strip. In plate 145 the strips lie more or less vertically, leading to isolated fragments 
of fringes. In both cases the light was fibrst plane polarized to reduce complexity. 

[Historical note,) On completion of this work a search was made through the 
extensive literature on multiple-beam interferometry to find whether the fringes 
(called here fringes of equal chromatic order) have been discussed before. Nothing 
has been found. The closest approach appears to be in the work of Fabry & Buisson 
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( 1908 ) in their determination of phase change on reflexion. They examined the 
"channer spectrum given by a wedge, but it appears fcom their brief description 
that the optical conditions necessary for the formation of the fringes of equal 
chromatic order were not reahzed, and they abandoned their observations because 
of the mediocre fringes formed when white light was used. Without stating so, 
they seem to imply that the fringes examined were of the Edser-Butler type. The 
fringe types recounted here were not described. 
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The air wave surrounding an expanding sphere 

By G. I. Tayxoe, I’.R.S. 

{Received 5 December 1939) 

[For sxunmary see p. 292.] 

IlSTTRODTJOTIOl?' 

When the surface of a sphere vibrates in any assigned manner the spherical 
sound waves which are propagated outwards can be represented by well- 
known formulae provided that the motion is such that only small changes 
in air density occur. When the motion of the spherical surface is radial the 
velocity potential of the sound wave is 

= r-^f{r-at), (1) 

where a is the velocity of sound and r is the r&dial co-ordinate. The velocity, 
and the excess, ^pressure over the atmospheric pressure are 

u = r-2/(r - at) - r~ - at)^ (2) 

P-Po^ - at). (3) 

If R is the radius of the sphere which, by its expansion, is producing waves, 
JB is a function of t and the surface condition is 

R = R-^f{R^at)-^R-^f'{R-at). (4) 

Equation (4) is an equation for finding the function/. A simple case in which 
equation (4) can be solved is when R is constant so that the sphere is ex¬ 
panding at a uniform velocity. Taking t = 0 when JS = 0 the radius at time 
t can be expressed in the form 

R = ocat, (5) 

where a is a non-dimensional constant. The limitation that the changes in 
density are small implies that equations (l)-(3) are true only where a is 
small compared with 1. 

Writing w R — at^ {a—l)at equation (5) becomes 

■ <*) 

The solution of equation (6) which is valid for negative values of w is 

/(*»)= ( 7 ) 
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The constant of integration c must be taken as zero in order that f(w) may 
vanish when to = 0. Hence 


tt = 

P-Po = 


aa? {r—atf 
aa? (aH^ 1 

7’ I 


( 8 ) 

(9) 


If at time ^ = 0, w = 0 and p —p^ = 0 everywhere, then at aU subsequent 
times u = 0 and p =p^ in the region outside the sphere r = at 

It wiU be seen that both u and p —p^ are constant when rjat is constant, 
thus points where u and p—Po have any assigned value are propagated 
outwards at uniform speeds which are proportional to distance from the 
centre. Subject to the limitations of the theory of sound therefore* the air 
wave produced by a uniformly expanding sphere expands at a uniform rate 
and the velocity and pressure at corresponding points are constant at aU 
stages of the expansion. 

This result might have been expected a priori but the solution is here 
given in detail because it forms the starting point of the work which follows. 


AtSTALYSIS when VELOCITr OE EXPANSION IS NOT SMALL 


It seems likely that a uniformly expanding sphere will be surrounded by 
a uniformly expanding air wave, accordingly a solution of the complete 
equations of motion is sought in which % and p are functions of a; = rjl only. 
For such motions 

/ 3 r d \ , 

The equation of motion is 


du du ^ 1 dp 

pdr' 

and in view of equation (10) this may be written 

, ,du Idp 


(II) 


( 12 ) 


* It is shown later that the sound wave equations themselves are not valid in t.hk 
case, even when a is small, but this fact does not invalidate the expression (8) 
regarded as a solution of those equatioris. 
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The equation of continuity is 

dp dp (du 2u\ . 

wMch in view of equation ( 10 ) may be written 


275 


u—xd p du 2u 
p dx dx’^ X* 


(13) 


The gas equation pp-y = constant, together with the expression for the 

velocity of sound, namely ^ give 

dp p 


and 


\dp ^ 1 dc^ 

pdx y—ldx^ 

_ 1 dc^ 

pdx 


(14) 


{y—l)c^dx) 

Substituting from equations (14) in equations (12) and (13) 

u—x dc^ du 2m 

r+^+—= 0 . 


(y—l)c^<ia; dx x 

For convenience in calculation equation (16) may be replaced by 

du _ 2m L /m— 
dx a: ( \ c / I * 

Equations (15) and (17) may be expressed in non-dimensional form by sub¬ 
stituting i^e variables 

i = ujx. 


(15) 

(16) 

(17) 


7} = C^jx\ 

z = loggo:.] 

The resulting equations are 

dij 2^i7 + (y-f-l)^-y|®-l 

dr g 


dz 


3n-{i-gr 

1 


(18) 


(19) 


( 20 ) 


^Bv-{l-gr 

The solution of equation (19), which contains two variables only, will contain 
one arbitrary constant. Without attempting to express this solution in 
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mathematical form it is possible to construct by numerical integration a 
complete set of (g, Tf) relationships each corresponding with a given value 
of the arbitrary constant and to set them out graphically in a single set of 
curves on a diagram whose co-ordinates are ^ and 7 . This diagram is shown 
in figure 1. The arbitrary constant a is defined so as to correspond with the 
constant a in equations (5), ( 8 ) and (9), and the value of a corresponding 
with each tj) curve is shown in figure 1. The single curve which cuts across 
all the graphical solutions of equation (19) in figure 1 will be explained later. 


Boxj]S'daey condition at the surface of the sfherb 

At the surface of the expanding sphere u = r/t x so that 

^= 1 . ( 21 ) 

In the sound-wave solution the constant a specifies the velocity of radial 
expansion of the sphere as a fraction of the velocity of sound. In the com¬ 
plete solution rj represents at any point so that at the surface of the 

, , /local velocity of sound 

sphere rt represents |—=—r;---:— 

^ \ velocity of expansion 

the complete solution and the sound-wave solution is therefore attained 

when the arbitrary constant a is defined by the relation 

92 = ( 22 ) 

where is the value of 7 at ^ = 1 . 

The curves in figure 1 were constructed for a series of values of a starting 
at the point (^ = 1 , ^= ccr^) and calculating the change in Tf step by step for 
small decrements in ^ through the range g = 1 to g — 0 . The change Sz 
in 2 : in each interval was also calculated using equation (20). When 7/ has 
been found as a function of ^ the solution of equation ( 20 ) is of the form 

2—22 = (function of £), 

where z^ is the constant of integration. If is chosen so that z = when 
i = 1 then ^ ^ lo&r/J?. (23) 


) . Correspondence between 


Outer boundary conditions 

At the outer boundary of the expanding air it must be possible to connect 
the still air conditions with those which obtain in the disturbed region. This 
can be done in two possible ways: either {a) it might be found that = 0 at 
radius r = at, so that the (^, tj) curve passes through the point (S= 0 , 9 ? == 1 ); 
or ( 6 ) it might be found that at some radius the pressure temperature and 
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velocity are attained which correspond with the pressure, temperature and 
velocity immediately behind a shock wave moving into still air with velocity 
rjt* In case (6) the expanding region would be bounded by an expanding 



spherical shock wave and the air outside this sphere would be at rest. The 
sound wave solution (equations (8) and ( 9 )) satisfies condition (a), for at 
r ^ at both u — 0 and p = 0. 

* The area of figure 9 is indicated by a broken line on the right of the area. 
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Tor values of a larger than those to which sound wave analysis can be 
applied it appears that it is not possible to satisfy condition {a). If the solu- 
tionfora = 0*7forinstanceisfoUowed (see figure l)forvaluesof^decreasing 
from g = 1 it is found that z reaches a maximum while ^ is still positive and 
for smaller values of z decreases. Thus the same value of z would correspond 
with two different values of g which is physically impossible. It remains to 
find out whether the alternative condition (6) can be satisfied. Tor this 
purpose it is necessary to express the appropriate shock wave conditions in 
terms of the variables g and 7. 


/ 



A shock wave is an extremely thin region within which the pressure, 
density, temperature and velocity change from one set of values to another. 
The ratios of density and temperature on the two sides of a shock wave 
depend only on the ratio of the corresponding pressures. If is the pressure 
immediately behind a shock wave and Pq is the atmospheric pressure in 
front of it, y = pjpo may be regarded as the independent variable in terms 
of which an other changes occurring at the shock wave may be expressed. 
Tigure 2 shows the positions in the field to which the various s3?mbols apply. 
The shock wave formulae were first given by Rankine (1870) and later 
independently by Hugoniot (1889). The ratio of densities on the two sides 
of the shock wave is 


Po y+i+(y~i)2/* 


( 24 ) 
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where y, the ratio of specific heats, is the same as the “y ” which appears in. 
equation (19). In the present calculations y is taken as 1-405. Continuity 
requires that must be equal to the ratio of the velocities of the air on 
the two sides relative to the shock wave itself. Hence if is the velocity of 
the shock wave and % f^at of the air behind it 

Ux-yUx Pa 

A ~Px 

or, using equation (24), (25) 

The condition that the shock wave may expand uniformly with the rest of 
the system is 

Z 7 i = rjt. 


where is the radius of the shock wave. 


Hence 


or 


Ui/Ui — Uitjr — 

_ Hv-i) 

^ y-l-f(y+l)y' 


(26) 


So far as this condition is concerned an appropriate value of y may be chosen 
and a corresponding possible shock wave found at any point in the field. 
Equation (26), however, is not the only necessary condition. The velocity 
of sound in the air behind the shock wave must also satisfy the condition 


and 


cf = ypilpi = 


^i = cii7rf = c|/Z7|, 

fy+i + (y-i)yl 


ly-l + (y+l)2/r 


(27) 

(28) 


where a is the velocity of sound in the undisturbed atmosphere. may be 
expressed in terms of a making use of the momentum equation 

= Pi-Po = ip- (29) 


substituting a®/y for PolPo from (25) 

a®_2 y . • 

Z7f ~y—l + (y+l)y' 

bence from equations (27), (28) and (30) 

2yy{y + l-Ky-l)y} 
{y-l + (y+l)yP 


(30) 


(31) 


Values of ^ and y have been calculated from equations (26) and (31) for a 
sequence of values of y. These are plotted in a curve in figure 1. The inter¬ 
sections of this curve with those which describe the flow in the expanding 
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air determine the values of ^ and and hence the value of y, corresponding 
with possible shock waves. These have been taken from figure 1 and are 
given in cols. 2 and 3 of table 1 for values of a ranging from 0*5 to 2-1. The 
corresponding values of rJB obtained by numerical integration of equation 
(20) are also given in col. 4 of table 1. Corresponding values of y are given 
in col. 5 of table 1. 

Table 1 


1 

2 

3 

4 

5 

6 

7 

8 

a 

0 

0-2 

k 

Vi 

rJB 

y 

P 

y' 

PjPo 

_ 

_ 

4*93 

1-000 

0*203 

0*928 

1*075 

0-4 

0*0021 

0*998 

2*44 

1*003 

0*410 

0*775 

1*295 

0-5 

0*033 

0*974 

1*950 

1-050 

0*523 

0*750 

1*400 

0*6 

0*103 

0*916 

1*763 

M69 

0*638 

0*749 

1*569 

0-7 

0*198 

0*833 

1*603 

1*365 

0*761 

0*755 

1*808 

0*8 

0*291 

0*749 

1*392 

1*629 

0*891 

0*774 

2*105 

1*0 

0*453 

0*597 

1*256 

2*400 

1*180 

0*811 

2*959 

1*2 

0*575 

0*474 

1*182 

3*59 

1*520 

0*847 

4*250 

1*4 

0*662 

0*382 

1*135 

5*60 

1*953 

0*887 

6*32 

1*6 

0*727 

0-313 

1*103 

9*06 

2*560 

0*917 

9*89 

1*8 

0*779 

0*256 

1*083 

17*95 

3*598 

0*92 

19*7 

2*1 

0*832 

0*197 

1*060 

00 

00 

0*93 

00 


Bebtjctiok to moee eamiliab foems 


The physical cause of the motion of the expanding air being the motion 
of the sphere, the results are more comprehensible when expressed in terms 
of the ratio 

^ _ velocity of expanding spherical surface _ 

velocity of sound in undisturbed atmosphere ^ a* ^ ' 

rather than in terms of oc. Since is 

jly-i + {y+l)y\ 


= ^ //2 
7-i_a riVV 


valu^ of yff are given in col. 6 of table 1. 


The ratio 


pressure behind shock wave 


pressure at surface of sphere 
is related to by the equation 

y'a-r)/r = c|/cf. 

Values of y' are given in col. 7 of table 1. By definition oil} 


cf 


(34) 

(35) 
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so that 


Po y' 


(36) 


Values of pjpo namely the pressure at the surface of the sphere expressed 
in atmospheres, are given iu ool. 8 of table 1. The way in which PxlPa 
P 2 IP 0 with is shown in figure 3. 



Figube 3. Pressure at sphere and behind shock wave 
as multiples of atmospheric pressure p ^. 


Limiting values fob veby high bates of expahsioh 


The limiting values of and when 2 /->oo are 

£ = = 0-8316, 

^ 74-1 

2y(y-l) 

’ (y+1)^* J 


(37) 


Starting from these values equations (19) and (20) were integrated numeric¬ 
ally for increasing values of g.. At | = 1 the value of ^ so found was 0-226 
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corresponding with a = (0-226)"^ = 2-lOS, and the value of r^/i? was 1-0602. 
These are given in the last line of table 1. It seems therefore that as the 
velocity of expansion becomes infinitely great the pressure at the surface 
becomes infinite^ but the density remains finite. The thickness of the layer of 
expanding air is never less than 6-0 % of the radius of the sphere. 


Variation or velocity with radius 


The numerical solutions of equations (19) and (20) give rj and r/B in terms 
of The most convenient variables for describing velocity distribution are 
u/a and rjat which are connected with rj and rjR by the relations 


uja = fiirjRA 
rjat = ^rjR. j 


(38) 


Some calculated values of uja and rjat are given in table 2. These velocity 
distributions are shown in figure 4 for values of ranging from 0*20 to 1-95. 


Table 2 


a = 

0-2, = 

0-203 

a = 

0*4,^ = 

0-410 

a = 

0-6. y? = 

0*523 

rloi 

uja 

P/Po 

rjat 

uja 

PIP6 

riat 

Ufa 

P/Po 

0-203 

0-203 

1-0752 

0*410 

0-410 

1-295 

0-523 

0*523 

1*400 

0-214 

0-182 

1-0745 

0*430 

0-369 

1-293 

0-544 

0*481 

1-397 

0-228 

0-159 

1-0727 

0-451 

0-334 

1-286 

0-564 

0*444 

1-391 

0-253 

0-127 

1-0671 

0-471 

0-303 

1-280 

0-586 

0-411 

1-386 

0-300 

0-090 

1-0571 

0-512 

0-211 

1-263 

0-627 

0*353 

1*363 

0-374 

0-356 

1-0431 

0*614 

0*162 

1-213 

0-669 

0*304 

1-338 

0-425 

0-042 

1-0362 

0-697 

0-113 

1-173 

0-711 

0*262 

1-310 

0*594 

0-018 

1-0196 

0-799 

0*069 

1-122 

0*774 

0-209 

1*265 

0-766 

0-008 

1-0087 

0-901 

0-035 

1-068 

0*836 

0-162 

1*219 

1-000 

0-000 

1-0000 

0-984 


1-015 

0-900 

0-120 

1-171 




1-000 


1-003 

0-940 

0*093 

1*137 







0-983 

0-065 

MOO 







1*017 

0*031 

1*050 

a = 

0-6,^ = 

0-638 

a = 

0-7, >? = 

0-761 

a = 

:0-8,/? = 

: 0-891 

rjat 

uja 

PIPq 

rfat 

uja 

pIpo 

rjat 

uja 

PIPo 

0-638 

0-638 

1-569 

0*761 

0-761 

1*808 

0-891 

0-891 

2*105 

0-660 

0-597 

1-566 

0*782 

0-717 


0-935 

0-805 

2-096 

0-723 

0-489 

1-539 

0*826 

0-640 

1-786 

0*980 

0-729 

2*067 

0-787 

0-405 

1-494 

0-890 

0-541 

1*736 

1-025 

0-662 

2-022 

0*850 

0-332 

1-437 

0-934 

0*484 

1*692 

1-068 

0-598 

1*965 

0-936 

0-249 

1-349 

1-000 

0-404 

1*612 

1-114 

Q-5S7 

1-898 

0-978 

0-209 

1-300 

1-043 

0*353 

1-550 

1-158 

0-478 

1*820 

1-020 

0-167 

1-245 

1-087 

0*302 

1-480 

1-203 

0-417 

1-733 

1-042 

0-145 

1-186 

1-109 

0*275 

1-442 

1*225 

0-384 

1*677 

1-067 

0-114 

M69 

1-130 

0-240 

1-399 

1*242 

0-357 

1*630 




1-145 

0-225 

1-365 
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Table 2 {continued) 


a = 1 

p 

11 

1-180 

a = 

1*2, = 

1-520 

a = ; 

1*4, A = 

1-953 

rjat 

uja 

vlv^ 

rjab 

uja 

P/Po 

rjat 

uja 

PlP^ 

M80 

1*180 

2-959 

1-520 

1-520 

4-250 

1-953 

1-953 

6-317 

1-227 

1-088 

2-939 

1-570 

1-421 

4-231 

2-010 

1-843 

6-286 

1-274 

1-004 

2-889 

1-620 

1-330 

4-169 

2-065 

1-742 

6-191 

1-321 

0-927 

2-822 

1-671 

1-233 

4-067 

2-120 

1-643 

6-033 

1-368 

0-853 

2-731 

1-722 

1-157 

3-927 

2*175 

1-544 

5-811 

1-415 

0-779 

2-621 

1-772 

1-071 

3-747 

2-215 

1*470 

5-607 

1-463 

0-704 

2-485 

1-800 

1-029 

3-636 




1-482 

0-670 

2-413 







a = 

1-6,^ = 

= 2-560 

a = 

:l-8,y(? = 

= 3-60 




rjat 

uja 

pIpo 

rfat 

uja 

pIPq 




2-560 

2-560 

9-89 

3-60 

3-60 

19-7 




2-603 

2-474 

9-87 

3-66 

3-47 

19-7 




2-649 

2-385 

9*82 

3-73 

3-35 

19-5 




2-696 

2-291 

9-72 

3-79 

3-22 

19-0 




2-750 

2-198 

9-50 

3-86 

3-09 

18-3 




2*824 

2-050 

9-07 

3-90 

3-03 

17-9 
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The sudden jump in velocity which occurs at the shock wave is represented 
in each case by a vertical line and the subsequent increase from the shock 
wave to the sphere by a sloping curve behind it. The points corresponding 
with the surface of the expanding sphere lie on the line u = rjt because this 
is the condition which must be satisfied at the sphere. For high rates of 
expansion the velocity distribution is practically linear. When the thickness 
of the layer of expanding air is small compared with the radius of the sphere 

does not differ appreciably from its value at the spherical surface which 

is, according to equation (17), equal to — 2. The mean slope of the velocity 
distribution curve for l-95isinfactfoundfromfigure4tobetan“^( —1*8). 
The mean slopes for ^ = 2-56 and 8-598 which are outside the range of 
figure 4 are still closer to the approximate value tan"^ (— 2). 

The velocity distribution is shown on a larger scale in figure 5 for the case 
when a = 0-7, yff = 0-761. The calculated points are marked in figure 5. The 
calculation has been carried beyond the point where the shock wave occurs 
and the corresponding part of the velocity distribution curve is marked in 
figure 5 with a broken line. It will be seen that in the virtual part of the curve 
the velocity for a given radius is no longer single-valued. 


PbESSTJBE DISTREBXrTIOISr 
The pressure p at any point is given Ipj 


P /^r2a2\r/(r-i) 


(39) 


Values of pjpQ for a selection of values of r/at are given in table 2. The pres¬ 
sure distributions for a = 0*2,0*4, 0*5,0*6, 0-7,0*8,1-0 and 1*2 are shown in 
figure 6. It will be noticed that those for a ==>= 1*0 and 1*2 appear to be nearly 
parabohc. It can be shown in fact that the distribution is parabolic near the 
sphere so that when the thickness of the layer of expanding air is small com¬ 
pared with the radius of the sphere the distribution is nearly parabohc 
through the layer. If 


5 — (r—i2)/r so that a? == Z72(l-f 5 ), (40) 

and s is supposed small the approximate linear distribution of velocity is 


^-C4(l~2^), 



The air wave surrounding an expanding sphere 



Figtire 5. Distribution of velocity for a = 0*7. 


equation (15) therefore takes the form 

c|—= 3{7—i) or 1 —2 = 3(7-l)aV 


so that 
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If 5 is small 


so that 


_ y c|-c^ 
i>2 r-1 c| 

1—— = 3ya%® = 3ya®(^^ 

Vo \ ^ 


( 42 ) 


which represents a parabolic pressure distribution. 

As an example of the application of the approximate expression (42) the 
values of y' and a corresponding with infinite rate of expansion may be 



calculated. In this case = 0*8316, 0*1968 (see equation (37)) so 

that 8-^^ the value of 8 at the shock wave is given by 

^ntlr = 1 ~ 3^1 = 0*8316 and = a“2(l - 2sj), 


Hence — 0*056, so that 

tJR = 1-056 and = 0-1968 = -2(0*056)}, 

so that a = 2*12. The approximate value of ?/' is 1 — Zya^s^ or 0*94. These 
values may be compared with those given in table 1 which were found by 
numerical integration ofthe full equations, namely, ri/i2 = 1*060, a = 2*103, 
y' = 0*93. 
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Comparison’ with soottd wave soLUTioisr 

FOR LOW RATES OF EXPAHSIOH 

For small values of a the sound wave solution of equations (8) and (9) 
may be expected to afford a good apprciiximation to the true motion. The 



Figobe 7. Comparison between velocity and pressure distributions calculated 
by the theory of sound and by the complete equations. 

velocity and pressure distributions calculated from the complete equations 
and from the approximate equations of the theory of sound are com¬ 
pared in figure 7 for the case a = 0-2. So far as the velocity distribution is 
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concerned the agreement is good but the pressure distributions are distinctly 
different near the sphere. The true pressure distribution is in fact parabolic 
near the sphere and initially dpjdr = 0. According to the sound wave equa- 

tion (9) the value of dpldr close to the sphere is ■" reason 

for the discrepancy is evidently that it is not justifiable to apply the 
equations of the theory of sound in the neighbourhood of the sphere 
owing to the neglect of the term udujdr in the equation of motion in 
comparison with duldt. In the correct equation udujdx is equal to — dujdt 
at the sphere. 

Apart from this difference at the inner boundary the chief contrast 
between the sound wave solution and the true solution for values of a 
greater than 0-5 hes in the fact that the former involves no shock wave at 
the outer boundary. The true solution for a ^0*2 appears in figure 7 to 
resemble the sound wave solution in this respect. If this resemblance were 
true then some limiting value of a would exist below which no shock wave 
would be produced. Assuming that such a limit exists the author’s rough 
attempts to determine its value placed it between oc = 0*4 and a = 0*5. 
The matter was, however, examined later by Dr J. W. MaccoU using more 
accurate methods of numerical solution, and he came to the conclusion not 
only that a shock wave is formed when a is less than 0*4 but that no lower 
limit of the assumed type would be found. Subsequent analysis shows that 
this prediction is correct. 


Foem of solution neae (g=0, ^ = 1) 
Near the point (g== 0, ^ = 1) equation (19) takes the form 

di~ i ' 

where ^ ^ — 1. The solution of equation (43) is 

^=(7+l)Clog(Aa 


(43) 

(44) 


where A is the constant of integration. As 0, 0 but is negative when 

1/A. Multiplyiug both sides of (44) by A it will be seen that A^ is a 
function of Ag so that the shape of the (g, g) curve does not depend on the 
constant of integration though its scale is proportional to 1/A. ‘ 

In the neighbourhood of (gj^=?=0, 9 ^^= 1) the relationship between gi and 
9/iat a shock wave is found by taking^— 1 as small in equations (26) and (31). 


f.-9-o 2 


Hence 


0-797. 


(45) 
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Comparing equations (45) -with. (44) the shock wave condition is satisfied if 


Hence 


loge^l = - 


3-y 

2(7+1) 


-0-3316. 


= +0-718, 

^C = .4(i?-1) =-0-572. 


(46) 

(47) 



Figure 8 shows the form of the solution near (g = 0, ^ = 1) and the shock wave 
line intersecting the (I,?/) curve at the point (+0-718, —0-572). It may be 
concluded that provided the numerical solution brings the {iij) curve into 
the neighbourhood of the point (^=0, 57 = 1 ) the expanding air must be 
bounded by a shock wave. This indeed proves to be the case, but, as will 
be seen later, the shock wave is of very small intensity when a is less than 0-5. 


Fitting the numeeical solution to the 

SOLUTION VALID NBAE | = 0 


Wiitiag ^ = 77 — 1 equation (19) becomes 

dC 2(i+c)C+(r+i)l-rg* 

d^~ i 2 + 3C+2|-g* • 


(48) 


VoL 186. A. 


19 
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In the approximate solution (44) decreases as § decreases. In fittmg the 
approximate solution to the numerical solution a pair of values of ^ and ^ 
may be taken and the value of A found by inserting these in equation (44): 
To.find the error committed in using equation (48) instead of (48) suppose 
that the solutions are joined where — B the true value of d^jd^ at this 
point is 

dg (i + ^g)(B-fy-M-yg) 

expanding this expression in powers of ^ the first two terms are 

The value of [d^ld^ls hi the approximate solution is £+ 7 +1. The pro¬ 
portional error is therefore 

and since in the approximate solution 

£ = (r+i)io&{^a 
the error in d^jd^ is given by 

(l + |S+^^3L)e(r+«B (49) 

Values of Ae for a series of values of B are given in table 3. 


Table 3 

B-IO 1 2 3 4 5 6 7 10 

Ae 0-96 1*58 2-9 5*5 9*6 16*9 29*4 50*2 84*4 387*0 

a = 0*4. When a = 0*4 values of g and ^ given in lines 1 and 2 of table 4 
were calculated numerically. Values of A calculated from e<fuation (44) are 
given in line 3, and the proportional error calculated from equation (49) in 
line 5. The error e is less than 5 % in the first three points. 

Table 4. a = 0*4 



0*0081 

0*0122 

0*160 

0*0231 

0*0306 

0*0384 

0*0446 

0*0536 

0*0651 


0*020 

0*044 

0*065 

0*115 

0*170 

0*226 

0*287 

0*351 1 

_ 

A 

342 

367 

337 . 

342 

327 

301 

325 

248 

227 

B 

2*46 

3*61 

4*0 

5*3 

5*5 

5*9 

6*4 

6*3 

6*5 

e 

0*021 

0*038 

0*046 

0*105 

0*12 

0*16 

0*19 

0*24 

0*29 
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Taking A = 340 the (^, ij) curve shown in figure 9 w’as calculated. The 
first three values of namely, those corresponding with g = 0-0081, 0*0122 
and 0-160 are shown in figure 9. It will be seen that though the curve 
calculated using equation (44) passes very nearly through these three points 
the existence of a portion of the (^ 9 ) curve for which ^ is negative would not 
have been suspected from simple inspection of the 


apparent trend of the curve calculated step by step 
through 99 % of the range ^ = 1 to 0. This point 
may perhaps be appreciated niore clearly if the area 
covered by figure 9 is compared with the same area 
(marked with broken line) on the much smaller 
scale of figure 1. 

It appears from equation (47) that when a = 0*4 
the expanding air is Bounded by a shock wave for 
which . , 

= 0-718/340 = 0-0021, 

. 7 / 1-1 = -0-572/340 = -0*0017. 

The corresponding change in pressure at the shock 
wave is y — 1 = 7^1 = 0-003 of an atmosphere. 

a = 0-5. When a = 0*5 the four lowest values of 
Tj calculated numerically give = 24, 21, 21 
and 21 . Taking J. = 21 the shook wave corresponds 
with 

^1 = 0-718/21 = 0-034, 

^1= - 0-572/21 = -0*027, 

so that y—l=z 0-0347 == 0-048, 

which agrees weU with the value = 1-05 deter¬ 
mined graphically by means of figure 1 . 

a = 0 * 2 . When a = 0-2 the lowest values of f cal¬ 
culated numerically are 



g 0-0002 0-0003 0-0005 

^ +0-0175 +0*026 +0-043 


Figube 9. Tf curve near 
0 ,97 = 1, when a=0*4. 


When inserted in equation (44) these give values of ^ and 77 at the shock 
wave of order lO'^^^. So far as the equations of a non-viscous fluid are con¬ 
cerned this shock wave seems to be real enough in spite of its extreme small¬ 
ness but fi:om the physical point of view such a minute shock wave has no 
meaning. The effect of viscosity and conductivity would in fact become 


19 -S 
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appreciable long before a shock wave with pressure change atm. could 
be formed. Nevertheless it is curious that there is this definite mathematical 
difference between a wave of finite intensity and the equivalent sound wave. 
It is especially curious that the point where the solution of the complete 
equation differs from the approximate solution of the theory of sound is in 
the region of very small velocities and pressure changes, the region in fact 
where the theory of sound might be expected to be most accurate. 

In conclusion I wish to express my thanks to Mrs H. Glauert who carried 
out some of the calculations and to Dr J. W. MaoOoU for some valuable 
suggestions. 

Summary 

The only case in which the motion of a gas at high speed in three dimen¬ 
sions has so far been discussed mathematically is that of the disturbance 
produced by a cone moving with velocity'greater than that of sound. In 
the present work another case is analysed, namely, the radial outward flow 
produced by a uniformly expanding sphere. The region of expanding air is 
bounded by a shock wave outside which the air is undisturbed. As the radial 
velocity of the sphere increases the thickness of the layer of disturbed air 
decreases till at infinite rate of expansion it is only 6 % of the radius of the 
sphere. The distributions of velocity and pressure are given for a range of 
rates of expansion. When the radial velocity of the sphere is small an approxi¬ 
mate analysis based on the theory of sound yields results which are inaccurate 
near the sphere and also at the shock wave which forms the outer boundary 
of the expanding* afr. 
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Explosion waves and shock waves 
VI. The disturbance produced by bursting 
diaphragms with compressed air 

By Wiluam Paymait, D.Sp., Ph.D, 

AND WiLFBED Chaeles Ftjeness Shepheed, B.So., Ph.D. 

{Communicated by Sir Jocelyn Thorpe, F.R. 8 .—Receive 21 March 1940 ) 

[Plates 15-18] 


Experimental verification of the theoretical relationships governing the 
motion of shock waves has been derived from an investigation into the 
development of the disturbance set np in a uniform tube when a body of 
compressed gas, confined at one end by means of a copper diaphragm, is 
released by rupture of the diaphragm. The wave-speed camera has been 
used to obtain continuous Sehlieren records of the passage of these effects 
along the tube and to analyse their properties under a variety of experi¬ 
mental conditions, the main variations being those caused by the use of 
different thicknesses of diaphragm, different lengths of compression and 
expansion chambers, and of different gases in these chambers. 

The pressute effects released on the rupture of the diaphragm are the 
shock wave, a vortex formation and the expanding gases &om behind the 
diapliragm.. Sehlieren snapshot (spark) photographs have been obtained 
showing the structure of these pressure effects when they are projected from 
the end of the tube into &ee air. The photographs show, in addition to 
these details, the establishment of a system of stationary sound waves. 

Diagrams have been constructed based on the experimental data showing 
the apparent form of the wave during various phases of its progress. 

It is well known that slight disturbances are communicated through the 
atmosphere at the normal speed of sound without giving rise to any sharp 
discontinuity, and the conditions of propagation of such disturbances 
have been examined in great detail both mathematically and experiment¬ 
ally. That more abrupt or more violent disturbances would tend to give 
rise to discontinuity, and would be propagated at speeds which could be 
much greater than that of sound, appears to have been suggested first by 
Stokes (1848) in discussing some earlier work by Poisson (1808). The 
mathematical treatment of the propagation of disturbances of this 
character has since been extended in great detail by iiry (1849), 
shaw (1859, i860), Rankine (1870), Schuster (1893), Chapman (1899), 
Rayleigh (1910) and Taylor (1910) in this country, by Riemann {i860), 
Templen (1905) and by Becker (1917,1921,1922) in Germany, andindepen- 
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dently in France by Hngoniot (1887), Hadamard ( 1903)5 Phhem (1.909) and 
Jonguet (1902, 1917). On .the basis of their work, equations have been 
developed by means of which the properties of a shock wave travelling 
through a homogeneous medium can be calculated provided that one 
characteristic is known. Experimental investigations have been mainly 
concerned with shock waves produced by the detonation either of a gas 
mixture or of a solid explosive, in which circumstances they are accom¬ 
panied initially by flame, gaseous products of combustion and solid par¬ 
ticles, all of which influence the spread of the waves. A shock wave in a 
simpler form is produced when a diaphragm ruptures under a compressed- 
air load, the characteristics of the wave produced under these known con¬ 
ditions being determined solely by ttie volume and pressure of the air so 
r^eased. The bursting diaphragm method was first used by Vieille (1899) 
to examine the propagation along a cylindrical tube of waves so produced, 
with the aid of a mechanical method for recording, at fixed points, the 
passage of the shock wave and gases. We have been able to apply the wave- 
speed camera (Payman and Woodhead 1931), which embodies the principle 
of Schlieren photography, in a more detailed analysis of the movement of 
such shock waves along a tube, and this investigation provides a basis for 
an experimental verification of the theoretical treatment. 


Appaeatits 


The apparatus used, in figure 1, consisted of a compression chamber G, 
and an expansion chamber F, both 2-54 cm. in internal diameter. The 
compression chamber was provided with end-flanges, to one of which was 



fl- . . fl 

1 




i "i^vWWWWX^ 

./ / / y / 

a 

r—1^ 


FiGunE 1. Diagram of apparatus. 

bolted a plate carrying two electrodes. The diaphragm, D, was clamped 
between the other flange and one end of the expansion chamber. The foil 
length of the compression chamber was 61 cm., but its effective length was 
reduced when required in the following manner. A metal piston, 15 cm. 

with a fine hole djdlled axially through it, fitted smoothly within the 
bore, and could be fixed at any point by means of set screws. This divided 
the compression chamber into two compartments, the one next to the 
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diaphragm being the effective compression chamber. The flow of air 
through the fine axial hole in the piston when a diaphragm burst was too 
slow to have a material effect on the development of the disturbance. 
Compressed air was admitted through a union on the side of the chamber. 

* The expansion chamber consisted wholly or in part of the special steel 
vessel described iu an earlier paper (Pajmian and Titman 1935). This 
vessel was 37 cm. long and was fitted with three windows along each side, 
so placed that a beam of light could pass through them, and Schlieren 
records could be obtained of the movement of the disturbance travelling 
along this portion of the expansion chamber. A longer expansion chamber 
could be obtained by insertiug a length of tubing, of the same internal 
diameter, at either end of the steel vessel, and in this way different portions 
of the expansion chamber could be photographed. 

During an experiment compressed air was slowly admitted to chamber 
G until the diaphragm ruptured. A disk of copper was sheared cleanly firom 
the diaphragm and travelled along the expansion tube unless it was 
caught, as in some experiments, by means of a trap. This trap was a small 
piece of brass of aerofoil cross-section, mounted across the expansion 
chamber. The distance of the trap from the diaphragm was such that when 
the diaphragm was bulged outwards by the static air pressure it just failed 
to touch and be supported by the trap. When projected, the disk wrapped 
itself round the aerofoil and then offered no serious obstruction to the 
continued flow of air from the compression chamber. 

The time of exposure of the photographic film was synchronized with 
the instant of rupture of the diaphragm by means of the shutter of the 
wave-speed camera. This shutter, as it fell in guides, uncovered a slit in 
front of the film for a period less than the time of one revolution of the 
camera drum. At the rear end of the compression chamber was placed a 
match-head, fired electrically, around which a few strands of gun-cotton 
were wrapped. Compressed air was passed into the compression chamber 
until the pressure attained was just below that necessary to burst the 
diaphragm. When the shutter was allowed to fall, it closed an electric 
circuit and fired the match-head at a predetermined position before the 
slit was uncovered. The additional pressure generated by the combustion 
of the match-head and gun-cotton was small but was sufficient to cause 
almost immediate rupture of the diaphragm, and the pressure effects 
passed the window in the expansion chamber during the interval of time 
available. Records show that the fumes from the gun-cotton did not 
spread into the expansion chamber for an appreciable time, and the 
pressure effects under examination were not modified hy them in any way. 
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ButsIWjQ pressuves of copper didphrojgrM, The diaphragms were cut from 
copper foil supplied in a convenient range of standard thicknesses. It was 
found that the bursting pressures of diaphragms cut from the same roll 
seldom varied more than ± 3 % from the average for that roll, and* a similar 
variation was found in the average bursting pressures of diaphragms from 
rolls of the same nominal thickness purchased at different times. The 
average bursting pressures of diaphragms from various foils obtained over 
a period of years is given in table 1. The area of foil exposed to pressure 


Table 1 


Thickness 

Static bursting 

of copper 

pressure Ib./sq. in. 

in. 

above atmospheric 

0-001 

60 

0-002 

115 

0-004 

2 S0 

0-006 

350 

0-008 

460 

0-010 

600 

0-016 

900 


was circular and 2*64 cm. in diameter. The thickness of the copper was 
within ± 0‘0001 in. of the stated thickness for the thinner foils and within 
± 0^0003 in. for the thicker foils. It is seen that the bursting pressure is 
roughly proportional to the thickness. A similar relationship was found by 
Bonyun (1935), but his absolute values were approximately double those 
we obtained. This marked difference may be due to the fact that he used 
copper of high chemical purity annealed after rolling in a non-oxidizing 
furnace, whereas the foils used in the present experiments were cold-roUed 
and not annealed. The chemical and physical properties of a diaphragm 
are therefore of importance in determining its bursting pressure. Another 
important factor is the nature of the * cutting edge^ that is, the rim of the 
flange around which the diaphragm ultimately shears. Difference in the 
profile of this edge may also account to a certain extent for the different 
results obtained by Bonyun. 


Photogeaphic becoebs 

Pour typical wave-speed records are reproduced in figures 2-5 (plate 15), 
and the line diagram, figure 2u, has been added to assist their detailed 
description. The vidth of each record represents tiie full length (37 cm.) 
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of the steel vessel. The total length of tube illuminated and forming the 
Schheren field of the wave-speed camera is only 29-1 cm., and the portion 
of the tube at each end which is not illuminated is shown as a broad 
vertical black band. The experimental arrangement of the tube for these 
records is as shown in figure 1, the diaphragm being situated at the right- 
hand end of the chamber. The record proper begins at a distance of 3-5 cm. 
from the diaphragm, this being the distance represented by the thickness 
of the black band. 'In all records the disturbance on its outward journey 
is shown as moving from right to left, and in the descriptions the windows 
will be numbered from right to left, the first window being the one nearest 
the diaphragm. The two narrower bands running vertically down each 
record are due to the interception of Kght by the window frames. In a 
similar way any opaque body, for example the copper disk, passing across 
the field of view, will intercept Hght and be recorded as an inclined black 
band. A compression, wave moving from right to left is shown on the record 
as a white line; one moving from left to right, for example a reflected wave, 
is shown as a black line. 

The propagation of the disturbance. Before describing the records it will 
be an advantage to consider how the disturbance is propagated within the 
system. Figure 6 shows diagrammatically the state of affairs ioside the 
apparatus (a) before the diaphragm ruptures and (6) at the instant before 
the main shook wave reaches the end B of the expansion, chamber. In 



Figube 6 . The spread of the distiirbance in 
the compression and expansion chambers. 


figure 6u, DB represents the column of air at atmospheric pressure in the 
expansion chamber, and DA the column of compressed air at room tem¬ 
perature in the compression chamber, the diaphragm being situated at D. 
When the diaphragm bursts, a shockwave W travels along the expansion 
chamber at a speed of 2-3 times that of sound. When the wave reaches the 
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position shewn in figure 66 some of the air in the compression chamber 
will have moved into the expansion chamber andtits boundary will have 
reached a point 0. Hence, the column of air DB originally filling the 
expansion chamber now occupies the column OB, We have called this 
volume of gas, between the shock wave and the gases creating the dis¬ 
turbance, the ^pressure wave’ (Payman and Robinson 1926 ). At any 
instant during its outward journey the wave, W, is the boundary of all 
effects arising firom the espansion. In the same way any effect can only be 
felt for a certain, shorter, distance along the compression chamber. The 
wave here, (?', continuously marking the limit of the disturbance along the 
compression chamber, is a rarefaction wave, and its speed does not exceed 
that of soxmd. Hence, at the instant depicted, only the column 00' has 
begun to expand (and has cooled in consequence), the column O'A being 
still at its original pressure. 

Description of records. For the record shown in figure 2 the compression 
chamber was 61 cm. long and the expansion chamber consisted of the 
steel vessel only. The end of the expansion chamber remote from the 
diaphragm was closed by a metal plug. A copper diaphragm 0-002 in. 
thick was ruptured by an aic pressure of 115 Ib./sq. in. and the sheared 
disk was not trapped. 

The first pressure effect from the bursting diaphragm is the shock wave 
TF, shown as a thin white line. Immediately after this wave there emerges 
a series of faint traces (marked V in figure 2 a), the nature of which will be 
discussed later. This is in turn followed by the front of the expanding air 
from the compression chamber, shown as a white band, and the copper 
disk, shown as a wide black band. " 

The shock wave W travels along the first window at a slowly increasing 
rate, accelerates more rapidly past the second window, and then proceeds 
at an approximately uniform speed to the end of the tube. Since the shock 
wave W is the pioneering effect of the disturbance resulting from the 
release of the compressed air, its increase in speed can only be due to some 
effect acting from behind. An examination of a number of the photographic 
records reveals that the acceleration is caused by a high-speed shock wave 
which overtakes and absorbs the primary wave. Though not visible in the 
reproduction of figure 2 , its approximate position is shown by the dotted 
line Wi in figure 2 a. The feebler trace of the wave as it passes the central 
window is not due to a reduction in intensity of the wave. It is an optical 
effect caused by the shape of the wave. The wave is plane and does not 
cause appreciable refraction of the central portion of the beam of light. 
Displacement of the apparatus so that the centre of the beam passes through 
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either of the end windows results in the wave being recorded feebly as it 
passes along that portion of the vessel. 

When the shock wave W is reflected at the closed end B its speed 
relative to the wall of the tube is reduced. This, the ‘apparent’ speed, is 
not the true speed of the wave relative to the medium, which is in motion. 
The reflected wave, shown as a black trace, is marked RW in figure 2a; 
at 0 it meets the jfront of the air released from the compression chamber 
and undergoes a farther loss in apparent speed. 

The air escaping from the compression chamber travels at a fairly 
uniform speed, and its front is well defined ((?, figure 2a) until it is met and 
retarded by the reflected shock wave. Prior to the collision the compressed 
air expands freely, but afterwards its expansion begins to be conditioned 
by the closed end B, 

The width of the shadow cast by the copper disk gives an indication of 
the orientation of the disk with respect to the tube. When it first comes into 
view in figure 2 the disk is turning broadside to the windows and therefore 
edgeways to the air stream. When the band narrows later the disk has 
turned. 

The fumes from the gun-cotton, which have not started to emerge from 
the compression chamber at the end of the time interval covered by 
figure 2, are shown at the lower right-hand comer of figure 3. For this 
record a diaphragm bursting at 430 Ib./sq. in. was used, and the length of 
the expansion tube was increased to 67*7 cm. The steel vessel was next to 
the diaphragm. The reflected wave appears much later in this record, on 
account of the greater distance of travel beyond the portion photographed. 
The compression chamber was again 61 cm. lon^. 

For the record reproduced in figure 4 a diaphragm bursting at 
640 Ib./sq. in. was used and the trap was fitted in the expansion chamber. 
The compression and expansion chambers were of the same length as 
for figure 3. 

For figure 5 the disk was not trapped and the length of the compression 
chamber was reduced to 1*02 cm. The expansion chamber was again 
67*7 cm. long, and the diaphragm burnt at 430 Ib./sq. in. as for figure 3. 
The effect of the one difference between these two experiments, the length 
of compression chamber, is well marked, for with the shorter chamber 
there is a more rapid decay in the speed of the air and the air expands to 
a much smaller distance. 

The rupture of the diaphragm. These four typical diagrams help us to 
visualize the mode of rupture of the diaphragm, and to trace the origms 
of the various pressure effects. The sequence of events at the diaphragm 
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cannot be observed directly, since the first 3*5 cm. of the tube are not 
photographed. The instant of departure of each pressure effect from the 
diaphragm, that is, from the end of the compression chamber, is estimated 
by producing its trace backwards, a procedure which may not be wholly 
free from error. This is done on the explanatory diagram (figure 2 a) by 
the broken lines over the right-hand band. Zero time, at which the dia¬ 
phragm ruptures, is the moment when the primary shock wave leaves the 
end of chamber 0 , for the traces of the wave and the copper disk unite at 
this point. Expansion of the compressed air is momentarily hindered by 
the disk of copper, and does not become comparatively free until the disk 
has travelled about a centimetre ajong the expansion tube and is turning 
edgewise to the air stream. 

The shock wave. At the instant the diaphragm bursts a shock wave is 
sent along the expansion tube. This primary wave, W, is comparatively 
feeble and is followed by only a small volume of compressed air. A more 
powerfol shock wave, is sent out later^ when there is fall release of the 
compressed air, and it soon overtakes and absorbs the primary wave. For 
the first 8 cm. or so of its travel, the stronger wave, which we may term the 
main wave, has an extremely high speed; later, constant speeds are main¬ 
tained by both wave and compressed air, the expansion proceeding under 
more uniform conditions. The shock wave, the pressmre wave and the 
expanding ^compressed air leonstitute the major pressure effects of the 
disturbance. 

Vortex formation. There is, however, another pressure effect arising from 
the compression tube, namely, that giving rise to the traces marked V in 
the explanatory diagram. These traces are apparently caused by a small 
amount of compressed air which, escaping at the periphery of the sheared 
disk at the instant of rupture, follows the primary wave in advance of, and 
separated from, the main body of compressed air. It has been shown 
previously (Gawthrop, Perrott and Shepherd 1931 ) that on the emergence 
of a shock wave from the open end of a tube a vortex is set up in the rear 
of the wave, and this moves forward, maintaining its identity, at a com¬ 
paratively high speed. The traces F probably arise from a similar formation 
set up in the expansion chamber, for it would appear, from the evidence 
of numerous experiments, that the air which first escapes from the com¬ 
pression chamber initially travels through the air in the expansion chamber 
as a discrete entity. Although there is little diffusion during the very early 
part of its travel, the vortex formation soon begins to disintegrate and the 
traces F to become irregular. 
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We may now proceed to a discussion of the quantitative experiments in 
which the speeds of the pressure eiBfects were measured with and without 
the trap designed to catch the sheared disk. The compression chamber 
was 61 cm. and the expansion chamber 67-7 cm. long, and end B was 
permanently closed by a brass plate. 

(a) Experiments without trap. The photographic records are similar in 
type to that shown in figure 3, though at higher pressures they become 
more confused owing to the increased intensity and closer proximity of 
the pressure effects. In table 2 are recorded the speeds of the primary 
shock wave TF, and the initial and final speeds of the main shock wave 
The table also gives the speeds of the compressed aic <?, and of the copper 
disk D, both of which are sensibly uniform. The speed of the vortex 
formation F is not given as, in general, it is the same as G. All measurements 
are made from the photographic records and speeds are relative to the 
walls of the tube. The photographic field begins 3*5 cm. from the diaphragm 
and extends for a farther 29*1 cm. Each value is the mean of three or 
more repeat experiments. 


Table 2. Effect of differekt pressures m 

COMPRESSIOK CHAMBER. WITHOUT TRAP 


Mean speeds, m./sec. 


Bursting 


Main shock wave 

Compressed 

air. 


pressure 
Ib./sq. in. 

Primary 


Final 

Copper disk, 

above 

shock 

Over first 

uniform 

over whole 

'over whole 

atmospheric 

wave 

8 cm. 

speed 

field 

field 

60 

420 

— 

495 

225 

125 

90 

440 

— 

540 

275 

160 

120 

455 

— 

560 

295 

160 

170 

470 

— . 

600 

340 

165 

225 

480 

900 

610 

370 

190 

300 

495 

— 

— 

410 

190 

360 

510 

1000 

670 

440 

180 

430 

530 

1000 

700 

445 

200 

530 

540 

1100 

710 

475 

200 

715 

570 

1100 

745 

520 

175 

920 

585 

1120 

.770 

585 

155 

1100 

595 

1170 

770 

585 

145 


There is at first a steady increase in the speed of the primary and main 
shock waves as the bursting pressure increases, the lowest speed recorded 
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being ninch higher than that of sound. The acceleration of the primary 
shock wave due to the arrival of the main shock wave is evident from a 
comparison of columns 2 and 4. It is the speed of the main wave which 
is the true index of the pressure level in the compression chamber. The 
results suggest that, as the bursting pressure is increased, the speed of the 
shock wave produced tends towards a maximum value, as does also the 
rate of flow of the compressed air. This is shown in figure 7, where the 
steady speeds of the main wave, PT, and the speed of the compressed air, 
(?, are plotted against the bursting pressures of the diaphragms. 



Burs1'in9 pressure, lb. per sq. ia 

Figure 7. The effect of bursting pressure on the speed of the disturbance. 

(b) Experiments with trap. The experimental arrangement was similar 
to that used without the trap, but a different" cutting edge^ altered slightly 
the bursting pressures with diaphragms of a given thickness. Speed 
measurements are given in table 3. 
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When these results are compared graphically with those given in 
table 2 (see figure 7), it is seen that the presence of the trap makes little 
difference either to the final speed of the shock wave or to the speed of the 
compressed air. The main difference introduced by the trap is in the early 
stages, immediately after the diaphragm has ruptured; the release of the 
compressed air appears to be more continuous, for the trap begins to 
function immediately the disk is released. Consequently the compressed 
air escapes at a progressively increasii]^ rate as the copper disk rolls itself 
round the trap and the formation of a single powerful wave is avoided. 
Instead, there is a series of feeble waves which ultimately build up the 
primary wave into a main wave of intensity similar to that given by the 
same bursting pressure without the trap. The behaviour of the wave and 
gases is thereafter the same, so that the final uniform speeds are not 
sensibly altered by the presence of the trap. 

Table B. Effect of differeot pressures iit cojvipression chaivibeb. 

Copper bise: trapped 


Bursting 
pressure 
Ib./sq. in. 


Mean speeds, m./seo. 



Main wave. 

Compressed 

above 

Primary 

uniform 

adr, over 

atmospheric 

wave 

speed 

whole field 

65 

430 

500 

245 

90 

450 

535 

265 

110 

465 

550 

305 

200 

490 

590 

380 

300 

510 

635 

420 

410 

535 

665 

450 

470 

570 

680 

470 

560 

560 

695 

495 

640 

586 

710 

530 


The reflected wave. The wave EW reflected from the closed end JS is of 
importance in the study of the later effects arising from the compression 
chamber. In all the records of this series of experiments the front of the 
air from the compression chamber has passed aU three windows some time 
before the reflected wave first appears in the left-hand window (at a time 
about 2-7 msec, in figures 3 and 4). Thus the reflected wave is now traveUhag 
through air from the compression chamber moving in the opposite direc¬ 
tion and, until it passes into the gases from the gun-cotton, its apparent 
speed is approximately constant. This indicates that there is little change 
in the speed of the air current encoxmtered; the continued steady rate of 
flow is important, for it remains comparable in value with the initial rate 
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which was responsible for the uniform speed of the main shock wave. The 
apparent speed of the reflected wave after it enters the air from the com¬ 
pression chamber is approximately the same whatever the bursting 
pressure used (with or without the trap), and is 200-210 m./sec. ISTot only 
is the speed independent of the initial pressure in the compression chamber, 
but so also is the time of appearance of the reflected wave measured from 
the moment of rupture of the diaphragm. This means that the shock wave, 
on its journey to the closed end and back again to the starting point, 
travels at an average speed which is independent of the bursting pressure. 
Moreover, the time taken for the whole journey is almost exactly the same 
as the time taken by a sound wave to travel the same distance through air 
at N.T.P. This remarkable result is true also for all expansion systems used 
when chamber C was not shorter than chamber JE, The time taken for a 
sound wave to travel the return journey at 340 m./sec. would be 3*8 msec. 
With pressures varying from 60 to 1100 Ib./sq. in. the average time taken 
by the shock wave is 3-95 msec. When the trap is present the average time 
is 3-90 msec. With a compression tube 61 cm. long and an expansion tube 
37 cm. long the times are 2-03 msec, for the sound wave and 2-10 msec, 
for the shock wave. Similar results were o];)tained with a still shorter 
expansion chamber. 

This agreement indicates that there is a relationship between the true 
speed of the shock wave and the speed of the foUowdng air current. The 
proviso that the length of chamber O is similar to that of E merely ensures 
that the steady rate of flow from the compression chamber is maintained 
until the shock wave has returned to its starting point. Under these 
conditions the speed of the wave is so governed by the expansion of the 
compressed medium that, in so far as the outward-journey is made in less 
time than would be required by a sound wave, then the time required for 
the return journey is correspondingly increased as a result of the changed 
physical condition of the medium encountered by the reflected wave.* 

On impact with the closed end B of the expansion chamber the main 
shock wave is reflected and the pressure there is almost instantaneously 

* Hereia probably lies the explanation of a puzzling feature of records of flame 
propagation and detonation. Dixon, in his well-known experiments ( 1903 ), was able 
to explain the movements of flame on the assumption that a sound wave travelled 
in advance of the flame and then was reflected to meet the flame and retard it. It 
was shown later (Payman 1928 ) that the sound wave from the spark was of com¬ 
paratively negligible intensity by the time it reached the end of the tube. The arrest 
was due to a powerful shock wave travelling at a speed much greater than sound and 
reflected in the same way. Yet the point of arrest was never far removed from that 
calculated on the assumption that the eflect was due to a soimd wave. 
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increased. Travelling away from the closed end, the wave enconnters and 
stems the oncoming stream of compressed air which hitherto has been 
moving forward at a u n iform rate in the process of pressure equalization. 
From the moment of arrival of the wave, the pressure at the closed end 
will rise or fall, in diminishing surges due to repeated reflexion of the 
. shock wave, until finally a steady pressure is reached, the level of which 
is determined by the bursting pressure and the lengths of compression 
and expansion chambers. 


2. Variation IK length op compression chamber 

For the next series of experiments the compression chamber was 
shortened by means of the piston described earlier, the match head and 
gun-cottgn being fired in the rear compartment. An expansion chamber • 
67-7 cm. long was used, with diaphragms bursting at 430 Ib./sq. in. No 
difference was observed in the speed of the mam shock wave when the 
length of the compression chamber was reduced from 61 to 6-35 cm., and 
the average speed at which the compressed air traversed the whole field 
was reduced only by a few metres per second. The results obtained without 
a trap are summarized in table 4; repeat experiments with the trap gave 
approximately the same results. Figure 5 shows the disturbance with a 
compression chamber 1-02 cm. long, and this 'should be compared with 
figure 3 in which the compression chamber was 61 cm. long. 


Table 4. Effect op length op compression chamber 


Length of 
compression 
chamber 


Speed m./sec. 


Primary 

Main shock 
wave, uniform 

Compressed 
air, over 

cm. 

shock wave 

speed 

whole field 

61*0 

530 

700 

445 

6*35 

530 

700 

420 

2*54 

535 

665 

310 

1*02 

520 

600 

Field not covered 

0*42 

500 

520 

»> 


That increase in length of the compression chamber above about 6 cm. 
has no appreciable effect on the speeds of the main wave ancf of the front 
of the compressed air is due to the fact that the whole column of com¬ 
pressed air does not be’gin to expand immediately the diaphragm ruptures; 
the start of expansion spreads progressively layer by layer through the 
compression chamber. For example, if the whole column has not begun to 
expand when the main shock wave and the front of the compressed air 
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have both passed out of the field of vie., (cf. the typical record fig^e a), 
the progress of these effects up to this stage is quite the 

coluLi of gas still fully compressed iu chamber C. The le^h of the 
column of air which, has begun to expand at any mstant is defined by the 
distance which the rarefaction wave has travelled along the compression 
chamber, and records of this wave, obtained by using the vessel with 
windows as the compression chamber, show that it moves at appro:^ately 
the speed of sound. The rarefaction wave is ultimately reflected at the 
closed end A and then follows the main wave, its apparent speed being 
increased because it is now moving in a medium which, though cooled by 
partial expansion, is itself moving in the same direction. With short com¬ 
pression chambers the influence of this rarefaction wave wUl soon result 
in a reduction, first iu the rate of expansion of compressed air and, later, 
in the speed of the main wave. With longer compression chambers the 
degrading effect of the reflected rarefaction wave will be proportionately 
delayed. Thus the sole effect of increase in length of the compression 
chamber, that is, of iucrease in the volume of air released, is to extend the 
period /inring which the wave and compressed air are maiutained at their 
steady speeds. The records obtained iu these experiments show the 
characteristics pre^ously described, these being the primary wave, the 
vortex formation and the rnaiu body of compressed air which gives nse 
to the main shock wave. The identities of the vortex formation and the 
main body of compressed air are very clearly brought out in figure 5, 
there being a perceptible interval of time between their appearances. 

It will be seen from table 4 that the speed of the primary wave is 
independent of the lei^h of the compression chamber, a finding which is 
in keeping with the sdggested origin of this wave. On the release of the 
body of the compressed air the main shock wave is set up at a speed 
which is also independent of the length of the compression chamber; 
this speed over the first 8 cm. travel is about 1000 m./sec. The final speed 
of this wave is, however, governed to some extent by the length of the 
compression chamber, since when this is reduced below 6-36 cm., the speed 
of the Tnnin wave is also reduced. With the shortest compression chamber, 
0-42 cm., the primary wave is not overtaken by the main wave (which is 
rapidly degraded), and its speed remains practically unchanged. 


3. Variations in the expansion chamber 

It had been expected that the copper disk, if allowed to travel along 
with the several pressure effects, would have a large influence on their 
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mode of propagation. Actually its influence was found to be small, for, 
as is seen from the records, the disk soon lags far behind. There is thus no 
need for the trap in the expansion chamber, and since the presence of the 
trap has been found to cause some confusion during the early stages of 
the disturbance, its use was discarded in the later experiments. 

Conditions at the end of the expansion chamber. For figures 8 and 9, 
plate 16, the expansion chamber was 67-7 cm. long and the compression 
chamber 61 cm. long; diaphragms bursting at 430 Ib./sq. in. were used. 
The expansion chamber was made up of the steel vessel and an extension 
tube,» and by interchanging these two sections we could photograph the 
dj^turbance in each half of the expansion chamber. Figure 8 is a com¬ 
posite record showing the spread of the disturbance throughout the closed 
expansion chamber. For figure 9 the end of the expansion chamber was 
open, and the disturbance is shown spreading throtigh the chamber and 
then outwards in free air for a distance of 90 cm. 

A comparison of these two figures shows that the disturbance develops 
along identical lines until the main shock wave reaches the end of the 
expansion chamber. Thereafter, the development of the disturbance in 
the chamber is governed by the conditions at the end. In figure 8 the 
uniform speed of the main shock wave is 700 m./sec.; this speed persists 
until the wave is reflected at the closed end. The front of the air from the 
compression chamber retains its initial speed of 445 m./sec. until it collides 
with the reflected shock wave, whereupon the air is retarded and the speed 
of the wave reduced. At the time of the collision, the whole column of 
compressed air in chamber C has not started to expand, and the prevailing 
conditions of expansion correspond with a compression chamber of infinite 
length. The confining influence of the closed end at 5 is not felt by any 
moving layer of air until the layer is absorbed in the reflected wave RW^ 
and until this occurs each layer continues to move as though the ex^nsum 
chamber were of infinite length. The apparent speed of the shock wave 
after reflexion is 350 m./sec., and this speed fails to about 200 m./sec. soon 
after the wave enters the air released from the compression chamber. The 
uniform speed of wave RW (350 m./sec.) suggests uniformity of conditions 
in the air in the pressure wave which is, of course, heated by adiabatic 
compression, thereby causha^ the intrinsic speed of the wave i2 IF to be 
increased; the further apparent loss in speed which the wave suffers on 
entering the air from chamber G is due largely to the reduced temperature. 

In figure 9 the shock wave also maintains the speed of 700 m./sec. until 
it reaches the open end. The front of the air from the compression chamber 
travels at a uniform speed of 445 m./sec. until it is rapidly accelerated at 


20-2 
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a point within 3-5 cm. of the open end. This phase of accelerated motion 
is not shown on the record because it occurs in the chamber beyond the end 
wdndow; it can be deduced, however, from the times at which the front 
of the compressed air disappears from view at the end of the last window 
and then reappears beyond the open end, and. for a distance of 15 cm. 
beyond the end the air travels at a mean speed of 700 m./seo. The accelera¬ 
tion of the air front is due to the open end, and its cause has been discussed’ 
in an earher paper (Payman and Shepherd 1937 ). When the main shock 
wave reaches the open end it begins to spread spherically in free air; its 
speed falls rapidly and is only 360 m./sec. at a point 30 cm. from the er^. 
As it emerges from the tube the wave sets up a well-defined vortex ring 
which remains intact for some 30 cm. travel, over which distance it has 
an average speed of 215 m./sec. This vortex ring is a phenomenon quite 
distinct from the vortex formation set up within the expansion chamber 
at the instant the diaphragm ruptured. (As is clear from the dispersion of 
trace 7 , this latter formation is broken up before it reaches the open end.) 
The air from the chamber C appears to suffer a marked deceleration when 
it passes through the vortex ring; it preserves a well-defined front over a 
distance of at least 90 cm. at the end of which its speed i^ still 165 m./sec. 

We have obtained spark photographs showing the configuration of the 
disturbance beyond the end of the expansion chamber. The distance scale 
on these records is 2-1 times that of the wave-speed records and the 
various traces are reversed, black to white and vice versa. Figures 10~13, 
plate 17, show early stages in the growth of the shock wave and of the 
accompanying vortex ring,* the experimental conditions being the same 
as those in the wave-speed record {figure 9). Clearly shown on figures 12 
and 13 is the fine-line structure in the vortex ring and in the air stream, 
which thus far is composed solely of the air layers which constituted the 
pressure wave within the tube. Figures 14-17, plate 18, show the later 
stages in the disturbance and it is clear that there is little lateral expansion 
of the air stream; it would appear almost as though the air is constrained 
to travel in an imaginary cylinder bounded at the front by the vortex ring. 
The fine-line structure is a Schheren effect set up by a stationary sound¬ 
wave system; one well-marked white trace persists throughout the records, 
and its counterpart is equally well marked on the wave-speed record (the 
trace being black m this case) at a distance of about 5-7 cm. from the end 
of the chamber. The wave causing this trace remains almost stationary 
throughout the whole history of the disturbance, although there is a slight 

* The photographs may be compared With the records of vortex rings produced 
by water jets flowing into water obtained by Banerji and Barave ( 1931 ). 
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shift outwards when the compressed air from chamber O begins to emerge. 
This shift is shown by the wave-speed record and, on the snapshot record, 
it occurs between figures 14 and 16. On the intermediate record (figure 15), 
the air from chamber G has just started to issue from the expansion chamber. 
On figures 16 and 17 the traces of the shock wave apparently passing 
through the air stream are caused by the main shock wave which, having 
passed out of the normal field of view (defined by the reflected beam of 
light), is giving rise to a secondary Schlieren effect as it passes through the 
incident beam. The true positions of the wave in each of these two illustra¬ 
tions are 26 cm. ahead of the positions shown. 

There is another interesting feature of all wave-speed records showing 
the discharge of pressure effects from the open end of an expansion chamber. 
Sooner or later, there is developed on the records a banded appearance. 
With low pressures, the bands are formed almost immediately the shock 
wave emerges into free air; with high pressures, they only become evident 
when the discharge has lasted several milliseconds. The banded appearance 
is most clearly brought out when a diaphragm bursting at a low pressure 
is used in conjunction with a low film speed, and figure 18, plate 15 was 
obtained in this way; it shows the external disturbance originated by a 
diaphragm bursting at 120 Ib./sq. in. The bands begin to form before the 
gases originally contained in the compression chamber start to emerge, an 
occurrence which causes a sudden shift outwards of the first two or three 
bands. Then follows a period during which the bands, apart from a momen¬ 
tary reversal due to the copper disk, drift slowly towards the end of the 
expansion chamber until finally they converge rapidly. 

These bands are the Schlieren traces of a series of ^stationary’ sound 
waves in the stream of gases issuing from the expansion chamber, and the 
drifting of the bands is a natural corollary of fluctuations in the speed, tem¬ 
perature and pressure of these gases. The characteristics of such stationary 
waves, produced when jets of gas issue from small nozzles, have been 
examined by Emden ( 1899 ), Prandtl ( 1907 ), Stanton ( 1926 ) and Hartmann 
( 1931 ). In our experiments, the gases issue, abruptly at first, from a 
uniform tube, 2-54 cm, in diameter. Figures 19 and 20 , plate 18, are records 
obtained under the same experimental conditions as figure 18 and they 
show the criss-cross structure of the waves within the air stream which 
causes the banded appearance on the wave-speed records. (The shock wave 
shown on figure 20 is due to the secondary Schlieren effect already men¬ 
tioned.) On many wave-speed records, there is evidence of a similar 
banded appearance in the air stream within the expansion chamber, the 
bands again being due to stationary waves. This effect is faintly shown, for 
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example, in figure 3, plate 15, a system of about ten bands being visible 
just behind the front of the air from the compression chamber. 

The vortex formation within the exparision chamber. We have suggested 
that the primary wave set up by the rupture of the diaphragm is accom¬ 
panied by some kind of vortex formation which gives rise to the traces 
marked F in figure 2a, plate 15. This vortex formation, though apparently 
stable in the early stages, soon begins to suffer dispersion as is to be 
expected with any such system travelling along a uniform tube. 

In our photographic studies of shock waves, it has been invariably 
found that a vortex of the simple ring type is formed at the mouth of any 
orifice through which a shock wave is made to pass. Vortices so formed are 
found to behave m much the same manner as do simple and slowly moving 
‘smoke-rings’. For example, the passage through an orifice of two shock 
waves in quick succession results in two vortices, the second of which 
will gather speed and, on entering the sphere of influence of the first vortex, 
vdn shrink to pass through it, an interchange of positions which is then 
repeated. Figures 10-13, plate 17, show the structure of this simple type of 
vortex which can retain its identity and clarity of outline despite a high 
rate of advance, in these illustrations 215 m./sec. By analogy with smoke 
rings, it is assumed that the vortex set up by a shock wave is composed of 
a discrete quantity of thQ gas originally. wiAm the orifice and that for 
some appreciable time there is little or no diffusion at the bounding surface 
as the ring expands. 

We have used this property of a shock wave in a photographic study of 
the behaviour of vortices formed inside the expansion chamber. In one 
series of experiments the requisite orifice was arranged in a brass plate 
mounted across the expansion chamber not less than 30 cm. from the 
diaphragm. The shock wave travels along the expansion chamber and, on 
reaching the restriction, part is transmitted through the orifice and the 
remainder is reflected from the solid portion of the restriction. Schlieren 
records show that imder these conditions a well-defined vortex is set up by 
the transmitted wave; the stability of the vortex depends upon numerous 
factors, in particular on the strength of the disturbance reaching the 
restriction and on the diameter of the orifice, although this was not smaller 
than 1*25 cm. Under favourable conditions, the vortex, recognizable by 
its distinctive trace, is formd to travel at least 10 cm. before dispersion 
begins and traces still persist after a further similar distance. The records 
also suggest that the apparent high speed of vortices so formed is due 
largely to a motion of the medium itself and that their intrinsic speed 
relative to the medium is quite small. In a second series of experiments 
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the conditions under which the vortex was formed were made to correspond 
more closely with those obtaining at the instant the copper disk is sheared 
from the diaphragm and the air disturbance is released. The restriction 
was a solid disk specially mounted across the expansion chamber so as to 
leave a narrow annular gap between the disk and the wall of the chamber. 
A small proportion of the incident wave is transmitted through this gap 
and gives rise to a forward motion of the gases in the gap, initially in the 
form of a vortex. 


4. Use of gases other thak air 

(a) In compression chamber. It has been seated that the main shock 
wave is maintained at a steady velocity by the movement of compressed 
air behind it, the velocities of the air and the wave being maxima for the 
existing conditions of temperature, initial pressure, etc. This would suggest 
that, other things being unchanged, a faster rate of flow from the com¬ 
pression chamber should result in a higher speed of shock wave through 
the air in the expansion chamber. This rate of flow could be increased by 
heating the air in the compression chamber but it was found difficult to 
confine the heating to the compression chamber alone. A simpler method 
of varying the flow was by altering the density of the gas used in the 
compression chamber, and in table 5 are recorded the results obtained with 
carbon dioxide and hydrogen. Diaphragms bursting at 120 Ib./sq. in. were 
used and the expansion chamber contained air. 

The photographic records obtained show the same features as with air 
in the compression chamber. The main shock wave and the front of the 
gases from the compression chamber both develop uniform rates. The 
effect of the change of the rate of outflow of the compressed gas is as was 
anticipated, that is, the higher the rate of flow of compressed gas the higher 
the speed of the shock wave. Since the shock wave is travelling through 
air in the expansion tube, its speed should be the same for a given yate of 
movement of gas from the compression chamber whatever the nature of 


Table 5. Different gases in compression chamber. 
Air in expansion chamber^ 


Gas in 

compression chamber 


Speed of 
primary wave 
m./sec. 


Final speed 
of main wave 
m./sec. 


Mean speed of 
compressed gas 
m./seo. 


Carbon dioxide 420 

Air 455 

Hydrogen 605 


620 

270 

660 

295 

735 

Approx. 650 
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this gas, and this is shown to . be true by a comparison with the corre¬ 
sponding values obtaiaed by interpolation from the results given in 
table 2. The speed of air flow of 270 m./sec. gives rise to a shock wave with 
a final uniform speed of 530 m./sec., which agrees well with the carbon 
dioxide value. A speed of air flow of 550 m./sec. gives the corresponding 
value of 750 m./sec., which agrees equally weU with the hydrogen value. 

(b) In expansion chamber. Experiments have also been carried out with 
different media in the expansion chamber, air being used in the compres¬ 
sion chamber. The diaphragms used burst at 225 Ib./sq. in. The results are 
recorded in table the speed of sound in the gas in the expansion chamber 
at 10° C being added for purposes of comparison. 


Table 6. Different media in expansion chamber. 

Am IN COMPRESSION CHAMBER 


Gas in 

expansion chamber 


Final speed 
of main wave 
m./sec. 


Speed of 
sound at 10° C 
m./sec. 


Mean speed of 
compressed air 
m./sec. 


Carbon dioxide 

510 

260 

Air 

610 

340 

Hydrogen 

1480 

1296 


320 

370 

475 


These experiments serve to show that the rate of propagation of the 
disturbance is determined by the nature of the medium in much the same 
way as is the speed of sound; the effect of the density of the gas in the 
expansion chamber on the rate of expansion of the compressed air is also 
well marked. The photographic records are similar to those already 
described except that with hydrogen no Schlieren trace of the wave is 
obtained, and the speed given in the table has been deduced from records 
obtained with an open-ended expansion tube, for the wave, though not 
recorded when passing through the hydrogen in this chamber, gives a 
well-marked trace when it reaches the outside air. It may be noted that 
the speed of the main shock wave is little above the speed of sound in 
hydrogen, and this accounts in part for the feeble optical effect produced 
by the wave. ’ 


Theoretical 

The exhaustive mathematical treatments of the formation and propaga¬ 
tion of shock waves have led to the development of equations which 
correlate the speed of a given wave with the temperature and pressure 
generated in the wave. For convenience we have adopted those given by 
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Becker { 1922 ) though they are essentially similar to those given by earlier 
workers. The following equations apply to a plane shock wave propagating 
in a uniform tube as in our experiments; 

3^2_ TT + I^ 

~ ^7r<^+V 

( 1 ) 

I? — ^ 

K P 2 ^Ti 

( 2 ) 

j92 P 17^^+ 1 

(3) 

p 2 _ 

(i) 


speed of shock w&^ve, 
speed of gases behind the shock Trave, 
absolute temperature in the shock wave, 
absolute pressure in the shock wave, 

I/P 2 = specific volume in the shock wave, 
absolute temperature in the undisturbed medium, 
absolute pressure in the undisturbed medium, 

11 Pi = specific volume of the undisturbed medium, 

2CJR-\-l, where = mean specific heat, at constant volume, 
between 2 ^ and 

We have used these equations to calculate the average conditions of 
pressure and temperature in the main wave during the first 8 cm. of its 
travel and during its later uniform motion, using the measured speeds 
given in table 2 as the known characteristics. The values are given in 
table 7, it being assumed that the initial temperature was 0 ® C and that 
the initial pressure in the expansion chamber was 1 atm. (14-7 Ib./sq. in.). 

Pressure, It wiil be seen that the calculated average pressure in the 
shock wave during the mitial stage is always considerably less than the 
pressure in the compression chamber when the diaphragm bursts, being 
about half at a bursting pressure of 16-3 atm. and only one-fifth at a 
bursting pressure of 75*8 atm. It must be remembered that these are 
average pressures in the wave during a phase of its existence in which it 
is rapidly degenerating, and that the initial instantaneous values must be 
considerably higher. Although at the moment the diaphragm bursts, the 
pressure discontinuity in the wave may be of the same order as the 


where D = 
U = 

24 = 
-P2 = 

Pi = 

4> = 
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bursting pressnrej more nearly approaching it the weaker the disturbance, 
it is not to be expected that the pressure can rise as high as that in the 
compression chamber for the speed of the wave, i), and hence also the 
pressure, PJPi, are decided by the speed, U, of the gases moving forward 
behind it. The compressed air is at this moment stationary (that is U = 0), 
and since it can move forward only with a loss in pressure, it is impossible 
for the wave to be propagated for any appreciable distance with character¬ 
istics associated with the initial pressure discontinuity between the com¬ 
pression and expansion chambers. 

Table 7. Peopeeties op main wave 


Initial stage. Average Pinal stage of steady 

conditions during conditions during 

Bursting pressure first 8 cm. of travel uniform propagation 









. ^ 

Ib./sq. in. 

Atm. 

Speed 

Pressure 

Temp. 

Speed 

Pressure 

Temp. 

above 

abs. 

m./sec. 

atm. abs. 

°C 

m./sec. 

atm. abs. 

®C 

atm. 


Measured 

Calc. 

Calc. 

Measured 

Calc. 

Calc. 

225 

16-3 

900 

8-5 

376 

610 

3*8 

157 

360 

25-5 

1000 

10-4 

450 

670 

4-6 

190 

430 

30*2 

1000 

10-4 

450 

700 

5-0 

209 

530 

37-0 

1100 

13-0 

550 

710 

• 5*2 

217 

715 

49«6 

1100 

13-0 

550 

745 

5*7 

244 

920 

63-6 

1120 

13*5 

570 

770 

6*2 

263 

1100 

75-8 

1170 

15-0 

630 

770 

6*2 

263 


The movement of gases behind the wave* The theory upon which the 
equations used in these calculations are based requires that the shock 
wave must be accompanied by a movement in the same direction of the 
gases through which the shock wave has propagated and that a particular 
speed D of the shock wave is always associated with a particular speed U 
of the gases in its immediate rear. Since, in the present experiments the 
speeds of both the wave and the following gases have been measured, the 
results can be used to check the accuracy of the assumption. In the 
following comparison the results with short compression chambers are not 
applicable, for with a short chamber the main wave is followed too soon by 
the rarefaction wave from the emptying compression chamber and steady 
conditions are not attained. 

It is immaterial whether we regard the shock wave as the cause of the 
gas movement set up in its rear or as being maintained and its speed 
determined by the gas flow in its rear. The photographic records show that 
the gases in the pressure wave are moving forward at a uniform speed, for 
the reflected wave travels through them at constant speed. Moreover, the 
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speed of the gas layers in the pressure wave must he the same as that of 
the front layers of the gases from the compression chambers so that the 
latter speed may therefore be taken as corresponding with the value TJ 
required by the theory. In table 8 the speed of gases, calculated for 
the measured speeds, D, of the wave are compared with the actual rates 
of air flow as determined experimentaUy. 


'Table 8. Rate of flow behind the wave front. 
Air IK COMPRESSION AND EXPANSION CHAMBERS 


Measured 

Measured speed 
of gas^ from 

Calc, speed U 
of gas^ behind 

speed D of 

compression 

shock wave of 

shock wave 

chamber 

speed D 

m./sec. 

m./sec. 

m./sec. 

495 

225 

227 

640 

275 

281 

660 

295 

304 

600 

340 

349 

610 

370 

360 

630 

410 

380 

670 

440 

421 

700 

445 

462 

710 

475 

458 

745 

520 

498 

770 

585 

525 


Except for the last value the agreement of the calculated with the 
observed results is remarkably close. 

A further comparison arises from, results of the experiments in which 
carbon dioxide and hydrogen were used in the compression chamber in 
place of air (table 7). Air was used in the expansion chamber and it was 
found that the speed of the shock wave therein depends upon the speed of 
the gases from the compression chamber, being somewhat slower when 
these gases are carbon dioxide and appreciably higher when hydrogen is 
used in the compression chamber. The front layers of the carbon dioxide 
travelled outwards at a speed of 270 m./sec., those of the hydrogen at a 
speed of 530 m./sec., giving rise to shock waves of speeds of 520 and 
735 m./sec. respectively. The calculated values of 27, corresponding to 
these speeds of shock waves are 260 and 490 m./sec. respectively, and the 
close agreement indicates that the speed of the shock wave, passing in 
each instance through air, depends solely upon the speed of the main¬ 
taining gases. 
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The form of the wave. Although a shock wave is generally referred to as 
a discontinuous wave, it has been shown by Rayleigh ( 1910 ) ^i^d Taylor 
( 1910 ) that the thickness of the wave is finite. Nevertheless the thickness^ 
is extremely minute, being only 66 x 10 “^ cm. for a wave travelling through 
air at a speed of 1000 m./sec. (The mean free path in air is about 90 x 10“’ 
cm.) The thickness of the front of the wave produced in different gases by 
a diaphragm bursting under a compressed-air load of 225 Ib./sq. in. 
(table 6 ) is 88 X IQ-^ cm. in carbon dioxide, 159 x IQ-*^ cm. in air and 
1700 X 10 “’ cm. in hydrogen. The comparatively high value for hydrogen 
is significant. It will be recalled that in these experiments the speed of 
the wave in hydrogen was not greatly above that of sound and that the 
wave produced no Schlieren effect; .hence it may be concluded that the 
establishment of a discontinuity in any medium becomes increasingly 
difficult the higher tlie speed of sound in that medium and that the slope 
of the wave front is more drawn out the less dense the medium. The latter 
conclusion is supported by the calculations cited above, the wave front in 
hydrogen being more than 10 times as deep as that in air. Purthermore, 
the pressure in the wave in hydrogen has been calculated and it is only 
about one-seventh that of the wave in air from the same disturbance, 
showing that the original disturbance is the more easily dissipated the 
lighter the medium. 

It is not possible, however, to calculate the duration of the peak pressure 
m the wave or the pressure gradient in the rear of the wave, because these 
must depend upon the extent to which the wave is maintained. There is, 
however, one corollary to the theory of the shock wave, which is important 
in this connexion and which enables us to obtain a conception of the wave 
form under specified conditions. The pressure in the gas layers behind the 
wave front remains at the same peak value attained in the wave front for 
all those layers which continue to move at a speed U appropriate to the 
rate D at which the wave front is propagating. As soon as the velocity of 
any layer falls for any reason below U, so the pressure also falls below that 
at the wave front. This occurs for example when layers behind the wave 
front are affected by the rarefaction wave. The photographic records 
considered in conjunction with figure 66 enable us to obtain corroborative 
information on this point, if we assume as ah approximation that the laws 
of continuous adiabatic compression are obeyed. It is possible then, by 
measurement of the distance travelled at any instant to determine the 
compression ratio and by means of the ordinary gas laws to calculate the 
pressure attained in the layers of air between the shock wave and the gases 
moving forward from the compression chamber, that is in the ‘pressure 
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wave’. With a diaphragm bursting at 134-7 Ib./sq. in. absolute, and a 
compression chamber 61 cm. long, the uniform, pressure in the pressure 
wave is calculated to be 44-9 Ib./sq. in. absolute. According to Becker’s 
equation the absolute pressure in the shock wave preceding the pressure 
wave is calculated from its speed (560 m./sec.) to be 46-8 Ib./sq. in. This 
means that the pressure in the shock wave falls little, if at all (in view of 
the approximation used), in the distance de&aed as the pressure wave. 
With a still more intense disturbance, with a diaphragm bursting at 
544-7 Ib./sq. in. (abs.), the corresponding absolute pressures are 73-5 
Ib./sq. in. in the shock wave and 66-0 Ib./sq. in. in the pressure wave. 
Again the agreement is good, for the error introduced by assuming con¬ 
tinuous adiabatic compression in the pressure wave will increase in this 
sense as the intensity of the disturbance is increased. The distance over 
which the peak pressure in the shock wave will be maintained will 
depend on the length of the compression chamber, that is on the volume 
of maintaining gases. In the numerical examples discussed above, the 
figures suggest that the peak pressure in the shock wave is maintained 
by the gases , in the pressure wave. The method can be extended to show 
that this state exists throughout the 67-7 cm. expansion chamber, when 
the compression chamber is 61 cm. long. Also that the pressure in the 
pressure wave persists through part of the column of the gases from the 
compression chamber, depending upon the position of the rarefaction 
wave in the compression chamber. 

The pressure variations along the compression and expansion chambers 
can be represented graphically as in figure 21 u, 6, which correspond with 
the instantaneous states depicted in respective diagrams in figure 6 a, 6. 
The diagrams are drawn t6 be in keeping, qualitatively, with the results 
of the experimental work, except that the slope of the front of the shock 
wave W from the vertical is greatly exaggerated. 

When the compression chamber is short, the whole column of com¬ 
pressed air will have begun to expand before the shock wave has traversed 
the expansion chamber. The sequence of events, showing the degeneration 
of the shock wave, is shown in figure 22 a-A, It is between stages e and / 
that the rate of advance of the shock wave begins to fall appreciably as a 
result of the decrease in the pressure ratio The sequence of events 
would be similar with longer compression and expansion chambers. 

Calculation of speed of shock wave from bursting press%ire. The com¬ 
parison of calculated and experimental values for the velocity of the shock 
wave, D, and the velocity of the gas immediately behind it, Z7, may be taken 
as a verification of the theoretical relationships which have been advanced. 





























































Proc. Roy. Soc. A, volume 186, ylate 16 


Payman and Shepherd 


puoDasijiiiAl 




















Ficiube 12 


Figube 13 



imm'M. 




Proc. Boy. Soc. A, volume 186, 'plate 18 


mmi a 



319 


Explosion waves and.shoch waves 

or, if the .theory is regarded as established, as a conjBrmation of the aecuracy 
of the experimental method. A further theoretical comparison which is of 
even greater value, suggested to us by Professor G, I. Taylor, is that between 
the pressure at which the diaphragm bursts and the speed of the stable 
shock wave established when the compression ajjid expansion chambers 
are long. The treatment put forward by Professor Taylor is as follows. 
The symbols used have the same significance as in the earlier treatment; 
P 3 is the absolute pressure of the medium (air) in chamber ( 7 , its tem¬ 
perature. The speed of sound, P, in the compressed air is the same as that 
in the air in the expansion chamber. 

The values of D and U are governed by the ratio tt = and^ the 
relationship between D and P 3 /P 1 is developed as follows. Let us consider 
the wave of rarefaction which moves into the compression chamber when 
the diaphragm ruptures. The plane which divides the air originally on 
opposite sides of the diaphragm moves at speed TJ (into the expansion 
chamber); the pressure on both sides of this plane is Pg but the tem¬ 
perature jTg shock wave side of the plane is above jT^, and the tem¬ 

perature jPg on the rarefaction side is below T^. In the rarefaction wave, 
the condition ( 1 ) is satisfied: 

w=w. <i) 

where I 3 = 1 /Ps = specific volume of the undisturbed medium in chamber 
(7. The wave is a progressive wave without shock surfaces and the move¬ 
ment TJ of the air left behind by the wave satisfies the Riemann condition 
for progressive waves of finite amplitude. This condition is given in ( 2 ): 



This relationship enables us to calculate the values of i 3 /P 2 for various 
arbitrary values of TJ. The formulae given in the earlier portion of the 
paper give the values of PJPx for the same values of U and also give the 
related values of D. Finally, since PJP^xPJP^ —PJPl A = 1 atm., 
the theoretical values of D for various initial pressures in the compression 
chamber can be obtained. Calculations based on this treatment are given 
in the following table, initial conditions being taken as = 273® K and 
Pj^ = 1 atm. 

On figure 7 are shown the calculated valu^ of -D, plotted against 
the bursting pressure of the diaphragm, and it will be seen that there 
is only a small divergence between theory and experiment. Some of 
this divergence arises from the fact that the experimental results were 
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obtained at room temperature (10-15° C), the actual speeds on this 
account being 2-3 % higher than would be obtained at 0° C, the tem¬ 
perature used for all theoretical calculations in this paper. 


u 


PJPi 


D 

m,/sec. 


atm. abs. 

m./sec, 

200 

2‘42 

2*18 

5*28 

471 

232 

2*80 

2*46 

6*89 

498 

266 

3*30 

2-77 

9*14 

527 

299 

4-0 

311 

12*4 

556 

332 

4*79 

3-46 

16*6 

585 

365 

5*70 

3*86 

22*0 

617 

398 

6*78 

4*27 

28*9 

648 

432 

8-08 

4*71 

38*1 

679 

465 

9*67 

5*19 

50*1 

711 

498 

11*7 

5*71 

66*8 

745 


The writers thank the Safety in Mines Research Board for permission 
to publish this contribution which describes part of the research work 
on explosives done for the Board, 
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Tlie diffraction of sound pulses 
I. Diffraction by a semi-infinite plane 

By F. G. Feiedlandbe 

{Communicated by G. I. Taylor, F.B.S.—Received 39 February 1940 ) 

This paper eontams the results of some calculations which show the 
changes undergone by a sound pulse when it is diffracted by an infinite 
screen or waU with a straight edge. The incident pulse is traveUing in such 
a manner that its wave front is parallel to the plane of the wall and the 
motion is assumed to be two-dimensional. The calculations are carried 
out for a certain pulse in which the pressure rises instantaneously and 
then decays exponentially, and—^in less detail—for several other types of 
incident pulse. The pressure changes in the geometrical shadow and near 
its boundary are investigated, as well as the pressure at points on the 
screen itself. A remarkable feature is the propagation of the initial pressure 
discontinuity along the boundary of the geometrical shadow as an instan¬ 
taneous pressure discontinuity across this boundary. The problem could 
be treated by the application of Fourier transforms to Sommerfeld’s 
well-known solution of the diffraction of simple harmonic waves by a straight 
edge, but the analysis utiliized in this paper offers many advantages, 
particularly when the incident pulse starts with a discontinuous pressme 
rise. It is also shown that, although the two solutions of the problem treated 
in this paper (which are due to Sommerfeld and Lamb respectively) differ 
in form, one can be obtained from the other by a suitable transformation. 

iNTRODXTCTIOlSr 

The diffraction of a simple harmonic wave train by a straight-edged 
semi-mfinite screen, and hy an infinite wedge, was originally discussed by 
Sommerfeld (1895), In a later paper Sommerfeld (1901) extended his 
analysis to the diffraction of pulses and treated the case of a * rectangular 
pulse' in detail. The analysis of Sommerfeld's first paper was simplified 
by Lamb (1906), who also dealt with the reflexion of simple harmonic waves 
by a convex parabolic cylinder, and by a paraboloid. Lamb then applied 
his method to the diffraction of a pulse by a semi-infinite screen. His result 
differs in form firom that given by Sommerfeld, but it will be shown in 
this paper that it can be transformed in such a manner that Sommerfeld's 
formulae axe obtained. 

Although the cases of pulse diffraction and of ‘wave' diffraction (the 
latter refers to infinite trains of simple harmonic waves) are analogous, 
they differ in several respects. The equation governing the propagation of 
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pulses, i.e. the sound equation, is of the hyperbolic type; that governing 
wave diffraction is of the elliptic type. The functions satisfying these 
equations behave quite differently.* In wave diffraction, interference 
between ^elementary waves’ produces certain alternating maxima and 
minima of intensity, which give rise to the diffraction bands well known in 
optics. Nothing of this nature must be expected in the case of a pulse; 
interference occurs because of the persistence and the periodicity of a wave 
train. 

It is well known that every pulse can be thought of as made up by the 
superposition of simple harmonic waves; in other words, that it is possible 
to extend results about simple harmonic waves to the case of a pulse by 
applying a Fourier transform. When using this method during some pre¬ 
liminary calculations it was found that, if the integrals involved had to be 
evaluated numerically, the work tended to become very laborious and 
inaccurate. The formulae which were finally used were of a simpler type and 
much more suitable for numerical evaluation. They indicate very clearly 
the superiority of direct solutions of pulse diffraction problems over those 
obtained by Fourier transforms, particularly when the incident pulse has 
a well-defined wave front. It is usually difficult to obtain the general cha- , 
racteristics of the diffracted pulse from solutions of the Fourier transform 
type. For example, it requires considerable mathematical ingenuity to 
deduce the shape of the wave front in the shadow of an obstacle from such 
a solution, while it can be obtained from the direct solution by inspection. 
These difficulties are, on the whole, due to the fact that the Fourier transform 
provides the link between the solutions of partial differential equations of 
different types satisfied by different classes of functions; a point which has 
been mentioned above. 

There are very few general methods available for obtaining the solutions 
of pulse diffraction problems. Similarly, approximate methods have only 
been little developed. Most of the approximate methods used in the 
treatment of wave diffraction apply only to limited frequency ranges and 
thus cannot be generalized by the application of a Fourier transform. 
Huygens’s principle, in the form given to it by Kirchhoff,t can be applied 
to pulse diffraction.^ But it seems unavoidable to ignore reflected waves 
in the application of this principle; this is equivalent to assuming the 
diffracting obstacles to be absorbing, an assumption which is quite legitimate 

* This is discTissed, for example, by Hadamard in Le prohUme de Cauchy (Paris, 
1932), pp. 37 et seq, 

- t See, for example, Lamb, Hydrodynamics^ 6th ed. p. 501. 

X I am indebted to Dr E. C. Bullard for pointing out this possibility. 
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in optics, but of doubtful Talidity in the theory of sound. As a material 
usually only absorbs sound whose wave-length (or some equivalent dimen¬ 
sion) is a small fraction of the thickness of the material, Huygens’s principle 
—^together with the assumptions made in approximate calculations—^must 
be applied with great caution. 

The solutions of pulse diffraction problems which are known thus become 
important as an indication of the general character of pulse diffraction. 
It is hoped that the results given in this paper will serve, apart from their 
intrinsic interest, to give some general indications of this kind. 


Mathematical, solution 

Choose the co-ordinate system so that the s-axis coincides with the edge 
of the waU, which occupies the positive part of the a;-2;-plane. The motion 
will then depend only on x, and the time t. It is convenient to introduce 
parabolic co-ordinates, defined by 

x+iy = {^+iijf or ’[ (1) 

= y-) 

Thus the cc-t^-plane is transformed into the upper half of the ^-^-plane, the 
positive half of the a;-axis (which is the intersection of the wall with the 
a;-2/-plane) being transformed into the whole of the ^-axis. The curves 
i = const., 71 ~ const, respectively are systems of confocal parabolas 
hawing the origin as common focus and the jr-axis as common axis (see 
figure 1). The boundary condition expressing reflexion at the wall is 

d 0 , d 0 

{y= 0 ,x^ 0 ) or = 0 (^ = 0) (2) 

(see Lamlj 1906), 'wiiere 0 is the velocity potential. Thus in the transformed 
plane the whole of the g-axis appears as a reflector. 

The velocity potential must satisfy the sound equation 

dH> 13^0 

dx^ “ c2 ’ ( 3 ) 

where c is the velocity of sound. It is assumed that the motion is sufficiently 
small for this equation to hold. The incident pulse can then be represented 
by the velocity potential 

P(c^-fy) or P(c^+2^9;), (4) 
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XiEinb ( 1910 ) showed that the solution which can he made to satisfy the 
boundary conditions at the half-plane and at infinity is 

+ \^~'f{ct-2iv-^^)d^ (5) 

(see Lamb 1910 ), where the function/, which appears under the integral 
sign, is unspecified. It is easily verified by differentiation that ( 6 ) satisfies 
the equation (3). It also fulfils the boundary condition ( 2 ). For we have 

d0 

^ = ^{F'{ct+2^V)-r{ct-2m 

+JP 2g/'(ci -h 2i7i - Jp2|/'(c« - 2^7 - 

which vanishes when ij = 0. That this must be so is also apparent from the 
form of (5) which consists of two groups of terms, one of which is the ‘ image ’ 
of the other with respect to the ^-axis. 

To determine the function/, Lamb ( 1906 ) uses the additional condition 
that in the region of great negative x the motion must closely approximate 
to the incident wave, i.e. as 

a; ^— 00 , 0-^F{ct+y). ( 6 ) 

It follows from ( 1 ) that as 

a:^-oo, |-f- 5 /->+oo, I- 17 -S-- 00 , 

hence ( 6 ) becomes, substituting from (5), 

F{ct + 2g7i) = \F{ct -F 2i7i) -1- \F{ct - 2g7i) 

+ jjict+2grj - ^2) - 2gv - C®) dg. 

For this to hold, / must satisfy the integral equation 

= (7) 

^00 

* The equation should really be ) f{z--^)d^ = ^^{ 2 )+const., but it will be seen 

J 0 

in the following (cf. (8)) that the constant has no effect on the result and can thus 
be ignored. 
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TMs can be transformed into Abel’s integral equation, by putting 

du 




2^(z-uy 


so that 


j: 


f{u)du 


^Fiz). 


( 7 a) 


,^{z-u) 

Then, afiRnming that lim F{z) - 0, the solution of this integral equation 

Z= — CO 

is (Bocher 1909) 

Ip F'iz)dz 


1 

Now consider the expression 


,^iu-zy 


rs+v 

0^=^^F{et+2^V)+j^ f{ct+2^V-^^)dC- 


(8) 


(9) 


This is part of ( 5 ). It is easily verified that it satisfies the sound equation ( 3 ). 
It can be written differently. Introducing polar co-ordinates 


it is seen that 


x-^iy = re^*^. 


( 10 ) 


=+V(^+y), (0<5<f7r); ==-^(^ + 3 ^), (Itt ^ <9 < 27r) ; 

/•V(r 4 -y) 

hence 0^ = +y) + J ^ f{ct +y - P) (0 ^ 0 < Itt) 

rVir+y) 

= |jP(ci+2/)-J^ (| 7 r< 0 ^ 27 r). 

Taking account of ( 7 ) this can be put into the form 

f{ct+y-^^)d^+[F{ct+y)l (9a) 

J V(r+y) 


where the brackets indicate that F(ct -f y) must be omitted when 27 t. 

Substituting for/&om (8), 


r nct+y-C^)dC = -r dgp 

J V(r-\-y) ^ J Vir-hv) J — » '^{ct + y ~ — u) 


This is a double integral over u and extended over the area to the right 
of C “ bounded by the parabola ct+y—^^. Inverting the 

* Lamb ( 1910 ) gave this solution in a footnote and utilized a different solution 
based on the application of a Fourier transform. ( 8 ) is more convenient in applica¬ 
tions when / cannot be found explicitly. 
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order of integration and ma k i ng the appropriate changes in the limits of 
integration. 


/*oo 1 r /* 

/(c«+2/-C^)dC = - F'{u)du\ 
JV(»'+a/) 7rJ_co J. 


rV(ci-y+w) 




Vfr+s,) -^(ct+y-u-^^) 


r+y 


ct+y—u 


Thus by a partial integration, 

r ffct+y-^^)d^ = T"'- 

JVir+y) J- 

and hence 


du. 


-00 {ct+y^u)^{ct—r—uy 


<2>, = V(^+y) 

^ 27 r J_co {ct+y—u)^{ct—r—u) ^ ' ' 

which agrees with the result given by Sommerfeld (1901, p. 40 ). 


FOB]\nJLAB FOR THE PRESSURE. APPROXIMA.TIOirS 

In the preceding section the solution of the problem of the diffraction 
of a pulse of arbitrary shape by a semi-infinite wall has been developed in 
terms of the velocity potential. In the following we shall be mainly concerned 
with the pressure, so that it is best to transcribe the solution obtained into 
terms of pressure. The pressure, p (i.e. the pressure in excess over that of 
the undisturbed atmosphere), is connected with the velocity potential by 
the relation 

d0 

P-PTf ( 12 ) 

Now it was found that 

ri-v 

0 =: iF(ci-hy)-l'iI'(ci-y)+j^ f(ct^y-P)d^’hj^ f(ct~y-P)d^. 

The function / is continuous, so that differentiation imder the integral sign 
is permissible. Thus 

p = pc^iF'(ct+y) + iF'(ct-y) 

+jyf'(ct+y-P)dS+jyr(ct-y-P)d^j. ( 13 ) 
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From now on we shall assume that the incident pulse has a definite 
wave firont, so that we can put 

F(z) = 0 (z<0). (14) 


Then the equations (7 o) and ( 8 ) become 



F'{z)dz 

^{u-zY 




(15) 


To effect the differentiation of /, a partial integration is performed first. 
Thus it is found that 




hence 


l^-r\z)dz 


7rJo^{u-z)' 


(16) 


aswe cannot suppose that = 0. Introducing a new auxiliary function^ 
and the pressure of the incident pulse Pq, by putting 


<f>{u) = pcf’{u), p^{z) = pcF'{z), 
the equations (13) and (16) can be written 

’'po{z)dz 


TT^ju 

p = \p^{ct ^y) + |po(c< - y) 


-f 

73'J( 


o^{u-zy 


(17) 


(16a) 


rJ+? ff-7 

+Jo ^{ct-y-^^)d^. (13a) 

The converse of (16a) is obtained by differentiating the second equation 
in (15) and introducing ^ and pg. Since/(O) = 0 it is found that 


_ r‘ 4>(u)du 


(18) 


Eememberiug that the transformation ( 1 ) transforms the whole of the 
a:-y-plane into the upper half of the ^- 7 -plane, and that therefore always 
57 > 0 , it is easily deduced that 


(Eegionl)f+ 7 ==+V(r+y), i-y =+^J(r-y), {x>0,y>0;0<d<i7r),'i 
(Region 2) g+i/ = +V(»-+ 2 ^), i-y =-4{T-y), (a:<0. <d<|7r), 

(Region 3) §+¥ = -V(3-+y), i-y = -^{x-y), (a:>0,y<0, § 77 <d< 27r).. 

(19) 
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Hence making use of the equation (18), it is seen that the„ formula for the 
pressure, (13a), can be written as follows: 

rVid+y) 

S>i = 33 o(c«+y)+ 2 >o(c«- 2 /)- <l>{ct+y-Z^)d^-\ <p{ct-y-^^)dC 

J V(T+y) J V{r-y) 

n^/i€t+y) rVict—yy 

Pz = ni<^+y)-\ ^{ct+y-Z^)d^+\ 4>(ct-y~C^)d^, 

J V(r+y) J V(r-y) 

fV(ci+y) rV(ct-y) 

3 ) 3 = ^{ct+y-^^)d^+ <l>{ct-y-^)dZ, 

J V(r+y) J V(r-y) 



where the indices 1, 2, 3 indicate that these formulae apply in the regions 
labelled 1, 2, 3 in (19) (see also figure 1). Now the integrals appearing in 
these formulae can be transformed by the substitutions 


ct-r 

0 


rV(ct+y) 1 r< 

et+y-^’‘ = u, ^(ct+y-C^)d^ = -Tl 

J VCr-hy) -“Jc 

rVict-y)' 1 ret- 

ct-y-^^ = u, ^(ct-y-C^)dC = ^ 

J V(.r-y) 0 


^{u) du 
^{d+y-uY 

4>(u)d^ 

^(ct-y-uY 


Then, introducing the function 


rT 

P(Z,T)=J^ 


^(•m) dll 

^{T+X-uY 


(20) 
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the following expressions for the pressure are obtained: 

+ y) +i)o(ct -y)- T) + 

Pi = j3o(c* +y)- T) - P))> 

P3 = i{P(Zi,T) + P(Z2,T)}, 

where Zi = r+y, = r—y, T = ct—r. 


( 21 ) 

(21a) 


It is possible to express the function P directly in terms of jjq. For, using 
(16a), 


nx.T) - 


du 


hence 


^z){T-^X^u)‘\ 

Po(g)t^g 


P(X,P) 




TT Jo (P + X-2)V(P-2)’ 


(20a) 


by a partial integration. 

Thus the pressure is given by ( 21 ) in teraas of the incident pressure pulse 
' Po and of the function P. It is useful to have approximate expressions for 
this function when X is either very large or very small. These can he obtained 
as follows: 

( 1 ) X is very large. The variation of *J(T+X—u) in the interval ( 0 , T) 
is small and so approximately 


P{X,T) 


^-Lr^(u)du = 4^W(T). 

0 


Vx:Jo 


( 22 ) 


It follows from (17) and (IS-) that 


xfff'P'i _i Po(g) 

^ ‘'njo^liT-zy 


( 2 ) X is small. We can write 


(23) 




u) 


<l>{u)dAl 

T *j{T+X—v,) 


==PoiT+X)-I{X,T). 


Then, by a partial integration, 

=jr'^; / ( |+X-a) = W)V^+2jJ'‘'"95'(«)V(^+X-a)da. 
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Aa upper limit for the iutegral appearing after the partial integration has 
been performed is clearly given by 


/•T 

i 


T+X 






where \<j>'^^XT,Xi)\ is the greatest value of j^'(r)| in the interval 
{T,T-\-X)-, if X and | 1 are sufficiently small, the integral can be 

neglected and thus 

BiX, T) = pQ{T+X) — 2^X(f>{T) approximately. - (24) 

It wiU be seen in the foUGwing that these approximations are Tery useful 
when calculating the pressure distribution near the boundary of the 
‘geometrical shadow’ of the wall. 

It follows from approximation (22) that when X is sufficiently large, 
P(X, T) can be neglected. It is thus possible to discuss the behaviour of 
the diffracted pulse far away from the edge of the wall. In terms of polar 
co-ordinates 

= r(l 4 - sin 0), Xg = r(l — sm 6). 


Now suppose that 6 varies while r is kept fixed, r being very large. Ass uming 
that P can be neglected if X > X* it appears that the terms in P in the 
equations (21) can be neglected everywhere except for a certain region 
containing the y-axis, whose boundary will be approximately given by the 
parabolas 

r(l + sin ^) = X*, r(l — sin ^) = X*. (25) 


Outside this region + V) +Po(^^ ““ 2^)^ 

P2=Po{ct+y), 

Ps = 0. 


(26) 


The pressure varies continuously in the area bounded by (25) and we find 
that on the.boundary of the shadow very far from the origin, 




(26 a) 


smce 


mT)=Po(n 
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Calcxtlations: the ptilsb Po = (1 “2) e-® 

The theoretical results developed ia the preceding sections have been 
applied to the detailed discussion of the diffraction of a pulse given by 


Po(c«+y) = ^l-^^jexp|^-^J^J, (c«+ 2 /> 0 ) 

{ct+y<0)^ 


(27) 


= 0 



Figure 2 . The pulse Pq{z) = (1—2) e""*. 


(see figure 2). A is here a certain parameter characterizing the pulse which 
may be called the pulse thickness’. It is more convenient to use non- 
dimensional variables. We chose the pulse thickness as the unit of length, 
so that from now on x and y stand for xjX^ yjX, i.e. they are the distances 
measured in terms of A. The time t is replaced by the variable z which is 
connected with it by the relation 

^ ct 

(27) can then be rewritten as 

Poi ^+= [1 ~ ( 2 +y)] ( 2 :+ 2 / > 0)1 

( 2 ?+ 2 /< 0 )| 
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The first step in the evaluation of the result is the calculation of the 
auxiliary functions It is found from (23) that 



77 






77 





where the second form is easily obtained from the first by a change of 
variable. By a partial integration it is found that 


J du = - J du+ 


Hence the following three expressions are obtained: 

W(T) = ^ (1 - 2^) r(29a) 

TT Jo 77 ^ ^ 

*”(!') (29S) 

*"(!’) ,29») 


Table 1. The exinction/(is) = (1—z) e-® 


2 /(2) 

z 

M 

a /(*) 

0-00 1-000 

1-25 

-0-072 

3-00 -O-IOO 

0-25 0-583 

1-50 

-0-111 

3-50 - 0-076 

0-60 0-303 

1-75 

-0-130 

4-00 - 0-057 

0*75 0-115 

2-00 

-0-135 

4-50 -0-039 

1-00 0-000 

2-50 

-0-123 

6-00 - 0-027 

Table 2. The etjnotions IP(I'), 

W(T), W{T) (cf. formulae (29a)- 

T 

W(T) 

W'{T) 


0-0 

0-000 

00 

— 00 

0-2 

0-217 

0-246 

-1-492 

0-4 

0-232 

-0-038 

-0-777 

0-6 

0-212 

-0-146 

-0-263 

0-8 

0-182 

-0-170 

-0-066 

1-0 

0-147 

-0-171 

0-036 

1-5 

0-070 

-0-130 

0-103 

2-0 

0-018 

-0-081 

0-088 

2-5 

0-000 

-0-051 

0-062 

3-0 

-0-028 

-0-020 

0-037 

3-5 

-0-034 

-0-006 

0-022 

4-0 

-0-035 

0-002 

0-011 

4-5 

-0-028 

0-002 

0-007 

5-0 

-0-026 

0-005 

0-002 
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Table 3. Diffracted pressure-time curves for the ihcideht pulse 

NEAR THE BOUNDARY OF THE SHADOW, AT ?/ = — 10 




(a) outside the shadow 



r 

a: = -1-0 

00 

o 

1 

II 

= -0« 

6 £C=—0-4 

o 

I 

II 

o 

6 

II 

0*0 

1-000 

1-000 

1-000 

1-000 

1-000 

0-500 

0-2 

0-443 

0-444 

0-416 

0-402 

0-388 

0-360 

0-4 

0-236 

0-241 

0-230 

0-221 

0-193 

0-232 

0*6 

0-107 

0-110 

0-114 

0-122 

0-128 

0-146 

0*8 

0-032 

0-039 

0-044 

0-052 

0-056 

0-069 

1-0 

-0*023 

-0-009 

0-006 

0-004 

0-006 

0-016 

1*5 

-0*080 

-0-072 

0-063 

-0-061 

-0-054 

-0-048 

2-0 

-0-088 

-0-080 

0-072 

-0-073 

-0-070 

-0-063 

2-5 

-0-071 

-0-070 

0-068 

-0-068 

-0-068 

-0-060 

3-0 

-0-054 

-0-055 

0-056 

-0-057 

-0-054 

-0-051 



(6) inside the shadow 



T 

o 

II 

X = 0-4 


CO 

o 

II 

s 

op 

o 

II 

X = 1-0 

0-0 

0-000 

0-000 


0-000 

0-000 

0-000 

0-2 

0-337 

0-321 


0-306 

0-289 

0-275 

0-4 

0*228 

0-226 


0-225 

0-218 

0-210 

0-6 

0-139 

0-143 


0-146 

0-148 

0-148 

0-8 

0-072 

0-079 


0-085 

0-089 

0-092 

1-0 

0-024 

0-030 


0-036 

0-042 

0-046 

1-5 

-0-042 

-0-037 


-0-032 

-0-026 

-0-022 

2-0 

-0-058 

-0-058 


-0-055 

-0-051 

-0-046 

2-5 

-0-059 

-0-057 


-0-054 

-0-052 

-0-049 

3-0 

-0-052 

-0-051 


-0-050 

-0-049 

-0-047 


Table 4. Pressure-time curves at various points in the shadow 


T 

0-00 

0-25 

0-50 

0*75 

1*00 

1*50 

2-00 

2-50 

3*00 


(incident pulse, 5?o(2) = (I -g) e-*) 


X - 0-75 

X = 1-50 

y = 0-00 

2 ^ = 0-00 

0-000 

0-000 

0-242 

0-179 

0-212 

0-210 

0-149 

0-167 

0-098 

0-098 

0-012 

0-026 

-0-034 

-0-004 

-0-046 

-0-026 

-0-054 

-0-036 


a; = 1-50 

1-50 

g/=-1.50 

2 /^-3-00 

0-000 

0-000 

0-180 

0-205 

0-176 - 

0-175 

0-138 

0-133 

0-091 

0-084 

0-021 

0-013 

-0-017 

-0-021 

-0-030 

-0-040 

-0-031 

-0-038 
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Table 5. Dipeerenoe of the pressures oh the two sides 

OP THE WALL AT TWO POINTS 
(incident pulse, Pq{z) =(l~g) 


z 

X = 0-75 

a; = 1-50 

0*00 

2-000 

2-000 

0*25 

1-164 

1-164 

0-50 

0-606 

0-606 

0*75 

0-229 

0-229 

1-00 

-0-484 

0-000 

1-50 

-0-621 

-0-223 

2-00 

-0-378 

-0-710 

2*50 

-0-206 

-0-442 

3-00 

-0-119 

-0-251 

3*50 

-0-046 

-0-142 

4-00 

-0-001 

-0-063 


Table 6. Dippracted pressure-time curves por the ihcideht pulse 
( 2 < 0 ); Pq{z)^2z (O^z^^); 

Pq{z):=2{1-^z) 2?o(25) = 0 {z^l) 

HEAR THE BOUNDARY OP THE SHADOW, AT = -10 

(a) outside the shadow | (5) inside the shadow 


r 

a; = —1-0 

o 

1 

11 

o 

6 

II 

T 

07=0-5 

II 

6 

0-00 

0-000 

0-000 

0-000 

0-00 

0-000 

0-000 

0-25 

0-490 

0-363 

0-262 

0-25 

0-203 

0-162 

0-50 

0-642 

0-602 ‘ 

0-534 

0-50 

0-445 

0-376 

0-75 

0-214 

0-262 

0-287 

0-75 

0-296 

0-288 

1-00 

-0-058 

-0-010 

0-027 

1-00 

0-072 

0-105 

2-00 

-0-005 

0-016 

0-024 

2-00 

0-034 

0-042 

3-00 

0-015 

0-023 

0-020 

3-00 

0*025 

0-029 


Tables for 



are available as far as Z = 2 (Jahiike-Emde 1933 ). These allow the calcula¬ 
tion of W, W" as far as T = 4. For larger values of T, the integral was 
found by numerical integration. As great accuracy is not required over this 
range, the values of the functions (29) being small, this integration must be 
considered as a somewhat rough approximation to the exact value of the 
integral. The graphs of T, W, W'' are shown in figure 3. 

Figure 4 summarizes results relating to the behaviour of the pressure 
close to the edge of the geometrical shadow of the wall. A number of 
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Figure 4. Pressure as a function of x and time at y = — 10. 
The boundary of the geometrical shadow is a; = 0*, 
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pressure-time curves have been computed at points where 2 ^ = —10, and 
X ranges from +1 to — 1. These curves are superposed in the figure in such 
a way that they form the obhque projection of a Surface whose perpendicular 
height represents the pressure. In the figure, the vertical ordinates represent 
the pressure; the horizontal ones the time; and the third co-ordinate 
measured parallel to the third (inclined) axis the distance from the edge of 
the shadow. 

A remarkable feature, which will occur in all cases where a pulse with 
a discontinuous initial pressure rise is difiEracted, is the initial pressure 
discontinuity across the boundary of the shadow which can be seen in the 
figure. The diOBcacted pulse consists of two components; one is a pulse with 
the cylindrical wave front 2 ; = r; the other one is, in the region under 
consideration, the incident pulse, which is propagated outside the shadow. 
Thus at any point outside the shadow the full and undistorted incident 
pulse will be experienced until the diffracted wave, which starts at the 
origin, arrives. The wave fronts touch at the boundary of the shadow; 
across this boundary the pressure is in general continuous, except initially. 
In fact, however close to the boundary a point may be, there will still be 
a small interval of time during which the incident pulse is experienced while 
the ‘cyhndricar pulse has not yet arrived. If the incident pressure pulse 
starts discontinuously, then this discontinuity is thus propagated along 
the boundary of the shadow. If the pressure of the incident pulse rises 
continuously from the start, no discontinuity will occur at all (for an 
example cf. figure 9). It is evident from the nature of this phenomenon 
that it would not easily be detected if the solution employed were of the 
Fourier transform type. 

Figure 4 shows clearly the attenuating effect of the wall: the maximum 
pressure reached falls off very quickly to about a third of the maximum 
pressure of the incident pulse. 

The calculations were carried out by using the approximations (22) and 
(24) developed in the preceding section. These cannot be used to calculate 
the pressure immediately after the onset of the wave, however, as T\T) 
and W"{T) are infinite when T = 0. For this purpose different-approxima¬ 
tions were obtained by replacing (1—z)e“^ by 1 — 22 ;. An application of 
(20 a) yields the result 

(SO) 

The asterisk indicates that this is only an approximation. (30) was only 


Vol. i86. A. 
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used for 0.< I’ < 0-2. For the range T > 0-4 the approximations (22) and (24) 
were applied. Let 

r = z+y 


denote the time reckoned from the onset of the pulse at any point outside 
the shadow; then t= T+X^. Hence if (22) and (24) are introduced in the 
formulae for the pressure, (21), it is found that the approximate expression 
for the pressure is: 


in the shadow 

P* = |{i’o(T)+;^^3^(r-X,)-2VX,!P'(r-X,)},' 
outside the shadow 

i>* = |{2>o(r)+;^!f^(T-Xi) + 2VXi!F'(r-X,)}. 


(31) 


Two ways are now open of calculating the pressure without approximation 
(except that inherent in numerical integration). Either the formula (20) 
for P can be used in conjunction wdth the table of W' = or formula (20a) 
may be used. The second method is more direct, but the first one has the 
advantage of famishing the values of W, W" which are needed in the 


approximations. If it is used, the contribution due to the term ~ ^ in (29 6) 
must be evaluated separately. It is 


2 IT 

The contribution of the term tt^u to the result can also be evaluated ex¬ 
plicitly, but it is more conveniently included in the numerical integration.! 

To obtain a more general survey of the shadowing eiBfeot of the wall, 
lines of equal maximum pressure in the shadow were plotted. They are 
shown in figure 5. At any point, e.g. on the line labelled 0-2, the maximum 
pressure will be exactly 0*2. The 0*5 line coincides with the j^-axis (boundary 


t This is the method which was actually xxsed in nearly aU the calculations 
described in this paper. The reason is somewhat accidental; formulae ( 21 ), etc., 
were developed from the analysis in Lamb’s paper ( 1910 ), as the solution given 
there was found unsuitable for numerical work. The bulk of the calculations had 
been completed when the connexion with Sommerfeld’s work was realized and the 
formulae (20a) and ( 11 ) obtained. It will be foimd that if (20a) is used in the 

rz 

calculations described in this section, the inte^al du will appear, so that 

!aP, W* could be computed. 
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of the shadow) from— oo until some point near the origin (whose position 
was not calculated: it is obviously quite close to the origin), where it departs 
from the y-axis; inside the small space bounded by the 2 /-axis, the a;-axis, 
and this part of the 0-5 line the maximum pressure rises from 0-5 to its 
value at the origin, which is 1*0. To plot the curves shown in figure 5, the 
maximum pressure at a network of points in the shadow was calculated 
by computing the pressure for a sufficiently long time interval at each point; 
the curves were then obtained by interpolation. The network consisted of 
the points 

Sr = -20, a;=l; y = -l0,x = l\ = = 

2/= -20, a; = 2; y = -10, a; = 2; y = -5,x = 2; 

2 / = — 20, a? = 3; y = —10, x = 3; y = —5, x = 3. 

These lines of equal maximum pressure aU tend asymptotically to parabolas 
of the form r-hy = const, but the range of y in figure 5 is not large enough 
to permit a verification of this. 

It appears that the maximum pressure reached falls off very quickly to 
about a third of its value in the pulse, but decreases considerably less 
rapidly afterwards. 

Pressure-time curves at some points in the shadow are shown in figure 6. 
It will be noticed that the decrease in maximum pressure is accompanied 
by a lengthening of the time interval during which the pressure is positive 
(it must be remembered that the ^pressure’ is actually the excess pressure 
over that of the undisturbed atmosphere). If any pressure-time curves are 
compared it will be found that the curve with the lower maximum intersects 
the time-axis farther away from the origin as the other curve. 

The curves in figure 6 may be compared with those in figure 7, showing 
the pressure variations at points, also in the shadow, at the back of the 
wall itself. The general shapes of all these curves are very similar. 

The pressure on the front of the wall, p^, is connected with that on the 
back of the wall, pg, by the relation 

Pi-fPg = 2po 

which follows from (21). Hence the difference of the pressures on the two 
sides of the wall is at any point 

Pi-Ps = 2(po-Ps)- 

This pressure difference, for the points x ±= 0-75 and x = 1*50, is shown in 
figure 8. Due to the reflexion, the pressure is equal to twice the pressure 


22-3 
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of the incident pulse until the reflected wave has arrived (simultaneously 
at the hack and at the front of the wall); its effect appears as a considerable 
n^ative pressure difference, so that a comparatively large force acts on the 
wall in the direction opposite to that of the propagation of the pulse. 


CALOtTLATIONS: VARIOUS FORMS OF INCrDBNT PULSE 

Several other cases in addition to that given in the last section have been 
discussed, though less thoroughly. 

For a pulse where the pressure is given by 

Po(2) = 2z, 

= 2(1-2), (i<2<l) 

= 0, (2^1) 


the pressure distribution near the edge of the shadow has been calculated 
in a way analogous to the discussion in the preceding section. The function 
P{X, T) becomes in this case 

p = zr(|) (o<T<i), p = x[r(|)-2r(^)j (j<p<i). 


where 


7(Z) = i {(H-Z)tan-V-Z-V^- 


No approximation is necessary. The calculations were carried out for 
2 / = —10, a; ranging from -1 to 4-1. A surface whose height represents 
the pressure can be constructed in the same way as before, and it is shown 
in oblique projection in figure 9. As this pulse does not start with a dis¬ 
continuous rise in pressure, the discontinuity occurring in figure 4 is not 
present here; the only indications of the fact that the incident pulse is being 
propagated outside the shadow are here the discontinuities in slope at the 
highest points of the pressure-time curves, and at tune r = 1, outside the 
shadow. There is thus no marked boundary of the shadow here at all; this 
may be expected to apply to any pulse where the pressure rises initially at 
a finite rate. 

When the incident pulse is "rectangular’, i.e. the pressure is giyen by 
Po(2^)=:l Po{z) == 0 {z>l), 
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P{X, T) is easily evaluated. An application of (20a) yields 
P(X,T)=^tan-iy| (P<1) 

Some of the diffracted pressure-time curves in this case will be found in 



With the aid of the formulae (21), any type of incident pulse can be investi¬ 
gated; there is moreover no difficulty in dealing with the diffraction of 
a prdse whose form is only known from experiment, as it is possible to proceed 
by numerical integration from the start. It will be found that the case of 
the sharp-fronted pulse treated in the preceding section is fairly representa¬ 
tive of a large class of pulses, viz., those which are produced suddenly and 
only for a short time interval. The ‘rectangular pulse’ is less likely to occur 
in practice. 

In conclusion, I want to thank Professor G. I. Taylor who suggested 
these calculations and to whom I am indebted for much valuable advice 
during their progress. 
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The diffraction of sound pulses 
II. Diffraction by an infinite wedge 

By F. G. Ebibblander 

{Communicated by G. I. Taylor, F.R.S.—Received 29 February 1940) 

This part is a report on some calculations of the diffraction effects of 
infinite wedges which were carried out by means of a solution obtained by 
Sommerfeld. In aU oases but one the incident pressure pulse was taken to 
be ‘rectangular’, i.e. to consist of unit pressure rise persisting for unit 
time; in one case a certain pulse discussed in detail in Part I of this paper 
was taken. It is found that the pressure at the summit of a wedge is actually 
greater than that of the incident pulse, but dies down in the shadow. The 
general character of the diffracted pressure-time curves is very similar to 
that of the curves obtained in the case of the half-plane. 


In Part I of this paper the diffraotion. of plane sound pulses by a semi¬ 
infinite plane has been discussed. For purposes of comparison, some 
calculations have been made of the diffraction effect of an infinite wedge. 
The solution of this problem has been given by Sommerfeld ( 1961 ), but 
without any numerical application. The pressure-time curves were calcu¬ 
lated for points on the bach face of certain wedges, mainly in the case where 
the incident pulse is of the ‘rectangular’ type. The pressure at the summit 
of a wedge is actually bigger than the incident pressure, and in consequence 
it is found that the attenuation of the pressure due to a wedge is not as large 
as that due to a half-plane, while the shapes of the curves are very similar. 
In one case, the incident pulse has been taken as 

Po(2) = (3>0) 

a case which is discussed in detail in Part I for the half-plane. 
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The solution given by Sommerfeld depends on the many-valued function 


. 7T 

sm- 


xj /(c^—rcosh6) / 




6 —6 + lb 7T 

QOS- --cos- cos 

n n 




n 


'lb 7T 

-cos- 

nj 


\db, 


( 1 ) 

which has the origin (r=0) as branch point, and n branches, r and ^ being 
the polar co-ordinates defined by 

x = rGos^; y — rsin^, 
the function (1) satisfies the sound equation 

1 020 


020 020 
dx^ 0^2 


C 2 0^2 • 


( 2 ) 


u, 


Here 0 is the velocity potential and c the velocity of sound. As n tends 
to infinity, (1) tends to 

With the aid of (1) it is possible to write down the velocity potential of the 
motion resulting from the diffraction of a plane pulse by an infinite wedge 
whose angle is commensurable with tt. The function / appearing in (1) is 
identified with the velocity potential of the incident pulse which is thus 

/{cl-rcosW-^')}. (3) 

has been taken as the angle which the direction of this incident pulse 
makes with that face of the wedge which is struck by it. This face is taken 
to be in the direction ^ = 0. The origin is the summit of the wedge, so that r 

is the distance of any point from the summit. Let —^ - tt be the angle 


m 


n 


of the wedge, so that the external angle is given by ^tt where m and n are 

integers prime to each other. Then the velocity potential of the resulting 
motion is, in the shadow, 

(4) 
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Outside tte shadow the transmitted and reflected waves respectively have 
to he added to this expression. If the angle of the wedge is not com¬ 
mensurable with TT, the function (la) may be employed, (4) being replaced 
by the infinite series 

0 = u„{^')+Ua,(2a + ^’)+u^{ia+^') +... ) 

V (4a) 

+ U„{~<p') + U„{2cC-f) + Ua,{4dX-f ) + ...,} 

where a is the external angle of the wedge. 

To obtain the pressure, (4) must be differentiated with respect to the 
time, since . 

d0 

I'-i’W 


It is easily seen that the result is of the same form as (4), but that the 
function / in ( 1 ) must now be replaced by Pq, the incident pressure pulse, 
so that 

. TT 

sm- 


f*00 

X j rcoshi) 

Jo 


— ^ 77-^ ^ —77- 

COS - - - - 008 - cos - - - - <“ cos - 

n n n n, 


Similar expressions hold for If the incident pressure pulse is 'rect¬ 
angular’, i.e. given by 

Po{z) = 0 (2:<0); j3j(3) = 1 (0^a<l); Poi^) = 0 («>!), 


then it is found that 


ten-- —5 -^ 

\ COS- — cos- cosh- 


, n , b 
sin- sinh - 
n n 


n n n 


where 


5= ^-{ 6 ' 


and the limits are 


&! = 0; fig^^osh”^—; O^ct—r^l. 
r 


= cosh ~^^^—62 = cosh~^~; ci - r > 1 . 

T T 
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Similarly, u^(f) = - ^ [tan-^( _y_ j J"* (6a) 

taken between tbe same limits. At the summit of the wedge, 

“n(9^')=- iO<ct^l); =0 (ct>l) 
hence it is found from (4) that the pressure there is 

p(r=0) = ^ = |, (0<c«<l) 

= 0 {ct>l) 

where hn is the external angle of the wedge. Thus the pressure there is equal 
to the incident pressure only in the case of the half-plane; while for the 
limiting case Jb = 1 it is doubled, which is of course a well-known property 
of reflexion. It is clear by continuity that this result must also hold for 
a wedge whose angle is not commensurable with tt. 

With the aid of formula (6) some calculations of pressure-time curves 
have been made. The point at which the pressure has been calculated has 
in all cases been taken on the back of the wedge (i.e. on the wedge, but in 
the ‘ shadow’) at unit distance from the summit of the wedge. The wedges, 
and 'angles of incidence’, for which the calculations have been made, are 
as follows; 

(1) l20°-wedge; = 30° 

(2) 60°-wedge; position 1, = 60° 

(3) 60°-wedge; position 2, = 90° 

(4) 60°-wedge; position 3, = 30° 

(5) 90°-wedge; = 0° 

(cf. figure 1). The pressure-time curve at a point at unit distance below the 
top of a half-plane, at the back, has also been calculated (case (6)). 

Figure 2 shows the curves corresponding to the cases (1), (2) and (6)— 
that is to say, all the oases in which the direction of the incident pulse is 
perpendicular to the plane of sjnnmetry of the wedge. The maximum 
pressure in case (1) is still well above 1. Owing to the simple form of (6) 
it is easy to calculate the maximum pressure at any point on the back face 
of the wedge, and figure 3 shows these maximum pressures for the same 
wedges and incidences as appear in figure 2. It is seen that the falling off 
of pressure with increasing distance from the summit at the back of the 
120°-wedge is fairly rapid. 
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Figure 4 shows the three curves obtained for the 60^-wedge (cases (2)? 
(3) and (4)). It is seen that the greatest attenuation of pressure occurs when 





4 


90° 


6 


Figure 1. Pressure-time curves have been calculated at the points marked P in the 
figure. The arrow in each case denotes the direction of the incident pulse. 



Figure 2. Direction of incident pulse perpendicular to the plane of symmetry of 
the wedge: (1) 120°-wedge, (2) 60°-wedge, (3) half-plane. 

the back of the wedge is perpendicular to the direction of the incident pulse. 
In figure 5 cases (5), (4) and (6) are compared; in each case the direction of 
the incident pulse is perpendicular to the back face of the wedge. 




iiiaxiinum pressure 
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Figure 3. Mfiximum pressure as a function of distance from the summit on the back 
face of wedges: (1) 120°-wedge, (2) 60°-wedge, position 1, (3) half-plane. 



time (j?—r) 

Figure 4. Three different positions of a 60®-wedge, (2) position 1, 
(3) position 2, (4) position 3. 
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Figure 5. Direction of incident pulse perpendicular to the back face of the wedge: 
(4) 60°-wedge, position 3, (5) 30°-wedge, (6) half-plane. 



Figure 6. Dif&action of Pq = (1— «) er ^ by a 120° wedge: pressure-time curves for 
points on the back face: (1) incident pulse, (2) r = 0*05, ^ = 240°, (3) r=0*10, 
^ = 240°, (4) r = 1-q, 4 > = 240°. 
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In the case of a 120°-wedge whose plane of symmetry is at right angles to 
the direction of the incident pulse (case (1)), some diffracted pressnre-time 
OTirves at points on the back of the wedge have been found for the incident 
pressure pulse 

Po(2J) = 0, (2;<0) 

(z^O) 

by numerical integration. They are shown in figure 6. The pressure at the 
summit is still 1-5 times as great as the incident pressure, but the curve for 
the point r = 0*05 shows that the maximum of the pressure reached at any 
point decreases quickly with increasing distance from the summit. It will 
be noticed that the shapes of the curves obtained are very much like those 
obtained in the case of a half-plane. 


Table 1. Rectanotjlae pbesstjee pulse: pressures at points on 

THE BACK PACE OF WEDGES, AT UNIT DISTANCE BELOW THE SUMMIT 


ct—r 

1 

2 

3 

4 

5 

6 

0-0 

0-000 

0-000 

0-000 

0-000 

0-000 

0-000 

0*2 

0-75S 

0-407 

0-628 

0-337 

0-434 

0-268 

0-4 

0-924 • 

0-538 

0-726 

0-452 

0-576 

0-359 

0*6 

1-016 

0-621 

0-792 

0-530 

0-670 

0-420 

0*8 

1-089 

0-676 

0-836 

0*589 

0-740 

0-465 

1-0 

M24 

0-719 

0-868 

0-633 

0-790 

0-500 

1*2 

0-394 

0-343 

0-264 

0-334 

0-398 

0*261 

1*4 

0-260 

0-241 

0-186 

0-248 

0-291 

0-194 

L 6 

0-193 

0-182 

0-134 

0-197 

0-227 

0-155 

1-8 

0-139 

0-141 

0-097 

0-150 

0-181 

0-127 

2-0 

0-120 

0-128 

0-080 

0-127 

0-152 

0-108 
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III. Note on an integral occurring in the theory 
of diffraction by a semi-infinite screen 

By F. G. Friedlandbr 


{ComTrmnicated hy G. /. Taylor, F,B.S,—Received 26 November 1941) 

This note completes the development of certain approximations of the integral 
P(X, T) which was defined in the first paper of this series. The two expansions for 
small and large X respectively whose first terms were then given are stated in full 
and the magnitude of the remainders estimated. Another expansion of F{X, T) is 
proposed which is valid when T, as well as X, is small. 


In the first of these papers on the diffractions of sound pulses* (which 
win in the following be referred to as "Diffraction I ’) Sommerfeld’s theory of 
the diffraction of plane pulses by a semi-infinite screen was discussed and 
the solution was expressed in terms of the integral 


PCjr rp\ __ 

("Diffraction I^ equation (20a)). Making the substitution 


( 1 ) 


this can be written 




P(Z,r)-—Jo —YW~' 


( 2 ) 

( 3 ) 


For small and large values of X respectively, certain approximate ex¬ 
pressions of P{X, T) were obtained, but only incomplete estimates of the 
accuracy of these approximations were given. It is proposed to complete 
the development of these approximations in the present note. 

The approximation for small values of X was obtained as follows: writing 


P{X,T)^ 


^T+X (j)[u)du 


J. 


^{T+X — u) 
rT-hx 


rT+x 
JT ^ 


^(u) du 


^{T + X^u) 
(p{u) du 




* See p. 322. 
[ 352 ] 
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the second term on the right-hand side was transformed by partial integra¬ 
tion, 

If the integral on the right-hand side of this equation is again subjected to 
partial integration, and the process continued, the result after n partial 
integrations will be 


<j>{u)du 2 




{T+X—u)”--i du. 

(4) 

Making use of the mean value theorem, Tve ■write the remamder, i.e. the 
integral on the right-hand side of (4), m the form 


rT+x 


2ti 2" I - ■ — 


1.3...(27H-1) 




(0<d<l). 


Now (by ‘DifiFfaction I’, equation {16a)) 


(5) 


^ \du) 7rJoV(tt-z) 7rl 


+ 








+ 


2^-1 

Hence it is found that 

1 #«)(r+<9X) I 1 ^,„(o) 1 +.. 




pi 


+ 2{T+X)* ; (5 a) 


where i® upper bound of | p(,”'''^(u) ] in the mterval (0, FT -|- Z). 

This expansion fails when T, as well as X, is small. To overcome this 
difficulty, another series expansion of P{X, T) can be proposed. 

Consider the function 


Q{^,T) 


=i, 


V^ Po(T+Z)-po(T-^) 


dZ 


( 6 ) 


or Q{X, T) = ^ j^p„(r+Z)tan-iy^-P(Z, T)j. (6a) 
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This function and its derivatives with respect to X are regular when X = 0. 
It can be expanded as a Taylor series in powers of X. 

Differentiating under the integral sign in (6) it is found that 


8^Q(X, T) 
9Z™ 


+ 2 ! 



'J. « 


1 


- 1 ! 


(Z + ^2)3 


[if {X + ^r 


)■ 


which, can be written 


...+(-ir+>i5±£?ys»)(r+z)j. 

Now the expression inside the curved brackets in the integrand on the right- 
hand side of the last equation is the remainder of a Taylor series which can 
be expressed as a definite integral; this integral can be obtained as follows: 
put 

Rm+I = PoiT - -Po{T + Z) + (Z + ^) pi(T + Z) -.. . 

+ (7) 

uv • 

differentiatiag, = (- + 

as aU terms except the last one cancel. Hence 

K+i = J+ ^rpt^HT + z) dz. 

If a new variable of integration is introduced by the substitution 

2 = Z—(Z+^2)f, 

this becomes 

^ ^ ^ + X - (Z + t} dt. 

Substituting, the ?n.th derivative of ^(Z, T) with respect to Z is obtained 
in the form 

0“ QiX, T) Cl 

- ez”^ =Jo (8) 
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The Taylor series expansion of Q(X, T) can now be written down. Using 
Lagrange’s form of the remainder, 






and substituting this expansion in (6a), 


(9) 


P[X, T) = ^^.o(T+Z)tan-i 

rVT ri 

-^ dd dt 

^ m =0 nil Jo Jo 

2T«+i rVT ri , ^ 

—^ ii-trff^+^{T+ex-{ex+^^)t}dt. ( 10 ) 

Jo Jo 

An upper limit for the absolute magnitude of the remainder can then be 
easily given; it is 

2A^^f{XT)^, (11) 

Tv I 


where has the same meaning as in equation (5 a). , 

Finally, consider the expansion of P{X, T) for large values of X, the 
first term of which was given in ‘Diffraction I’, equation (22). 

yx ^^Po{ T~u)du 
-u)aJu ’ 


Writing 




and assuming that T<X, substitute the expansion 
1 

X + u~ X 

Then 

P{X, T) = 


k\ ^ ^ ' 1 +u/xj 


1 n-1 ( _ 1 \m rT 

2 u”'~*Po(T-u)du 

1=0 J 0 


nfXm=0 ^ 


+ 


(_l)n CT u^-i rp^[T — u)du 


nX 


Qn ra 

~Uo 


X + u 


( 12 ) 


(13) 


An obvious upper bound of the absolute value of the remainder is 


where 


(_1)» r^u”~^Po{T — u) 
7rZ”“*Jo X + tt 


du 


= TT U/ ’ 


Po{u)\-^K (O^m^T). 


(14) 


23-2 
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IV. On a paradox in the theory of reflexion 
Bx F. G. Feibdlandbr 

{Communicated by G, /. Taylor, F,R,S.—Received 26 November 1941) 

Soimnerfeld’s theory of diSraction, which has been discussed in detail in the 
preceding papers, is here applied to the elucidation of a certain paradox—the 
doubling of pressure at an infinite reflecting plane parallel to which a pulse is 
traveUing, which is obtained if this is considered as a limiting case of reflexion. It 
is suggested that this paradox is an indication that the simple theory of the reflexion 
of plane pulses by an infinite plane, which is in any case only an approximation 
applying to parts of a reflector far removed from the edges, breaks down when the 
angle between the direction of propagation of the incident pulse and the reflector 
becomes small. A detailed examination of the reflexion of plane pulses by a semi- 
infinite screen shows that when this angle becomes small, the diffracted pulse which 
emanates from the edge of the screen must be taken into account, so that the region 
in which the simple theory holds as an approximation moves away from the edge. 
In the limit, when the incident pulse travels parallel to the screen, the simple 
theory must be rejected at all points at a finite distance from the edge. Further 
examples of this mech an ism are given by the reflexion of pulses by infinite wedges, 
some cases of which are also considered. 


The simple theory of the reflexion of plane sound waves by an infinite 
plane reflector leads to a paradoxical conclusion when the angle of in¬ 
cidence, i.e. the angle between the wave front of the incident wave and the 
reflecting plane, tends to 90®. 

The reflected wave is another plane wave of the same form as the incident 
one, the two wave fronts being equally mclined to the plane of the reflector; 
the press,ure at any point is the sum of the pressures in the two waves, so 
that at the reflector it is double the pressure in the incident wave, irrespec¬ 
tive of the angle of incidence. As this tends to 90°, the direction of pro¬ 
pagation of the incident wave tends to become parallel to the reflector, but 
reflexion and doubling persist, and in the limit it follows from this analysis 
that the pressure at the reflector is doubled even when the incident wave 
travels along it—^but then there should be no reflexion, and hence no 
doubling of the pressure. 

As an i nfini te plane mirror is a matheroatical conception which cannot 
be realized experimentally, the simple theory of reflexion, from the point 
of view of physics, should merely be an approximation to the rigorous 
theory of a plane reflector which holds at points far from its edges. The 
paradox which has been set out above makes it seem likely that even this 
interpretation is incorrect when the angle of incidence is nearly a ri^t 

[ 356 ] 
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angle; that then the fact that a real reflector is of finite extent cannot be 
ignored any longer and that the diffraction of the incident wave by the edges 
of the reflector must be taken into account. 

This will in general be a difficult mathematical problem and not even 
approximate methods will be available, as I propose to deal with pulses 
rather than with infinite trains of harmonic waves. But a certain amount 
of information can be extracted from the rigorous solutions of the problems 
of the diffraction of plane waves by a semi-infinite screen, and by wedges 
of any angle, which have been obtained by Sommerfeld. Only two-dimen¬ 
sional wave motions are considered, but the presence of one edge introduces 
diffracted waves which can be calculated, and the results will serve to give 
a more detailed picture of the type of mechanism which ensures that in the 
case of reflectors of finite extent the paradoxical conclusion drawn from the 
^simple theory’ is invalidated. 


Reflexion by a semi-infinite screen 

1. I begin by considering the reflexion and diffraction of a plane wave 
or pulse whose wave front is parallel to the straight edge of a reflecting 
semi-infinite plane screen. 

Let r, 6 be polar co-ordinates in one of the plane sections at right angles 
to the plane containing the screen, the origin being taken at the point where 
the edge of the screen meets this section, and the angle 6 being counted 
from that side of the screen which is struck by the incident pulse. The screen 
is then given by ^ = 0 (and, in the ‘shadow’, 6 = 27r); the angle of incidence 
will be denoted by 0", and the angle between the direction of propagation 
of the incident' wave and the screen by 6', so that d' == d" -{- ^n, and we assume 
that Itt g g TT, 

If the incident wave is a pulse with a sharp wave front which reaches the 
edge of the screen at time ^ = 0, it follows from Sommerfeld’s solution that 
the resulting state at time t can be considered as made up of three parts: 

(i) the incident or ‘transmitted’ wave, whose wave front is given, in 
figure 1, by the two straight-line segments PP' and S8\ each extending 
to infinity; 

(ii) the reflected wave, determined in accordance with the ‘simple 
theory’, whose wave front is the (finite) straight-line segment PP, and 
which must be added to (i) in the triangle PRO; 

(iii) the diffracted wave, with a cylindrical wave front appearing in 
figure 1 as the circle P©>SP with centre 0, and of radius r = ci (where c is 
the velocity of sound), touching PP and 8S\ 
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The boundary of the region in which there is disturbance is thus the 
broken line P'PQSS'; the 'simple theory’ holds in the region bounded by 
PQ, PR and the circular arc QR. • 

Hence at the point P situated on that side of the screen which is struck 
by the incident wave, pressures in accordance with the 'simple theory’ are 
experienced during a certain time interval after the arrival of the incident 
wave. Then the diffracted wave interferes with the 'simple theory’ wave, 
and it will appear that, if the incident wave or pulse consists of excess 
pressure, the diffracted one wall introduce suction, or rather tend to reduce 
the dorCbled pressure predicted by the simple theory. 



FiGuaE 1. The wave fronts m the case of the diffraction of a plane 
pulse by a semi-intoite screen. 

2. To make this point clearer, an incident wave consisting of a 'square- 
topped’ or 'rectangular’ pressure pulse will be considered; i.e. the pressure in 
excess of atmospheric pressure in the incident wave rises discontinuously, 
remains constant for a certain time interval and then falls, again discon¬ 
tinuously, to zero. 

In order to simplify the notation, non-dimensional units wall be employed 
from now on. The length of the rectangular pulse wall be taken as the unit 
of length; the time*wdll be replaced by the variable 

r = ct, (1) 

which is of the dimension of a length; the excess pressure in the rectangular 
pulse will be adopted as the unit of pressure. 

At the point P, which is at distance r from the edge of the screen, the 
incident (and reflected) wave arrives when 

T.= —rcos^' (cos^'^O), 
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and the diffracted wave arrives when 

T = r; 

thus the 'time lag’ between these waves, expressed as a corresponding 
distance, is 

L — 2r cos^ ^6, (2) 

The pressure at P is found with the aid of Sommerfeld’s many-valued 
solution of the equation of wave motion.* It is given by 

where is the pressure, and Sommerfeld’s function for this particular case, 
and where the term enclosed in square brackets must be omitted unless 

— r cos(9'<t< 1 —r cos(9'. 


[Further, 


where 




ir ,sinhi6”l^* 
{&') = — tan-i—^ , 

TtL COS|0 


TTL 

6 i ==0 


if r — rgl. 


60 = cosh”^-; 


6 - = cosh~^^^—^ if r—r^l; 

j- y. - ’ 


hence it is found that the formula for p can be written 

with the’convention that if a term becomes imaginary, it is to be omitted. 
In detail, ( 3 ) splits up into the following set of formulae: 


(3) 


L<1 


( —r cos d'<T<r) 
(r^r<l—r cos S') 


— r cos 6'<T^r+l) 


p = 2 
p = 0 


( —rcos rcos S') 

(l~r cos S'<r^r) 

(r^r^r-h 1 ) 


fV(v) 


(r^r4- 1 ) 

(r = X-—r cos S') 


(r^r-h 1 ) 


* Soimnerfeld, Z, Math. Phys. 46, H, See also p. 344 of this volume, where 
explicit formrilae for the pressure are given. 
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These expressions show that the pressure at any point on the screen 
depends only on the time counted from the onset of the incident wave, 
and on L. I shall therefore consider in the first place only the changes in 
the shape of the pressure-time curve when L is varied, and afterwards 
discuss the bearing of these results on the changes due to a variation of 6\ 


3.. The doubled rectangular pulse predicted by the simple theory can 
always be considered to be present, but when Z/ < 1 it interferes with the 
dififracted wave. , 

The effect of this interference is to eliminate ‘doubling’ almost com¬ 
pletely when L is small; in fact when L (as well as r) is zero, only the pressure 
due to the incident wave is experienced. 

As L increases, the reduction of pressure due to this interference decreases, 
and when L is equal to unity the diffracted wave separates as a ‘tail’ from 
the ‘simple-theory’ rectangular pulse. When L is increased further, the 
maximum suction ^ j 

Pm = 


in the ‘tail’ decreases; some numerical values are given in the following 
table: 


L 

-Pm 


1 

0-6 


5 

0-268 


20 

0-140 


40 

0-100 


Hence it seems reasonable to say that when L is sufficiently large, the 
‘tail’ may be neglected and the simple theory-assumed to hold; but it is 
important to note that although the value reached by the (negative) excess 
pressure in the tail become neghgible, the area between it and the axis, 
i.e. the ‘total impulse’ of the tail, remams finite and constant (and equal to 
the total impulse of the incident pulse). 

In figure 2 three pressure-time curves are shown to illustrate these 
considerations. 

When 6' is varied, the value of r for which L assumes somq specific value 
also varies. If i is fixed, r will become large when d' approaches 180°; 
e.g. for ^ 0 , the value of r for which L = 1, so that the ‘tail’ just separates 
from the rectangular pulse, some numerical values are shown in the following 
table: 


0' 90° 105° 120° 135° 150° 165° 180° 

U 1-00 1*35 2-00 3-41 7-46 29*3 oo 

The region in which the simple theory holds as an approximation extends 
from some value of r, which certainly exceeds ^q, to infinity. As 6^ approaches 
180°, i.e. as the direction of propagation of the incident wave tends to 
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become parallel to the screen, this region moves away from the origin, and 
in the limit the 'simple theory’ must be rejected at all points on the screen 
at a finite distance from the edge. 

Thus the paradox has disappeared, or rather it has been moved to infinity; 
but this agrees with its original derivation for an infinite plane reflector, 
where it was assumed that there was an infinite length of reflector in front 
of the point considered. 



-1*0-1 W 

Figxjbes 2a-2c. Pressure-time curves: (a) L = 0-l; (b) I/=1*0; (c) 
-half-plane .00°-wedge 


The pressure-time curves for the 30°-wedge are indistinguishable 
from those for the half-plane on this scale. 
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4. Consider now an incident pulse of arbitrary shape, whose pressure is 
given by 

(^) 

where j9Q(T+rcos0^) = 0 if r + f cos0^<O. Using the general expression 
for U 2 (see p. 346), it is found, after some transformation, that 

p = 2p„(r+rcos0')-^j^^ + (6). 

The second term on the right-hand side of this equation has an interesting 
physical meaning: it can be written 



du 



Now divide the interval (0 ,t— r) into a number of small intervals, and 
consider the sum 


(0 = = r-r). 

In the hmit, when n-^co and the intervals of the subdivision become in¬ 
finitely small, it tends, by the definition of an integral, to the integral (6a); 
but each term of this sum is the difiFracted wave due to an “elementary’ 
rectangular pulse, of “height’ of length That is to say, 

the integral on the right-hand side of (6) can be considered as a representa¬ 
tion of the diSracted pulse as the sum of superposed diffracted elementary 
rectangular pulses. ^ 

The equation (6) includes, as a special case, that of d' = 90° which has 
been discussed in detail in another paper; the integral which appears in it, 
except for notation and a change of the variable of integration, is identical 
with the function P(X, T) which was then introduced.* It follows from the 
approximate expressions derived for this function that it becomes very 
small when L is large. Taken together with the fact that there is here, as 
before, a “time lag’ L between the direct and the diffracted pulses, it can 
again be said that the simple theory, which treats the reflector as of infinite 
extent, holds as an approximation at points sufficiently far from the edge 

* See p- 330, equation (20 a); see also the discussion of the various series develop¬ 
ments of P{X, T), p. 352 et seq- 
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of the screen. It must J^e noted, however, that it can again be proved that 
the total impulse of the diffracted wave is constant, and numerically equal 
to the total impulse of the incident wave. 

When fu is very small, 'doubling’ disappears almost entirely. At the edge 
of the screen the pressure experienced is again equal to the pressure in the 
incident pulse; at points near to the edge the doubling persists for a short 
time, and the diffracted wave then quickly builds up a negative pressure 
which reduces the doubled pressure of the incident wave by an amount 
approximately equal to 

—+ 0 ') 

(neglecting terms in and of higher order). 

The extent of the region in which the 'simple theory’ holds approxi¬ 
mately depends on the shape of the incident pulse. There is no suitable 
general definition of the 'length’ of a pulse, and in consequence a 'simple 
theory ’ region can only be defined with respect to a given incident pulse. 

6. It is convenient to have a quantity whose magnitude is a measure of 
the extent of the interference between the doubled incident pulse and the 
diffracted pulse. The integral 



can be used for this purpose; it wiU be referred to as the 'positive impulse’. 
It is the contribution of the excess pressure to the total impulse, which is 
defined as the integral 



An important property of the positive impulse is that when the point 
considered on the screen is moved to infinity, its value tends to twice the 
total impulse of an incident pulse involving (positive) excess pressure only. 
In fact, the integral J is made up of two parts. The first, 

rL—roosd' i*Z/ 

= 2 po(r + r cos 6')dr — 2\ Pq{v) dv, 

J — rcos^' J 0 

tends to 21^, where Iq is the total impulse of the incident pulse, as the upper 
limi t tends to infinity (the convergence of the integral has, of course, 
already been tacitly assumed). Hence, if L is made large enough, 

1 I 

where e is some arbitrary small quantity. 
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The second part, is the integral over those values of p which are 
positive in the interval in which the difiEracted pulse is present. This is 
certainly less than 



(•oo /•“ 

2 +rcoad')dT = 21 Po{v) dv 

J L—r COS 6' 


(the difEracted pulse, considered alone, being always negative), and by what 
has been said above, 


Thus it is found that 


and therefore 


l27o~Jl = |2/o-Ji-41^2e, 

lim J = 27q. 

L—co 


( 8 ) 


When the incident pulse is rectangular and of unit length, assuming its 
total impulse to be unity, the positive impulse will be equal to 2 when L 
exceed unity; for smaller values of L, it is given by 


J = 



2 


2 

TI 


r" 


”V(¥) 


dr 


or, after a simple integration, 


J = 2jtan-^y- 4L{1 - L)] . 


Eeflexion by wedges 

6. I have discussed some of the features which distinguish a real plane 
reflector from an infinite reflecting plane by considering the reflexion 
properties of a semi-infinite screen. Many other ^models ’ of plane reflectors 
can be constructed by utihzing Sommerfeld’s solution of the problem of 
the diffraction of plane waves by an infinite wedge, and I propose to give 
a summary of the results obtained from the consideration of one particular 
arrangement. 

Suppose that the direction of propagation of the incident pulse is fixed, 
and makes equal angles with the faces of the infinite reflecting wedge. The 
pattern formed by the wave fronts of the direct, reflected and diffracted 
pulses is in many respects similar to that of the semi-infinite screen, and is 
shown in figure S. There is again, at any moment, a region in which the 



365 


The diffraction of sound pulses 

‘simple theory’ holds, and at any point on one of the faces of the wedge 
there is a ‘time lag’ between the direct and the diffracted pnlse which is 
equal to the time lag on a semi-infinite screen coinciding with the face of 
the wedge considered. The diffracted wave will have the same kind of effect 
as before, it will tend to reduce the ‘doubling’ of the pressure; and if the 
point considered is far enough from the edge, the ‘simple theory’ will hold 
approximately. 

. Variations of the angle of the wedge can be taken to represent variations 
of the angle of incidence. But they change the shape of the reflector at the 
same time, so that the diffracted wave is modified. A ‘180° wedge’ is an 
infinite plane (at right angles to the direction of propagation of the incident 
pulse), there is no diffracted wave and the ‘simple theory’ holds. As the 
angle of the wedge is decreased, the diffraction effect—the reduction of the 
pressure increase due to ‘simple’ reflexion—^increases, and the diffracted 
wave tends to approximate to the form of the incident wave, but is of course 
negative; in the limit, when the angle of the wedge is zero, the diffracted 
pulse just cancels the reflected pulse, and the incident one is propagated 
undisturbed. , . ^ 

. At* the edge of the wedge, the total pressure equals the pressure of the 
incident p'ulse multiplied by a certain factor depending on the angle of the 
wedge, which is 

JiTT 

a 

(where a is the external angle of the wedge). 

It can be proved that this is also the ratio of the total impulse, which is 
the same at all points, to the total impulse of the incident pulse. 

In figure 3 pressure-time curves at points on a semi-infinite screen, a 30 
and a 90° .wedge, are compared for various values of L (the time lag), the 
incident pulse being rectangular. The areas enclosed between these curves 
and the time axis, in the same order, are 1*0, 1*091 and 1*333. 

It can be shown, by an argument similar to that employed in the case of 
the semi-infinite screen, that the positive impulse tends to double the total 
impulse of an incident pulse involving positive excess pressure only, as the 
distance of the point considered from the edge tends to infinity. At the edge, 
the positive impulse is in that case equal to the total impulse. For the 
particular case in which the incident pulse is one in which the pressure first 
rises discontinuously and then decreases exponentially, the positive impulse 
has been plotted agaiast distance from the edge in figure 4. The unit of 
length is here a ‘ pulse length ’ defined as the r interval in which the pressure 
(of the incident pulse) falls to 1/e of its initial value. 
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Figube 3. The wave fronts in the ease of the diffraction of a plane 
pulse by a symmetrically placed infinite wedge. 



Figure 4 ‘Positive imp-ulse’ plotted against ‘pulse length’ 
Ifk for the pulse po 
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CONCLtrSION 

7. The main object of the present investigation has been to elucidate the 
origin of a certain paradox which is a consequence of the simple theory of 
the reflexion of plane waves by an infinite plane reflector. As has already 
been pointed out, an infinite plane refiector is a purely mathematical con¬ 
cept whose utility can only be gauged by its success in approximating to 
conditions which can be physically realized. From this point of view the 
paradox is a warning that the 'simple theory’ is inadequate when the angle 
of incidence approaches 90°. 

By considering the refiexion of plane waves by a semi-infinite screen, 
and by wedges, it has then been shown that diffraction effects will in that 
case interfere with the working of the 'simple’ theory, which no longer 
represents the actual state of affairs on such a reflector under very oblique 
incidence in any way. 

It seems reasonable to generalize this argument to a plane reflector of 
any type. This immediately suggests the question; when is the 'simple 
theory’ a good approximation, i.e. when is a region on the reflecting 
surface of a plane reflector 'sufficiently’ far removed from the edges for it 
to be treated as part of an infinite reflecting plane? There is clearly no 
general answer to this question; a comparison of the results obtained for 
the semi-infinite screen, and for the. wedges, suggests that whenever the 
'time lag’ of the diffracted wave is small (in comparison to some typical 
dimension of the incident pulse) its effect is appreciable. 

In conclusion, I wish to express my thanks to Professor G. I. Taylor for 
much stimulating discussion and advice in connexion with this paper. 



The rate of evaporation of droplets. 

Evaporation and diffusion coefficients, and vapour pressures 
of dibutyl phthalate and butyl stearate 
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Department of Chemistry, The University of Leeds, 

{Received IQ February 1945) 

The rate of evaporation of drops of dibutyl phthalate and butyl stearate of radius approx. 

0*5 mm. has been studied by means of a microbalance over a range of atmospheric pressures 
down to approx. 0*1 mm. of mercury. Wide departures from Langmuir’s evaporation formula 
were found to occur at these low pressures, but results are in good accordance with the theory 
of droplet evaporation advanced l?y Fuchs which hitherto has not been tested experimentally. 
This experimental verification of Fuch’s theory for droplets of medium size evaporating at 
low pressures shows that the theory can be appUed to the evaporation of very small drops at 
atmospheric pressure. The vapour pressures of the above liquids have been measured by 
Knudsen’s method and the evaporation and dififiision coefficients calculated from the experi¬ 
mental data. 


List of symbols used 

a = radius of drop. 

A = coUisioD arefi for ‘air molecule’ and diffusing molecule. 

Ai, A^ = areas of holes in vapour-pressure experiment, 
a = evaporation coeffiLcient. 

ai 2 = factor to allow for persistence of velocities. 

c = concentration of vapour at waU. 

Cq = concentration of vapour at saturation. 

Cl = concentration of vapour at distance A from drop surface. 

D = diffusion coefficient at air pressure P;D YjP, 

A = distance from surface of drop to region of concentration c^, = hTjAP, 
H - avPjY, 

h = gas constant per molecule. 

^ 1^2 = constants in Khudsen’s equation (see equations (27), (29)). 

L = ocvo^m^jp, 

Li = length of tube in vapour-pressure experiment, 

Ag = mean free path of a diffusing molecule. 

= mass of ‘ air molecule ’, 
mg = mass of diffusing molecule, 

m = mass of droplet. 

JIf = molecular weight. 

V = 

p = pressure of vapour. 

Pq = pressure of vapour at saturation over drop. 

[ 368 ] 
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Pea = pressure of vapour at saturation over a plane surface. 

c-JcT, 

P = .pressure of air. 

q = dsjdt, 

Jo = dsjdt for portion of graph, of dsjdt versus 1 jP which is linear. 
r = radial distance from droplet centre. 

Tq = distance of charcoal from droplet centre. 

B = gas const, per g.mol. 

B 1 R 2 == radii of openings in vapour-pressure experiment. 

p = density of evaporating liquid. 

/S 12 = of radii of air molecule and dififusing molecule. 

s = surface of drop. 

Sq ~ surface of drop at zero time, 

cr = surface tension of liquid. 

T = absolute temperature. 

t = time. 

% = velocity vdth which molecules leave the droplet surface. 

W =avQcjY. 

W 1 W 2 = weights of liquid lost by evaporation in vapour-pressure experiment. 
X = constant to allow for tube resistance in vapour-pressure experiment. 
Y =DP. 


I. Inteobxjction 

It is weU known that small spheres of liquid evaporate in air in such a manner that 
the rate of change of surface with time is constant, a result which, as Langmuir 
( 1918 ) showed, follows directly from Stephan’s theory of diffusion. The expression 

— ds jdt = %TTDm 2 CqIp ( 1 ) 

(where s = surface, t = time, D = diffusion coefficient, Cq = concentration in the 
saturated vapour, mg = mass of a diffusing molecule, and p = density of the liquid) 
has been verified experimentally for droplets varying in radius from a few milli¬ 
metres to about 0*1 mm., and tested for a number of liquids of varying vapour 
pressure- It has also been tested, though less rigorously, on much smaller droplets 
in the size range 2 x lO"^ to 5 x 10 ~® cm. by observing their rates of faU through air 
at atmospheric pressure. For these small spheres high-boilinf orgaxiic substances 
were used, so that evaporation took place at a sufficiently low rate for measurement, 
and the interesting observation was made that the graph of s against t, instead of 
being linear, curved slightly away from the time axis, the curvature being more 
marked the smaller the particle. It was clear that evaporation of these small droplets 
showed a progressive diminution in rate (expressed s^s — dsjdt) as smaller dimensions 
were reached. At the time this behaviour was attributed to the presence of non¬ 
volatile impurities, but in the light of recent work it seems likely that it really 
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represents the normal course of evaporation of spheres of these sizes. Unfortunately, 
on account of experimental difficulties, the experiments were not repeated and a 
study of still smaller droplets which should have shown a greater deviation proved 
stiU more difficult on account of increasing Brownian movement (Whytlaw-Gray & 
Patterson 1933 , p. 169). 

In addition, expeiiments have been made in these laboratories on the evaporation 
in air, at various pressures down to about 1 cm. of mercury, of droplets of about 
1 mm. radius, and it was observed that whilst at any one pressure dsidt remained 
constant its magnitude varied inversely as the pressure (P), a result in conformity 
with the diffusion theory, since D is proportional to 1 /P. It is, however, clear that 
dsjdt cannot increase indefinitely with falling pressure, for evaporation can never 
exceed the vacuum rate; dsjdt must therefore approach asymptotically the rate 
of evaporation in a perfect vacuum as the air pressure becomes smaller and 
smaller. 

Similarly, for droplets evaporating in air at atmospheric pressure, there must be 
a limiting size below which the rate of evaporation ceases to follow the simple 
expression, for, if it were not so, the number of molecules escaping per unit area from 
a very small droplet would exceed the number escaping into a vacuum, which is 
obviously impossible. This follows from Langmuir’s formula 

dm , ^ 

—^ = AnaDc^m^, ( 2 ) 

where a is the radius and m the mass of the drop. Hence the loss per unit area per 
second is Dc^m^ja^ which approaches 00 as a approaches zero. It is hence clear that 
Langmuir’s simple expression cannot be valid either for the evaporation of very 
small droplets at atmospheric pressure or for larger droplets at very low pressures. 
It is, however, reliable for droplets down to lO^® cm. radius in normal air, and the 
deviations even at lO”^ cm. radius are smaU. At lower pressures for the larger drops 
the departure of dsjdt from constancy is inconsiderable down to about 1 cm. of 
mercury. 

The theoretical aspect of droplet evaporation has been discussed by Fuchs ( 1934 ). 
Fuchs regards the diffusion process as not starting directly at the surface of the 
evaporating sphere of radius a but from the surface of an enveloping sphere of radius 
a-f-d, where A is of the order of the mean free path of the air molecules. Very few 
air molecules will then be present in the spherical shell of thickness d, which is sub¬ 
stantially a vacuouji space. The effect of this space will be negligibly small for larger 
droplets, but when a approaches d in magnitude the rate of evaporation expressed 
as —dsjdt will be decreased. Starting from" this conception, Fuchs developed 
equations for.the rate of evaporation of very small spheres but was unable to 
check them on account of the paucity of experimental data. 

The present report presents a more complete treatment of the theory of evapor¬ 
ating droplets and describes experimental work carried out in order to throw light 
on the course of evaporation of very small hquid spheres. Since the direct study of 
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small droplets is impracticablej we have had recourse to observations on com¬ 
paratively large drops {ca, 0*5 mm. radius) at low pressures. Our treatment of the 
theory shows that information so gained is directly applicable to the calculation of 
the evaporation of very small droplets at atmospheric pressure. 


II. Theobktioal 


{a) The general evaporation equation: drop in an infinite enclosure 

Following the treatment of Fuchs we suppose that the concentration of vapour 
at a distance d+Zl from the centre of the drop is molecules per c.c., a value less 
than the equilibrium concentration Cq, as will be seen below; A is, of course, an equi¬ 
valent distance, since actually there must be a concentration gradient within the 
spherical shell of radii a and a-f-zl. The drop is imagined to evaporate in a gas at 
pressure P into an infinite space. 

If the evaporation or accomniodation coefficient is a, i.e. a fraction a of the 
molecules which hit the surface condense, then the rate of evaporation into a vacuum 
is 47rahacQ molecules per second, where v = h being the *gas constant 

per molecule, T the absolute temperature, and the mass of the evaporating 
molecule. Hence the rate at which molecules arrive at the shell surface, distant 
a 4-A from the droplet centre, is 47ra^ra(Co —c^). This majr be equated to the rate at 
which molecules leave by diffusion, in the steady state, or 

^Tra^vaicQ — cfj = 47T{a4-A)Dci, 
where D is the diffusion coefficient at the pressure P. Hence 

c-ffa4-A)D-{-a^voi\ = c^a^va, 

giving an evaporation rate 


dm 

dt 


= 4:7r{a+A) 


Dc^a^vam^ 

{a4-A)D+a^vci' 


where m is the mass of the drop, or 

dm AiTTaBc^m^ 

dt ~ DI{av(x)+al{a+Ay 


(3) 


Fuchs left the evaluation of d in an indefinite form, but a sufficiently accurate 
result is easily derived. Let the coUision area for the impact of evaporating and air 
molecules be A, i.e. .4 is a mean value for the constituents of air. Let the velocity 
with which the diffusing molecules leave the droplet be u^ in general greater than the 
mean thermal value. The number of collisions is u{APIkT) per second, the time 
between collisions kTjAuP, and the distance between collisions 


{kTIAuP)u = kTlAP = A, 

i.e. a molecule after leaving the droplet travels a distance A before a collision occurs. 


24-2 
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Since A 2 , the mean free path of evaporating molecules, is given by 

where is the mean mass of an air molecule, the sum of the radii of evaporating 
and "air molecules’, and the concentration of evaporating molecules is neglected, 
then 

A __ /mi+m2\^7r/8'f2 
A2 \ / A. 

^ / mi+mg y 

\ mi* / ‘ 


It should be noted that, unlike Langmuir’s simple expression, equation (3) 
gives the correct rate of evaporation into a vacuum for drops of radius of the order 
1 mm. For then A is large compared with a and al{a + A) vanishes. Hence 


—dmjdt = 4:7Ta^voccQm2i 

i.e. the correct value for a = I mm. and P = 0. 

On the other hand, Langmuir’s expression is reproduced under the conditions 
for which it holds, i.e. a of the order 1 mm. and P = 1 atm. Then a/(a + A) becomes* 
nearly unity and I>l{avcx) is negligible compared with unity, if a is mm., D approx. 
0*1, a approx, unity and T = 20° C, taking a molecular weight of the order 100. 

It is clear, however, that Dj(ava) will not be small compared with unity if either 
a or a is small. Considering only the variation in a at constant P and constant P, 
equation (3) gives for the rate of evaporation per unit area 


dm 

- (per unit area) 


Dc^m^ 

D 

va a+A 

= v(xcQm 2 If ^ is very small. 


This is the vacuum rate, and it follows, therefore, that the rate of evaporation 
of very small drops at atmospheric pressure is, per unit area, nearly equal to the 
rate of evaporation of umt area into a vacuum. This is clearly a remarkable and 
important result. As already mentioned, Langmuir’s expression gives for the rate 
of evaporation per umt area — dmjdt (per unit area) =: Dc^m^ja, i.e. infinite values 
as'a->0. Fuch’s theory therefore gives evaporation rates per unit area at gas pres¬ 
sure P less than those given by Langmuir, but greater than those calculated for a 
plane sq.cm, evaporating into gas at pressure P. 

Clearly, equally great departures from Langmuir’s result would be expected if 
the evaporation coefficient were very small, for then Djvcm would be large compared 
with a^j[a-^A) even when a = 1 mm. and P = 1 atm. This is not likely to occur, 
however, with pure liquids. 

These results are summarized in table *1, which contrasts the results of Fuchs 
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and Langmuir under various conditions. Fnch’s equation may be transformed to 
give the rate of change of surface with time in the form 

ds __ STrDm^CQ / 1 

p I X> ^ a 
\avoc a 4- ^ 

The diffusion coefficient D is inversely proportional to the pressure, i.e. D = Y/P, 
where F is a constant. 



(6) The theory of evaporation in a finite vessel with absorbent walls 

It now remains to study the evaporation of droplets under the conditions used in 
the experiment, in which a droplet is suspended inside an enclosure, the walls of 
which consist of an absorbent material such as charcoal, giving effectively zero 
vapour pressure at the walls. It is considered that the equilibrium pressure over the 
charcoal is roughly the same as that over the evaporating substance in the solid 
state at some temperature below the melting point, and owing to the large tem¬ 
perature coefficient of vapour pressure of the liquids used the vapour pressure at 
the walls is effectively zero. First let us derive Langmuir’a result under experimental 
conditions, and then consider modifications. 

(i) From simple diffusion theory, neglecting Fuchs’s correction for the moment, 


dt ^dr' 


where c is the concentration in molecules per o.c. at a distance r from the drop centre. 

( dm\ dr 

m I integrated, 


dm/I 


i-i). 




(5) 


where the concentration is zero at a distarice r^ from the drop centre, and a is the 
droplet radius; it is assumed that the slight variation in total pressure from the 
droplet surface to the wall does not affect the diffusion coefficient D, which is 
therefore regarded as a constant during the integration. It is also assumed that the 
mass of vapour passing through every spherical surface in unit time is independent 
of the radius of the surface, i.e. that the steady state is reached. In experimental 
practice the enclosure quickly fills with vapour at a graded concentration, and the 
steady state is achieved in a short time. Moreover, put == c^hT, since Po is 
usually small. 

If ro = 00 equation (5) may be written 

ds SnDm. 


_ 4;7-i)m22?o 


I.e. 


dt p kT 




( 6 ) 


which, is Langmuir’s result. It follows, therefore, that Langmuir’s formula is not 
strictly true with a finite enclosure. The direct integration of equation (6) gives 

^ Dm^Ppi gg gg 
2 Srg kTp 2 Sj-q’ 


( 7 ) 
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where a = when i = 0. Hence it is not qmte true to say that the rate of change of 
surface with time is constant. In many experiments, however, a changes only 
slightly with time during the run, and thus 


l/dm\_^ r^ 4t7TDm^pQ 
a\dt - — . 




kT 


s = ' 


• SnDm^Pot 




(B) 


(9) 


This equation is identical with that due to Langmuir, except for the introduction 


of a factor / - 




. When a is increased to infinity, and rQ—a kept constant, then the 


correct expression for a plane surface for dmjdt per unit area is reproduced. 

(ii) Now consider how these equations which apply to experimental conditions 
are modified by the conceptions of Fuchs. 

When Fuchs’s correction is introduced then, instead of equation (5), it is seen that 




where p^ = c^kT, and P'$>Px\ is the concentration of vapour at the surface of 
radius Hence the rate of loss of mass by diffusion is 


— 4:nDc-jn^ 


{a+Zl)ro 


g. per sec. 


But this must be balanced by the rate of arrival of molecules from the surface of 
the droplet to the region of concentration or 

4t7TDc-fa+A)rQ 


Hence 


and 


Cl — 


4:na^vcc{cQ — Cj) = 

a^voccQ 
{a+A)DrQ , ^ ’ 

7- - —~ + 


(ro-u-Zl) 


dm _ 4:7TaDcQm2rJ{rQ—a'-A) 


dt 


Dr. 




{rQ — a’-A)ava a +4 


iiTraYc^m^ 




4:7TaTcQm2 




( 10 ) 


Since A = kTI{AP). 



376 R. S. Bradley, M. G. Evans and R. W. Whytlaw-Gray ■ 

T-r 'ft I •» V YCnTTln 

Hence -a(daldt) = —=- ”, yp, - 

or a+H{\{a-\-AY—%A{a+A)+AHog{a+A)}—Ha^lZrQ = — Pi + constant, 
or a+J?|—-aZl+Z|21og(a+J)|---^ = --ii +constant, (11) 


where H = avP/F == avfD and L = avc^m^lp- 

It should be noted that if the drop evaporates into a region of constant vapour 
pressure c, then 

--dmidt = 47r(a-l-Zl)Z)m. 

Hence no simple allowance can be made for the influence of the vapour pressure 
corresponding to concentration c, as can be done for Langmuir's expression, viz. 

-^ = 4:7TaDms,iCo-c). 


.1 


CQa^voc 


.{a + A)JD + a^V(X' 


c . 


A graphical integration is necessary if the change of radius with time is required 
for c>0. 

Although equation (11) is the correct form of integration, and should replace the 
simple equation (9), in much of the work described below the radius of the drop 
changes only shghtly during the run, owing to the sensitive nature of the balance 
used. Hence equation (10) may be integrated as if the correcting denominator were 
constant during the run, giving 


_ —STrYm^CQt _ 


( 12 ) 


Hence, under the conditions for which a changes very little during a run, we again 
have the familiar law, s a linear function of time, but the proportionahty constant 
varies with pressure in a manner very different from that given by equation (9). 
The latter gives dsjdt proportional to 1/P, since D = YjP, i.e. indefinite increase of 
ds/dt as P decreases, whereas equation (12) gives an asymxDtotic approach of ds/dt 
to the vacuum rate. Equation (12) is fully substantiated by the experimental work 
below. If, however, a varies considerably during the run then equation (11) must 
be applied. With drops such as were used for runs in which the radius changed little 
during the run only the first two terms are significant, but this would not be the case 
with small drops of radius 0-01 cm. at low pressures (e.g. 0*3 mm. of mercury), as 
is shown experhnentally later. 

One may note that at very low pressures of air, or at vapour pressures comparable 
with air pressures, the above analysis will not apply, since D will not be a constant 
between the droplet surface and the wall, owing to the change of D with pressure. 
No simple solution for can be given. However, one can extrapolate equations 
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(li) and (12) to ^ = 0 with confidence, since the value of dsjdt is very insensitive to 
changes of P when P is very low, and the difference between the value of dsjdt 
calculated from equation (12) and the true result must be very small. 

It is assumed that is independent of P, which is not quite true, since ^ 

cLJr ^vapour 

i.e. dpQ == of the order of 1 % for dP = 1 atm, for dibutyl phthalate. Another point 
of interest in this connexion is the formation of adsorption complexes in the gaseous 
phase,’ owing to the solvent effect of the atmosphere on the vapour. Owing to the 
large van der Waals’ attractive force of a molecule such as dibutyl phthalate, it is 
quite possible that in air a cluster of molecules is formed which may be regarded as 
air molecules adsorbed on the dibutyl phthalate molecule, so that is not strictly 
constant as the air pressure changes. 

Equation (12) may be tested by plotting dsjdt as a function of 1 /P {a changes only 
shghtly during the run). For large values of P the plot is a straight fine, corre- 
spoiiiding to Langmuir’s case, but as P decreases the coirecting term becomes more 
and more important. If dsjdt = q for some value of P, and 


— ^nYm^CQt 

pP 




(13) 


5^0 is readily calculated from the linear portion of the graph, and 


3o 


/ AP 


q Pava'^%AP + kT 


-rj 


r + ‘ 


(14) 

(15) 


PW^l + kTIiaAP) ro’ 

where W = avalY. 

Now A can be roughly computed from the dimensions of the molecule, and the 
^ is thus known. Under the conditions of the experiment the 


term 


l-^hTliaAP) 


calculation is not very sensitive to changes in A. Then if—— 


q l + hTj{aAP) 


be plotted 


as a function df 1/P a straight , line should be obtained, from which W may be 
calculated. If the vapour pressure is known, Y may be calculated ffordda/df for large 
values of P, and thence a may be computed, since W = ava-lY. 

Alternatively, Y may be calculated from difEusion theory. Unfortunately, the 
latter is not very exact, unless the complicated approach of Chapman and Rnskog 
is adopted. The equation of Meyer, modified to allow for persistence of velocities, 
seems to be most suitable for calculation. According to this 


2 kT r2kT{m^+m^p^ 

3(l+ai2) wPSfa L~ (Miima) J ’ 

2 kT r 2kT (mi+ma) "!* 

" 3(l + ai2)^^L (Wima) J ’ 


( 17 ) 
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where allows for the persistence of velocities, and is a small term of approximate 
value frillm 2 ) ^^der the conditions of the experiment. Maxwell’s exact solution 
for the case of repulsion between molecules with an inverse fifth power law gives the 
same dependence on P, but will not be used since the force constants are unknown 
and since the Maxwell law is in any case unreal. It may be noted that according to 
equation (16) D is proportional to at constant P, whereas experimentally the 
index of T is greater than 1*5, for water 1-75. 

It is of some interest to consider modifications to the above due to the influence 
of surface tension on vapour pressure. If cr is the surface tension and Poo satura¬ 
tion vapour pressure over a plane surface 


or 


ffo 27Tm2cr 

IcTap 

2 Trm 2 <r 

Po = • 


Equation (10) becomes, after putting Po = CqAjP, 


dm 

dt 


27T7ritcr 

Ama Yp 




Henc 


— 27Tms(r — Yp„midt 
g kTap kTp 


(18) 


(19) 


( 20 ) 


Provided that po/pco — 1 is ^ 1 one can expand the exponential and integrate, giving, 
if the term in be omitted, 

a +- ffiJ + ^^ log (o+^)} ~ [log a + H{a-A log («+/I)}] 

_ —_l_ (jQng-tant. (21) 

kTp 


As the surface tension effect does not become appreciable before the radius is very 
gmall, the droplet has practically vanished before this pressure condition is violated. 


III. Expeeimei^-tal. Rates of evapoeation 

In order to obtain great sensitivity a quartz microbalance A (figure 1) of the type 
described by Whytlaw-Gray was used. To one end of the balance was attached a 
long quartz fibre, termiaating in a hook from which was suspended the quartz rod 
carrying the drop. The balance was counterpoised with quartz weights; detail of 
the balance is given inset in figure 1. The movement of the pointer B relative to the 
reference pointer C could be followed by observation through the plate glass window 
’D by means of a travelling microscope reading to 0*001 mm. The window D was 
ground to fit the pyrex balance case. Surrounding the drop was a copper gauze 
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cage of radius 1-2 cm., and charcoal was packed in the annular space between the 
cage and the vessel E, The balance case was mounted, on a massive block of metal, 
and covered with a metal hood, to prevent temperature fluctuations, and the whole 
apparatus was placed in a thermostated room at 20 °. F was a sintered glass filter to 
filter particles from the air, (?, O were P 2 O 5 tubes, and H a manometer which was 
read to 0-01 mm. Low pressures were read on the McLeod gauge. The balance was 
cleaned by HNO3 + HOI, the glass apparatus by KMn 04 H- concentrated H2SO4. 



The end of the quartz rod carrying the drop was drawn out to a very thin fibre, 
and drops could be made to adhere to the end of this fibre by first forming them at 
the end of another fibre, touching the fibre points, and then moving them apart. 
In this way the fibre was uncontamkiated with liquid, except at the end. At first 
the final counterpoise was effected by means of very small quartz weights, but later 
it was found easier to adjust the weight of the drop. If a clean quartz fibre be plunged 
through the drop, at right angles to the fibre carrying the drop, and withdrawn, the 
weight of the drop is sKghtly reduced. Conversely, the drop may be made to pick up 
beads of liquid if a fibre carrying such beads is plunged through the drop. Drops were 
weighed on a micro-analytical balance weighing to 10 ”® g., and the quartz balance 
was.calibrated using drops of dibutyl phthalate of different sizes, the weights of 
which had been determined on the micro-analytical balance. The deflexion versus 
microscope reading was linear and 1 mm. of the microscope corresponded to 
2*85 X 10 ”® g., i.e. a change of weight of 2*85 x 10 ”® g. could be observed. Apiezon 
grease previously dehydrated was used throughout the apparatus. All air admitted 
to the- apparatus was dried by P 2 O 5 . 
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Runs were first made with benzophenone, but the rate of evaporation was found 
to be inconveniently fast at low pressures. Dibutyl phthalate evaporated much more 
slowly, and using the sensitive balance it was possible to complete the series of runs 
over a pressure range of 10-0*1 mm. in a day. With butyl stearate several days were 
necessary to complete the readings. A repetition of experiments gave good agreement^ 
and no change was observed if the liquids were previously degassed hot in vacuo. 
It is believed that in view of the extremely low vapour pressure of these liquids no 
correction is necessary for surface cooling, especially as the two liquids behaved 
similarly, although the rate for butyl stearate was some fifteen times less than that 
for dibutyl phthalate. The general trend of results indicates, also, that surface 
diffusion over the quartz was negligible (cf. especially table 3). 

After the drop has been hung on the quartz balance and the apparatus had been 
assembled, the whole was pumped down for half an hour to an hour to remove any 
water vapour which is inevitably introduced when the apparatus is opened to the 
air. Dry air was then admitted to the required pressure, and after about 30 min. 
deflexion-time readings taken, and the whole repeated at lower pressures. At low 
pressures some time elapsed before the charcoal attained approximate adsorption 
equilibrium with respect to air, and readings could be taken; pressure readings were 
taken throughout the run, to test the constancy of the pressure. Small percentage 
variations in pressure occurred, although it was occasionally necessary to pump off 
air which had been desorbed from the charcoal to maintain the constancy. In 
this low-pressure region large changes in pressure make small changes in rate of 
evaporation, and hence the pressure was sufficiently static to give negligible 
variations in rate due to pressure changes. 

Runs using dibutyl phthalate 

Comparatively large drops were first used, of radii 0*5 mm., and the variation in 
radius over the whole of a series of runs at different pressures was approximately 
5 % only. During one run at constant pressure the variation in a was 1 % or less, so 
that equation (12) may be appMed with confidence. All runs of this type gave linear 
plots of surface versus time at constant pressure, even at low pressures, as is seen 
from figure 2, for a pressure of 0*246 mm.; it will be seen that the change in s over 
the whole run is small and hence the conditions of equation (12) apply. A summary 
is given in table 2. This constancy of dsjdt indicates that in all cases a steady state 
had been attained. 

In figure 3 these values of dsjdt are plotted as a function of 1 /P. As will be seen, 
at first the relation is linear, in accordance with equation (9), i.e. Langmuir’s formula, 
but as P decreases a marked bending away from the initial line occurs. When 

go/g“~ j _|_ plotted against 1/P a good straight line is obtained (figure 4), 

in accordance with equation (15), whence the constants of the curve on figure 3 
may be calculated. The line goes nearly through the origin, and hence ajrQ will be 
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Dibutyl phthalate 



time in min. 

Figure 2. Air pressure 0-246 mm. 


Table 2. Dibtjtyl phthalate at 20® 

-Wxdajdt 


mean a 


— 10® X ds/dt = q 


calc, from 

during run 

P 

cm.® per min. 


equation (22) 

mm. 

mm. of Hg 

observed 


cm.® per min. 

0-5150 

8-26 

0-192 

1-001 

0-183 

0-5210 

3-68 

0-409 

1-053 

0-390 

0*5117 

3*11 

0-419 

1-214 

0-453 

0-5155 

1-035 

1-115 

1-372 

1-107 

0-5081 

0-823 

1-317 

1-460 

1-310 

0-4992 

0-306 

2-319 

2-230 

2-281 

0-5052 

0-246 

2-435 

2-642 

2-492 

0*4850 

0-162 

2-944 

3-320 

2-858 

0-4732 

0-135 

2-899 

4-044 

2-999 

0*4951 

0-103 

2-988 

5-142 

3-166 


negtected in equation (15). From the dimensions of the molecule and of a mean 
'air molecule’ the collision radius was taken as 6*28 A. The curved line in figure Z 
is calculated from these constants, the equation to the line being 

T583 1 

—10® X dsfdt = p I =j ? (22) 

L'P" ■‘‘1 +2-444xlO-3/(aP)J 

where P is in mm. of Hg, s in cm.®, t in min. The points are experimental and lie very- 
near the line. Thus equation (12) is substantiated. The choice of A is somewhat 
arbitrary, but fortunately equation (12) in this region of pressure range is rather 
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insensitive to change in A. The mean value of a was approximately 0-05 cm., so 
that equation (22) may be written in the more general form, applicable to any radius, 


—10® X ds/dt = 


1*583 




2*15x10-2 


■.+ - 


aP ‘ 1 -f 2*444 X 10-^l{aPl 
where P is in mm. of Hg, s in cm. 2 , a-in cm., and t in min. 


—1 * 

L 


(23) 


Dibutyl phthalate 



IjP in 
Figube 3 


Dibutyl phthalate 



1/P in mm.'”’- 
Figure 4 
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The values of q^jq show the magnitude of the departures from Langmuir’s theory . 
Thus at 0*103 mm. pressure the rate of evaporation is approximately one-jSfth of 
that demanded by Langmuir’s theory. 

Equation (23) may be used to test the theory of a run in which the radius changes 
appreciably, when ds/dt should not be constant, but should vary throughout the run. 
This was foimd to be true, results for a typical run on a small drop which is allowed 
to evaporate almost completely being given in table 3. The pressure was 0*309 mm. 


10’ X wt. of drop 

time in 

Table 3 

radius in 

10® X (radius)^ 

103^{a) 

g* 

min. 

mm. 


(equation (24)) 

584-2 

0 

0-2370 

5-617 

1-527 

531-7 

17 

0-2295 

5-266 

1-462 

480-1 

34 

0-2220 

4-928 

l-3§6 

417-7 

55 

0-2119 

4-491 

1-311 

355-3 

77 

0-2008 

4-033 

1-216 

302-8 

97 

0-1903 

3-623 

1-132 

241-0 

125 

0-1764 

3-112 

1-016 

167-2 

166 

0-1562 

2-440 

0-856 

135-8 

184 

0-1457 

2-123 

0*768 

106-0 

207 

0-1342 

1-801 

0-677 

74-9 

234 

0-1195 

1-427 

0-571 

42-2 

271 

0-0987 

0-974 

0-406 

24*8 

299 

0-0826 

0-682 

0*286 

16-1 

315 

0-0716 

0-513 

0*205 

Figure 5 shows the lack of constancy in dsjdt = 

4t7rd{d^)ldt; as is seen from figure 6 

daldt is more constant, but deviates at low values of a. In figure 7 is plotted tlie 


Dibutyl phthalate 



riGUBB 5 
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integrated expression from equation (11), expressed in the form, using the constants 
from equation (23), 

6'167 X 10~2a+0*5a2-f 1*436 X 10-nogio(c&+7*895 X 10-3) = ^(a) 

= const, t + const. (24) 

It wiU be seen that d<f>{a)ldt is indeed a constant. 

In one respect there is a discrepancy between the data of tables 2 and 3. From 
equation (23) it may be calculated that d(f>{a)ldt = — 2*038 x 10“^, t being measured 
in minutes, whereas the slope of the line in figure 7 gives d<f>{a)jdt = —4*13 x 10“®. 
Likewise there is a discrepancy of the same order when the slope d{a^)ldt in the first 
part of the curve in figure 5, for small times, when a is approximately constant, is 
compared with the calculated value. The experimental rates are greater than those 
calculated from equation (23) by a factor of approximately 2. It is believed that 
this is due to the conditions of the experiment, for the larger drops are situated more 
at the end of the fibre, owing to their greater weight. A drop smaller in weight by a 
factor of 10 is more pear-shaped owing to the finite thickness of the fibre, and the 
neck represents a considerable proportion of the total surface. Since the sphere has 
the smallest surface for a given volume, it follows that the transference of the data 
from drops of mass 6 x 10“^ to 6 x 10“® g. will be subject to an error of a geometrical 
nature, and the smaller drop will evaporate faster than the theory allows. It is 
probable that the geometrical factor remains approximately constant during a 
run, once the quartz fibre has been wet to a certain length, so that the function $5(a) 
is indeed linear with time. The time required to evaporate completely an isolated 
drop free from all attachment is best calculated from experiments on hanging drops 
over a small range of change in radius. 


. Runs on butyl stearate 

In table 4 are summarized the results with butyl stearate, using drops which 
remained approximately constant in radius during the run. In figure 8, — 10^ dsjdt 

is plotted against 1/P, and in figure 9, qjq - Y +ktj{AaP) ^ against 1/P, 

taking the collision radius, i.e. the sum of the effective radii of butyl stearate and 


Table 4. Butyl steaeate at 20° 


mean a 
during run 

P 

—10® X ds/dt 
cm.^ per min. 


-10® X dsjdt 
calc, from 
equation (25) 

mm. 

mm. of Hg 

observed 

%I<1 

cm.® per min. 

0*542 

11*19 

0*084 

1 

0-0848 

0*544 

4*77 

0*190 

1*034 

0*192 

0-543 

2*33 

0*345 

1*167 

0*366 

0*545 

0*743 

0*977 

1*292 

0*959 

0*533 

0*309 

1-489 

2*038 

1-467 

0-536 

0*238 

1-732 

2*440 

1-647 

0*553 

0;164 

1-833 

3*121 

1*875 
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air molecules, as 17 A; linear plots of s versus time were obtained for all runs. The 
line in figure 8 has been calculated from the equation 


—10® X dsjdt = 


0*980 


1-957x10-2 


aP 


1 +3-337 xlO-V{aP)J 


(25) 


where P is measured in mm. of mercury, a in cm., t in min., and s in cm.®; the mean 
value of a was 0-542 mm. . 


IV. Expebimental 

The determination of the vapour pressure of dibutyl phalate and butyl stearate 

The method was a differential modification of that due to Emudsen ( 1909 ). The 
ends of two glass tubes A and B were closed by sheet platinum caps fused to the glass 
(figure 10 ) and pierced by two circular holes 1-88 and 1-025 mm. in diameter. By 
means of side tubes the glass tubes could be half-filled with hquid and sealed off. 
A and B were made as nearly alike as possible. 



The tubes A and B were fitted into holes in the solid brass rod (7, which was 
mounted inside a ground joint of the glass apparatus. D was a silvered Dewar flask 
which was kept fuU of liquid air. The lower portion of the apparatus was immersed 
in mercury at constant temperature. 

The apparatus’ was evacuated by means of a mercury vapour diffusion pump, 
with a liquid air trap between pump and apparatus, for about an hour. Dry air was 


25-2 
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admitted and A and B were hung from opposite ends of a micro-analytical balance 
weighing to 10 “® g. The difference in weight between-4 and B was thus determined. 
A and B were replaced in the apparatus which was maintained at a high vacuum for 
several hours. The difference in weight between A and B was again determined. 
For J. 


WJBT\i 


i [m 




where Pco is the vapour pressure, the weight lost in time M the gas constant, 
M the molecular weight, the area of the hole and its radius, L-^ the length of 
the tube through which the vapour passes (i.e. thickness of platinum) (cf. Clausing 
1932 ; Dushmann 1926 )..The calculation for the small correction due to the tube 

TcW I x\ {27 tRT\^ 

length is approximate. Hence 1 1 + ^) ? where ^ is a 

constant to allow for the tube resistance. 


where kj^ = ^ is a 


Similarly 


Hence 




When a: = 0 we get 


TTT Trr 


hiw^-w,) 

(•^1 — 


The second approximation gives 


h(W^-w,) 




was equal to the difference in readings of the analytical balance, and 
A-^ and A^^ could be measured. Using very pure mercury, as a calibrating liquid x 
could be determined and the x term was shown to be small, i.e. the conditions above 
were fulfilled. 

Equation (28) may be rewritten 

(if)* t ’ 

where Ag is a constant determined using mercury and which can be used to find the 
vapour pressure of the organic liquids. 

The mean results were, for 20 °, 


dibutyl phthalate: p^ = 3-05 x 10“^ mm, of mercury, 
butyl stearate: p^ = 1*27 x 10"”® mm. of mercury. 
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V. The calculation of evaporation and diffusion coefficients 


Using Langmuir’s equation dear that the diffusion coeffi¬ 

cient may be calculated from the runs on droplets in the high-pressure range if 
be replaced by PqITcT^ its value assuming the vapour to obey the perfect gas laws.. 


Hence 


D at pressure P = 


• ds\ pJcT 

press, p 


(30) 


The diffusion coefficient at atmospheric pressure may be calculated by simple 
proportion, since if is inversely proportional to P. The results of § III give, for 20° 

(putting ‘ , 


dibutyl phthalate: diffusion coefficient at 760 mm. = 0*031 (p = 1*048), 
butyl stearate: diffusion coefficient at 760 mm. = 0*030 (p == 0*867). 

This method of calculating diffusion coefficients from the Langmuir region of, 
evaporation has been previously used in this Department by Mrs Childe [nee 
Stevenson) for more volatile materials than those used in this work; a quartz spiral 
spring was used (unpublished Ph.D. thesis). Vapour pressures were determined by 
Ehiudsen’s method. The differential methodfor vapour pressures, using two evapor¬ 
ating vessels, is new to this work. 

The evaporation coefficient may be calculated using equation (12). The first term 
of the denominator within the brackets is YIPavoc, and its numerical value is known 

Y 2*15 X 10”"^ 

from equations (23) and (25), e.g. equation (23) gives p—— = -. Hence 

for dibutyl phthalate a = 7/(2* 15 x 10*-2j^). Since Y = DP and D has already been 
determined for any value of P, Y may be calculated; for dibutyl phthalate Y is 
clearly 0*031 x 760 in the units of pressure used, mm. of Hg. Hence a can be cal¬ 
culated. The results for the evaporation coefficient of dibutyl phthalate and butyl 
stearate at 20° are respectively 0*28 and 0*35. 


VI. Conclusion and discussion 

The wnrk reported above on the evaporation of droplets at Various air pressures 
leaves no doubt that Puchs’s equation represents the facts, and it is to be expected 
that the application of this equation to conditions other than those investigated, 
e.g. to conditions of very small radius and atmospheric pressure, will give an equally 
true picture of the evaporation’behaviour of droplets. 

Some biological and industrial applications are of interest.* Thus evaporation 
from the pores of the skin of animals, or the stomata of plants will be enhanced by 
the smallness of these openings, for a given total area of evaporating water surface, 
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provided that no interference due to vapour occurs between neigiibouring openings. 
Por evaporation from hemispherical caps of radius a it is seen that 

rate of evaporation per unit area == -g-^ 5 —. 

vct^ a 

. DCftTOg 

When a is large, rate of evaporation per unit area = — 

/ rate of evaporation per unit area for small dro pa\ _ 

\rate of evaporation per unit area for large drops/ D ’ 

a + A 

where For water at atmospheric pressure of air Djiva) = 0*001 approx., 

t.a.1n’ng a = 0*01, i) = 0*2 approx. Hence the ratio in equation (31) becomes 

— — anprox.. Which with a, = 1 cm. and a = 10-‘ cm. gives an increase by a 

factor of approx. 900; with = 1 cm. and a = 10~® cm. the factor is approx. 600. 
It should be noted that in this calculation no modification of the theory is intro¬ 
duced to allow for the presence of a hquid edge. Moreover, in practice these factors 
will be cut down by vapour interference between evaporating surfaces. Other 
applications are in the drying of foodstuffs by spraying, where there will be a large 
factor increasing the rate of evaporation even when the extra surface is allowed for, 
and the possibility of separating constituents of oils by evaporation from sprays. 

We wish to express our thanks to the Ministry of Supply for permission to publish 
this work. 
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Fluid motion between parallel planes. 

Dynamical stability 

By D. Mbksyn, D.So. 

{Communicated by 0 . Temple, F.B. 8 .—Received 3 April 1945 ) 

If XJ is the velocity of the mean motion the following main results are obtained: 

1. The region 'where C7 = c, c being the wave velocity, is the source where vibrations are 
generated; i.e. the slowly varying vibrations give rise to large rapidly varying vibra¬ 
tions in passing through the critical point. 

2. Curved profiles admit a periodic motion at sufficiently high Reynolds numbers. 

3. Parabolic flow is unstable at high Reynolds numbers; i.e. an infinitely small dis¬ 
turbance is sufficient to bi’oak tip such flow. 

The critical Reynolds number is equal to i?= 17o/i/v=:6700, and the corresponding wave¬ 
length is about three times the width of the channel (Uq is the mean velocity at the axis, 
and h is the half-width of the channel). 

1. InTRODXTCTION and SUMMARY 

Many attempts have been made to prove that laminar flow is unstable at sufficiently 
high Reynolds numbers and that the subsequent motion becomes turbulent. 

A critical survey of this question was given by Southwell & Ohitty (1930). The 
problem of stability was also discussed by Noether (1926), Goldstein (1936) and 
Pekeris (1936, 1938). 

Squire ( 1933 ) has shown that if the two-dimensional flow in""a channel becomes 
unstable its critical Reynolds number is lower than the critical Reynolds number 
of a three-dimensional flow; and that, accordingly, it is sufficient to treat the 
problem of stability in two dimensions. 

Heisenberg (1924), Tietjens (1925) and ToUmien (1929) considered several 
instances of laminar motion and found instability. The results, however, of Heisen¬ 
berg and ToUmien are invalid, since their transformations of the non-visoous 
integrals through the critical point are incorrect. Tietjens discussed the special case 
of profiles consisting of broken straight lines; this eliminates the transformation 
of the non-viscous integrals. The transformation of viscous integrals was found 
numerically. 

The problem of turbulent motion consists, in the first instance, in finding a solution 
of a fourth order differential equation containing a large parameter. The equation 
has two slowly varying, non-viscous integrals and two rapidly varying, viscous 
integrals. Because of the large parameter the integrals have to be expressed in an 
asymptotic form“. 

In order that the solution may satisfy the required boundary conditions the wave 
velocity has to be equal to the mean velocity at some region between the axis and 
the planes (Noether 1926, p. 234 ), with the result that the asymptotic expansions 
have a critical point. 
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The main mathematical difficulty of this problem is in finding the transformations 
of the integral through the critical point. 

In the present paper the fiow between parallel planes is considered, and the 
equationsof motion are solved under the condition that e (3-15) anda^ (2-6) are small, 
so that their squares and higher powers can be neglected. 

If f7 is the mean motion the following main results are obtained: 

(1) The region where U = c, c being the wave velocity, is the source where 
vibrations are generated; i.e. the slowly varying vibrations give rise to large, 
rapidly varying vibrations in passing through the critical region (§ 3). 

(2) Curved profiles admit a periodic motion at sufficiently high Reynolds 
numbers (§5). 

(3) Parabolic flow is unstable at high Reynolds numbers, i.e. an infinitely small 
disturbance is sufficient to break up such flow. 

The critical Reynolds number is equal to = U^hlv = 6700, and the corre¬ 
sponding wave-length is about three times the width of the channel {Uq is the mean 
velocity at the axis, and h is the half-width of the channel) (§ 6). 


2. EQTJATIOlSrS OF MOTIOK 

Consider the flow between two parallel planes, the direction of the x and y axes 
being parallel and normal to the planes respectively; the x direction is also parallel 
to the mean flow. The origin of co-ordinates is midway between the planes, the 
distance between the planes being equal to two. 

The equations of motion are 


Denoting as usual 


du du du 1 dp 

w+“s+'3i;--pS+’'^*“- 

dv dv dv 1 dp —« 

du dv 
dx~^ dy 


dy" 


V = 


d^Jr 


„ du dv , 


and eliminating between equations (2-1), then 


Put 


dU 


u=:U+u\ v^v', C = + w=VIUo, 


( 2 - 1 ) 


( 2 - 2 ) 

(2-3) 

(2-4) 


where XJ is the mean motion, and it is a function of y only, and u\ v* and depend 
also on time. 
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Substituting (2-4) in (2-3) and dropping tbe primes, then 

d% d% 1/af 'd^U\ 1/ 0C 3C\ 

dx^^dy^ v\dt^^ dx'^'^ dy^)~ 

In the first approximation neglect the quadratic terms and put 
whence (2-5) becomes 

d/ip |_ ^ J dy^ |_ V V dy^_\ 
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(2-5) 


( 2 * 6 ) 


{2-7) 


The solution ^ has to satisfy the boundary conditions 

^ = 0 = ^', at y = ±1, (2-8) 

The equation (2-7) has four integrals. Two of them are rapidly varying functions; 
they are due to viscosity and are only sensible near the walls. The other pair depends 
very little on viscosity for the greater part of the channel; they change slowly across 
the channel, and are mainly responsible for the turbulent velocities as usually 
observed. 

The equation (2-7) has to be solved for real values of a and it is assumed that 
j3—ocU vanishes at some point between the axis and the boxmdary, and that 
at that point. 

Since c is an even function in the equation (2-7) has two even and two odd 
solutions, and only the range of y between zero and unity need to be considered. 

In the following only the even solutions will be discussed. 


3. Nok-viscous integrals 

, » 

It is convenient to transform the equation {2*7) as follows. Let the half-width of 
the channel be h', put 


, X , y , u r 


r 


(3-1) 


where Uq is the mean velocity along the axis of the channel. The equation (2-7) is 
transformed, after dropping the primes, into 


where 


{w — c) — 2 a^^" + a^rjr), 

B = M, c = filaUo, w = w-c = ^{U-J3la). 




Consider first the equation 

{w — c)‘ifr''—w"ilr = 0. 

One integral, say, ijr^ is found by inspection 

fz = w-c. 


(3-2) 

(3-3) 


(3-4) 
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and, applying the method of variation of parameters, the second integral is found as 


= {w-c) 




dy 




(3-5) 


Assuming that (x? and l/aiZ are sufficiently small the solution of ( 3 * 2 ) can be 
expanded in powers of a? and 1 jccJS, by the method of successive approximations. 
Rewriting the equation ( 3 * 2 ) as 

= F, {3-6) 


w—c 


a particular solution of ( 3 - 6 ) is 


'*y 

{w—c)Fdy 

- - 2 — 


{w — cY 


xjf = [w-'C) 

K 

and a simple computation leads to 


(3-7) 


where the integrals denote successive integrations and not products (Heisenberg 
1924 , p. 586), and only terms up to the order (x? and l/ai? are retained. 

The expressions (3*7) do not depend, in the first approximation, on Reynolds’s 
number, i.e. on viscosity; they change slowly across the channel between the critical 
points; they can be, accordingly, termed as non-viscous, slowly varying, integrals. 

Since —c is an even function in y, and are odd and even in y respectively. 

It can be shown (Noether 1926 , p. 234) that, unless w — c vanishes somewhere 
between the axis and the boundary, the equations (2-7) and (2*8) cannot be satisfied 
for real values of c and a\ it is, therefore, assumed that 


t£ 7 —c = 0 at y — yo- (3*8) 

There will be also a root at 2 / = - yQ, 

It will be shown below that some of the terms in and ^2 become infinite at 
these terms are not valid near and they change their form in passing through this 

point; on the other hand, the terms which remain finite, i.e. the regular terms, 
preserve their form throughout the region. 

The singular components of the integrals and ^2 therefor^ be treated as 
asymptotic approximations valid only between the axis and up to a certain distance 
from yQi the latter point is a critical point of these asymptotic expansions, although 
it is an ordinary point of the equation ( 2 - 7 ). 
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Transformation through the critical point 

To fix ideas consider the integral even in y. The first term, i.e.w — c, is regular, 
and it preserves its form in passing through the critical point 
Consider now the term proportional to namely, 

(3-9) 

Transforming (3-9) to a new variable z, where 

z == y-yo> {3-10) 


one obtains, by splitting up (3-9) in to two parts, 




The second term is regular (it remains, together with its derivatives, finite within 
our range), and it need not be considered. 

Expanding {w — c)^ round the point 3 = 0 in the denominator of the first term 
(3*11) and retaining only two terms, then 

P(m)-c)J^^ p= j^^(w-c)^dz = f\w-e)^dy, (3-12) 

where Wq and wl are derivatives with respect to ?/ at z = 0; whence the singular 
term is „ 

-p^i‘<^-<^)^^Eiyo-y)’ ( 3 - 13 ) 


and the regular component of up to the order inclusive is 


= (w-c) + a®|(to-c)JJ^;j^^j^^J^(M)-c)2dy+p^(w-c)log(s/o-2/)|, 

rvo 

p = {w — c)^dy, 

Jo 


(3-14) 


The above regular component of ^2 preserves its form, and it is only necessary to 
find how the term (3*13) is expressed round the critical point. 

To that end the equation (3-2) is transformed to a new variable y, where 

S'!] = z = y-y^, e^iwouR)-*, (3-15) 


and the solution is expanded in powers of the small parameter e. 
The singular term (3*13), except for a constant, is 
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or, expressed in the new variable t/, 

+ (3-17) 

Since e is usually very small and 'J/, as it will be shown below, is moderate within the 
asymptotic range and does not depend on the value of 6 , the first term only is 
retained in (3-17); i.e. one has to find the transformation of 


TjlogTj, 

Now, e (3*15) is negative since Wq is negative; accordingly the following relations 
hold good (3-15): ^ 5 0, . (3-19) 

and the problem is reduced to the following to find an integral of ( 3 * 2 ) which for 
positive Tj asymptotically tends to (3*18) to the order of e. 

, Although z is small, e being very small, rj can be made large enough to lie within 
the asymptotic range of the integral obtained. In fact, it will be shown that 9 / = 4 
satisfies the required conditions. 

The solution of this rather involved problem is given elsewhere (Meksyn); the 
final result is as follows: 

The required integral i§ ^( 7 )+ tj, where 


T{ri) = _0-813 + 0-469i+|-0-751-^^9?- 


3 ) (71 + 1 )! 


(3*20) 


and T( 9/)+77 77 log tj, when 77 > 0 . 

When Tj is negative and large, T{ri) tends to 


{-V)i 


(3-21) 


The above expression is, however, identical with that of the viscous integral (4*10). 

Therefore the following very important result accrues: that a component of the 
non-viscous integral which is almost equal to zero at the axis becomes transformed 
into a viscous integral in passing through the critical region. 

The physical interpretation of this result is that the critical region is a source 
where vibrations are generated] that explains how turbulent motion is possible. 

Viscous forces generate vibrations within the critical region and these vibrations 
are then destroyed near the axis of the channel; when equilibrium is estabhshed 
between these two forces turbulent motion can persist.* 

Below are given the values of 3 ^( 77 ) + 77 and its derivatives for a set of values of 77 , 
together with the corresponding curves. 

* It was pointed ont by G, I. Taylor (Phil, Trans, ( 1915 ) A, 215, 23-26) that vorticity 
may make inviscid flow unstable. 

Taylor (Proc. Boy. Soc, ( 1935 ), A, 151, 455-464) has also proved, that near the walls 
of a channel more tui'bulent energy is generated than destroyed, and that the opposite 
takes place near the axis. 
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71 

T{7j)+7j 

Table 1 

9 ; log 9 ; 

• T'{7I) + 1 

log 97 +1 

4-0 

5-544+ 0-020i5 

5-545 

2-388- 

0-009i 

2-386 

3*5 

4-378+ 0-026^ 

4-385 

2*255- 

0-014i 

2-253 

3-0 

3-292+ 0-035i 

3-296 

2*103- 

0-02H 

2-099 

2*5 

2-283+ 0-048i 

2-291 

1-927- 

0-033^ 

1-916 

2*0 

1-371+ 0-070t 

1-386 

1-717- 

0-054^ 

1-693 

1-5 

0-592+ 0-137^ 

0-608 

1-461- 

0*089^ 

1-405 

1-0 

-0-039+ 0*166i 

0 

1-146- 

0-159i 

1-000 

0-5 

-0*558+ 0-273i 

-0-347 

0-750- 

0-285i 

0*307 

0 

-0-813+ 0-469i 

0 

0-249- 

0-524^ 

— 00 

~a*5 

-0-789+ 0-83K 

— 

. -0-365- 

0-970i 

— 

-1*0 

-0-433+ 1-502^ 

— 

-1-056- 

1-794^ 

— 

-1-5 

0-236+ 2-699i 

— 

-1-649- 

3-243?: 

— 

-2-0 

1-120+ 4-90K 

— 

-1-658- 

5-612i 

— 

-2*5 

1-640+ 8-519i 

— 

-0*015- 

8-954^ • 

— 

~3‘0 

0-552+13-87H 

— 

5*141- 

12-3042: 

— 

-3*5 

- 4-442+.20-23i 

— 

15-862- 

11-9742: 

— 

-.4*0 

-16-12 +23-8H 

— 

31-06 + 

0‘758i 

— 



Figure 1, ^r(^) + 9; and ^ log 97. 
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It can be seen tbat the asymptotic expression tj log rj is valid even very close to 
the critical point. 

The solution was pursued up to the first power of e; there is no difficulty in finding 
the corresponding transformation for terms of higher power in e; they are not 
needed, however, in the present case. 

Since (y-”2/o)l<^g(2/o~2/) = 2 Jlog{- 2 ;) = e'??(logi/-hlog|€l), (3-22) 


the corresponding transformation is (3-20) 

z\og{-z)->z-{‘Zlog\e\-\-eT\7i) {z<Q, ^> 0 ), 

and the even solution becomes 

^2 = (w;-c)+~c) iV -yo)| 


(3*23) 


-oc^p 


UJr, 




' 2 ' 


- S K 


io{w-c)^ 

- 0-813 + 0-469i + ^0-249 + log ] e | — 


n=l 


(ra+l) 


, ryjn-^-t 

! I’ 


. Cy<y 

p= {w—c)^dy. 
Jo 


(3-24) 


The expression in the last bracket on the right-hand sid.e (3-24) is equal to (3-22) 

^-|-^logle|-f-T(9?). 


4. Rapidly vapying (viscoxts) iktbgbals 

To find the rapidly varying integrals of (2-7) assume 

f = Ae^^, (4-1) 

■where is a slowly varying function of y, and | includes thelarge parameter (ocB), 
which is contained in (^—aU)jv; a is assumed small. 

Differentiating (4-1), substituting in (2-7) and equating to zero the two terms of 
the highest order, then, by rather tedious calculation, 




i{fi-aU) 


rv ■ 

J Vt 


A = 


const. 

~w~ 


(4-2) 


and the two rapidly varying integrals are 


9^3 = p sill g, 5*4 = P cos (4-3) 

where the letters ^3 and are used instead of and ^ 4 , the latter being reserved 
for odd and even functions in y. 
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It can be seen from (4*2) that the integrals depend on E, i.e. viscosity, and fdx^ 
large E they are rapidly varying functions of y. 

Now to construct from (4*3) an even solution in y. The coefficients in (2*7) are 
even functions in y^ and the equation has accordingly two odd and two even integrals. 

Let ^4 be an even solution different from ^2 5 since 2 / = 0 is an ordinary point of 
the equation, will be completely determined if its value, together with its deri¬ 
vatives up to the third order inclusive, are specified at 2 / = 0 . 

Since ^4 is an even function it satisfies the conditions 

^4 = finite, ^4 = 0 =: ^ 4 , ^4 = finite at y ^0, (4*4) 

Assume, accordingly (3*7), (4*3), 

where a, 6 , c and d are constants. 

Now, ^2 is even function, and it can be neglected if one is not interested in the 
precise value of ^"( 0 ); there remains now oiily three equations. It can be shown 
a posteriori that if the term is disregarded the function thus derived, will 
satisfy all the three remaining conditions (4*4). 

Assume accordingly at 2 / = 0 that 

^4 == ^$^3 + #4 = finite, = 0. (4*6) 

whence substituting the values of and (4-3) and solving with respect to c and d 
one finds as the dominant term 


= p cos (l-lo), io = £ !'%• (^-7) 

The expression (4*7) is valid between 2 ^ = 0 and the critical point y = y^, but not 
too close to it, since at that point ^4 becomes infinite = 0 ); it changes its form in 
passing through the critical point. 

The derivation of the continuation of (4*7) through the critical point is very 
involved, and it will be given elsewhere (Meksyn); here only the final result is 
quoted. 

The function ^4 (4*7) becomes near ^ = 0 (3*15) 

^ = 0-548+ 0-648i-(0-965+ 0-258i) 5 / 

+J”' J’ (f +(- 0 -5 + 0 - 866 i) J’ J’ df, 

a = | € |4, 



•where tj is given by (3-15) and J is the well-kno-wn. Bessel function, the series 


expansion being 
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For large negative values of i.e. between the, critical point and the boundary, 


^4 tends asymptotically to 

tl, 

a 


: —p exp — 

2 aJtt 


(4-10) 


which is of the same form as ( 3 - 21 ); this bears out the previous statement that the 
slowly varying solution tends to the rapidly varying one in passing through the 
critical point. 

In table 2 , ^4 and ^4 are given for several values of 7 /; they are also plotted in 


figure 3. 


Table 2 


V 

^4 

. r. 

• 4-0 

— 

-0-002 + 0-012i 

3*5 

— 

0-066+ 0-033i 

3-0 

-0*011-0*006^ 

0-030 - 0-0034 

2-5 

- 6*030+ 0*002^ 

0-045- 0-0374 

2*0 

- 0*051+ 0*036i 

0-034- 0-1054 

L5 

- 0*053+ 0*113^ 

-0-038- 0-2014 

1‘0 

0*005 +0*237^ 

-0-214- 0-2934 

0*5 

0*182 + 0*395t 

-0-520- 0-3304 

0 

0-548+ 0*548i 

-0-965- 0-2684 

-0-5 

1*170+ 0*632i 

-i;649- 0-0544 

-1-0 

2*123 + 0*587i 

-2-288+ 0-2404 

-1-5 

3*493+ 0*400^ 

-3-236+ 0-4804 

-2-0 

5 . 404 + 0*166^ 

-4-454+ 0-3604 

-2-5 

7*980 + 0*188^ 

-5-852- 0-6684 

-3-0 

11*185+1*099^ 

-6-780- 3-3294 

-3*5 

14*372+ 3*883i 

. -5-309- 8-1454 

-4*0 

15*368+ 9*458i 

2-430-13-6114 


As can be seen from these data, ijr^ and ^4 tend rapidly to zero for 7 / positive; in 
fact, a detailed examination of the solution (4-8) proves the above conclusion. 

A viscous solution which vanishes for positive and large tj was evaluated numeri¬ 
cally by Tietjens { 1925 , p. 217), and a comparison can be made with the present 
analytical results. 

Tietjens evaluated for a set of negative values of 7 / ; it is given by his constant 

—jD; Tietjens’s equation, however, is conjugate tp that given here; accordingly 
the sign of the imaginary term in —D has to be changed. 

The corresponding values are given in table 3. 


Table 3 


-V 


Tietjens 

0 

-0-670-0-3874 

- 0*702-0*425i - 

0*5 

-0-769-0-3814 

- 0*785-0-41H 

1*0 

-0-892-0-3504 

- 0*920-0*389^ 

1*5 

-1-038-0-2784 

-1*043-0*297^ 

2*0 

-1-202-0-1364 

-1*206-0*147^ 

2*5 

-1-360 + 0-1194 

-1*357+ 0*108^ 

3*0 

-1-393 + 0-6224 

-. 1*400+ 0*515i 

3*5 

-1-142+1-0204 

-1*180+l*130i 

4*D 

-0-480+1-2244 

- 0*460+ l*250i 
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* 

The agreement is very satisfactory, since the numerical method, especially in the 
present’case, can give only approximate results. 

For very large negative rj, the ratio tends to 

as can be seen from (4-10). 

In figure 4 the real and imaginary parts of irj'ifrl are plotted against each other and 
the variable 



5. PuiTDAMENTAL EQUATION. CRITICAL B * 

Only the even solutions of (2*7) wiU be considered; accordingly let 

(6*1) 

where A and B are constants. 
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The boundary conditions are 

^ = 0 = at y — 


( 6 - 2 ) 


Similar boundary conditions at y = — 1 will also be satisfied since ^ is an even 
function in y. 

From { 5 -I) and (5*2) follows the fundamental equation 


at 2 ,- 1 . 


(6-3) 



Fiqube 4 


The functions and are given by (3-24), {4-8) and taWated in tables 1 ~ 3 . 

It will be assumed below that the differentiation of and ^4 is taken with respect 

to K! and not s, since that simplifies somewhat the computations. 

Put for brevity 

= -^ 1 +“^^ 2 +^ = k+il, (6-4) 

Wi, 

where = u?—c and are the real and imaginary parts of the remaining 

terms in whence (5*3) becomes, after separating real and imaginary terms, 

-A'J^a%^B^^A'J + B'^k}. - (5-5) 
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Eliminating one finds after few transformations 

+ + + = 0. (5*6) 

.Eliminating A{ between'(5*5) then 

jv 2 ^^.^l ^ ^ 

A[ was eliminated since for an arbitrary profile its value is rather more difficult 
to estimate than that of A^. 

The equations (5-6) and (5-7) have to be solved for real values of a and c which 
correspond to the wave-length and the frequency of the corresponding vibrations- 

Since, however, 24 ?—c = 0 at y = y^, 

the quantity c is determined if the position of the critical point is known. 

The equations (5*6) and (5*7) depend also on the quantity 


The equations are therefore solved in the following way. Assume that the boundary 
is at the distance 9 / = 0, 2 / = — 1, ... from the critical point, and, making use of 
tables 1-3, (5*6) is evaluated for a set of negative values of y and the corresponding 
value of Wq/wIs is foimd; is then obtained from (5*7). 

The computations are straightforward except for the following; A^ includes a 
component proportional to (3*24) 


Ao = (w-c) 




and it wiU also be necessary to evaluate 


-w;; rvt, 

Aj^Aq-A[A^ = el {w-cfdy+p-^e^, P^\ {w-cfdy. (5*10) 
JO ^0 Jo 

To evaluate p (5* 10) some assumption has to be made as to the expression for 
and the value of as a first approximation assume that 

247-c=l-y^ ^0=1^ 


whence 


p = ^^{l-y^fdy 


(5-12) 


The assumption yo = 1 is rather crude and it leads to somewhat high values for^; 
it does not affect greatly the value obtained for e, because p drops out from the 

equation (5*6); it affects, however, the value of a. 

In evaluating (5*9) only the dominant term is retained, whence 


15wy 


(5-13) 


To elucidate the method of computation and the approximations involved one 
of the results in the table will be worked out briefly; namely, the case y = —Z. 
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From (3-24) and table 1 

Aj = (w-c) = tVgZ = w'^erj = -Zw'^e, 

^ = ^o-^j)[0-552-3loglel], 

XtQ 

5, = -13-871 
-^1 “ 

4'=Ji-^[5-140 + Iog|el], 

B' = 12-304 ^2>. 


then (5-10) 


p = j”\w-c)^dg^j^ {l-yfdy, 

(w-c) =i>(e-3^e2j. 


4,5, = 41.612^,?^, 

«/q 

= y(e+12-974^), 
Aj_B'i+AiB^ = - 60 - 78325 ^, 


(5-15) 


= 12-3042,-?eS 

^0 ) 

whence substituting (5-15) in (5-6) together with the values of Ic and I from table Z 
the results in table 4 are obtained for ^ = — 3. 

Table 4 and figure 5 give the results of these computations; for the sake of brevity # 
it is denoted „ ,g 

= (5-16) 


Table 4 


-V 


w'fi/wle 

N 

A 

0 

~ 0-670--0-387i 

0-81 

— 

— 

0-5 

^ 0-769-0-38H 

0-90 

0-190 

-0-070 + 0-1121ogl e 

1‘0 

0-892-0-350i 

1-90 

0-350 

-0-230 + 0-0981og 1 e 

1-5 

-1-038 ~0-278i 

3-95 

0-417 ■ 

— 0*284 + 0*056 log | 6 

2-0 

-1-202-0-136i 

14-36 

— 

— 

2*5 

-1*350 + 0-119% 

-32-53 

-0*297 

0-141 + 0-0051ogl € 

2-8 

-1*397 + 0-364% 

-19-22 

— 

— 

3-0 

-1-393 + 0*522% 

-16-61 

-1-566 

0-523+ 0-049 log 1 e 

3-5 

-1-142 + 1-020% 

- 20*45 

-3*559 

0-790+0-093 log! 6 

4-0 

-0-480+1-224% 

-35-60 

— 

— 



Fluid motion between parallel planes 405 

In figure 5 the quantity WqIwIc is plotted against 9 /; it starts from the smaU value 
of 0*81 and increases to 00 when Z = 0 which is at ^ — 2*3; it then starts from — 00 , 

reaches its maximum value of about -16 at ^ ^ - 3, and then tends to - 00 . 




Very important conclusions can be derived from table 4 and figure 5. 

The existence of a solution depends on the value of the quantity w^jw^e; the above 
result can be applied to any profiJie which does not change very rapidly and is 
decreasing from the axis to the boundary; for such profile Wq is negative, and, what¬ 
ever the value of w^jw^ may be, whether positive or negative, a quantity e can be 
found sufficiently small, so that w'Jwle lies on the curve, either on the positive or 
on the negative branch of it. 

The following conclusion results: 

Provided thM Beymlds's number is sufficierdly high (i.e. e small) curved profiles admit 
a periodic motion. 

It wiU be shown below that the flow near the boundary is largely parabolic, even 
in the case of turbulence; and it would be reasonable to assume that for the actual 
profiles is positive; accordingly, the lower curve is of greater importance, and 
from this it follows that a solution is only possible if 


j < I 

itcSej 


>16, 


R> 


16 ® I |» 


i.e. if 


(5-17) 
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which shows that generally speaking each profile admits a periodic solution only 
above a certain Reynolds number; the least Reynolds number corresponds to the 
vertex of the lower curve. 

It should be emphasized that the above results are valid so long as ot is not much 
larger than unity. There is, however, no difficulty in applying the same method to 
higher values of oc; that might entail the consideration of terms of higher powers 
in e, i.e. terms like log (— z) when n > 1; the method of integration given here 
can be easily generalized for the latter case. 


6. Paeabolic flow 

The critical Reynolds number when laminar motion becomes xmstable corre¬ 
sponds to the vertex of the negative branch in figure 5. 

(a) First approxunation. As a first approximation assume, accordingly (figure 5), 



-^ = - 16 - 6 , ^ = - 3 . 

Woe 

( 6 - 1 ) 

The critical point is 

found from 



1-^0 = V ^ = -^- 

( 6 - 2 ) 

For parabolic flow 

w = 1 - 2 /®. 

( 6 - 3 ) 

whence 

w'o^Vo^l + Ze^ 16 - 6 , 

e e 

( 64 ) 

and solving (6*4) 

" = - 1 ^’ 2^0 = 0 - 85 , 

(6-5) 


the corresponding value of a is (table 4) 

a = 0*78, 


whence 




19-6® 


1-70 X 0*78 


= 5700. 


(b) Second approximation. The main correction to the first approximation comes 
from the new value of p (3*14) winch will be evaluated for = 0*88; the term 
— s® which was neglected in the expression for w—c will also be roughly accounted for. 

Put ' w-€=^y^-y^ yQ = 0-88. (6*6) 

In this approximation instead of assuming that (5*15) 

W — C = WqZ, 

use is made of the expression (6-6); and a simple computation shows that in the 
present case 

w—c ~ 1-07wqZ. 


(6*7) 
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This value of 24? ~c is inserted not only in the first term of ^2 (3-24), but also in 
the critical term; i.e. assume that 


{w - c) log (yo 1'0724?'(2^ - y^) log {y^ -y), ( 6 - 8 ) 


and then transform {y - y^) log ( 2 /^— y) according to (3*23); this is not entirely correct, 
since the continuation of zHog{ — z) is not quite equal to the continuation of 
2 : log {~ z) multiplied by z. 


These computations lead to 


^0 

wle 


19-8, 


(6-9) 


where 


2 / 0 = 1-3/22*8 = 0*87, 


(6d0) 


which is close to the assumed value. 

In the evaluation of a the quantity (5*9) was computed by making use of ( 6 - 6 ); 
whence finally 

a = 1 * 0 , c = 0*23, ( 6 * 11 ) 


and the critical Reynolds number is 

R = 6700. (6*12) 

The coefficient of the term in ^2 was also evaluated; its contribution is small. 

According to experimental evidence (Goldstein 1938 , p. 321) laminar flovr in a 
pipe remahas stable for 5 = 2 x 10 ^ and even for .B = 5 x 10 ^; this R is, however, 
evaluated from the expression 

where m is the mean hydraulic radius (area of the section divided by its perimeter), 
and TJ^ is the mean flow. Reduced to the present definition of jR, the critical number 
5 X 10 ^ becomes R = 1*9 x 10 ^, which is of the same order of magnitude as ( 6 * 12 ). 

According to Squire ( 1938 ), the critical i 2 of a three-dimensional flow should be 
higher than for a two-dimensional one, i.e. higher than ( 6 * 12 ). The critical R is very 
sensitive to the value of e, and it remains to be seen whether a more rigorous cal¬ 
culation will increase the value, or whether flow in a channel is less stable than in 
a pipe. 


7. Equation of mean motion 

Consider the equation of motion in the direction of the x axis together with the 
equation of continuity 


du du du iSp , du dv 

dt dx dy p dx ox oy 


It is clear that in the present case 


(7-1) 
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where the bar above denotes the mean value; since 


du du dv du d 

dz dy cy cy oy 


then from {7-1) and (7-3) by integration 


where 

and U is the mean velocity. 
Since 





(7*3) 


(7*4) 

(7-5) 


it can be shown that uv = ^ ““ 

a 

where the sign denotes a conjugate complex quantity and the differentiations 
are taken with respect to y. 

Certain properties of the mean motion at the boundary can be immediately 
derived- Since ijr and vanish on the boundary it is easily deduced from (7-4) and 
(7-6) and by differentiation that 

= U^ = 0, (7-7) 

also hold on the boundary; thus the flow close to the boundary is to a great extent 
of parabolic type, although with a higher pressure gradient than occurfe in the case 
of laminar flow. 

Prom the expressions (7-4) and (7-6) the mean motion close to the axis can be 
found; only one frequency is considered. 

Put ^ (7-8) 

where d is a constant and can be neglected near the axis; whence (3*7) 

(«) 

Substituting (7-9) in (7-6) it is found that (7*4) 

(7.10) 

whence integrating 

U = U^-^-B+Boos\yky, * = (7-11) 

where JB is a constant of integration. 

The turbulent complex stream function is 

the real stream function 

= 2d{w—c)(iOB{Pt — ax), 


(7-12) 

( 7 - 13 ) 
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the corresponding v velocity is 

V = 2d{w — c)asbx{^t — ax), (7*14) 

whence its ampHtnde round the axis is 

2d{w—c)a. (7'15) 

Comparing a corresponding experimental curve of the mean motion round the 
axis with (7-11) the constant d can be found, and from (7*15) the amplitude of v on 
the axis; the latter can also be found experimentally. 
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Experimental production of red and yellow sandstones 
from chalybeate water 

By Loed Rayieigh, F.R.S. 

Received’ 4 June 1945 —Read 15 November 1945 

This paper discusses the conditions for the formation of red sandstones, to some extent firom 
the point of view of field geology, but mainly from that of laboratory experiment. Field 
observation made in the Tyne vaUey confirmed a suggestion made to me by Sir Robert 
Robertson that, in some cases at least, red sandstone may derive its iron from chalybeate 
water, which is a solution of ferrous bicarbonate. Starting with this idea, it was found by 
experiment that red or yellow sandstone could be produced according to the circumstances 
imder which the chalybeate water deposited its iron. If the chalybeate water is evaporated 
on the surface of a solid body, whether a sand grain or the surface of a glass bulb, a red 
coating results. The same occurs when evaporation occurs in air from an undisturbed liquid 
surface, a red skin forming on the liquid. If, on the other hand, the liquid is agitated with 
air, as in a stream in the open, a light yellow precipitate forms throughout it. This when 
formed settles down as a yellow deposit on sand grains, twigs, or other solid surfaces, or on 
solid sandstone rocks. 

The red and the yellow deposits both consist of hydrated ferric oxides. It is difficult to 
say from a chemical point of view what the essential difference of constitution between them 
is. The degree of hydration is not rigidly constant for different red preparations, and tends 
to be somewhat less for the red material than for the yellow. 

The main point is that red sandstone has been produced which closely imitates the natural 
product. This has been done without using high temperatures and using only material 
(chalybeate water) of common occurrence in nature. The natural red grains were mounted 
side by side with the artificial ones and examined with the microscope using a low power 
and a dark ground iUiimination. While both samples showed a considerable range of intensity 
in the red colour of the individual grains, they were as a whole indistinguishable as to the 
colour and its mode of distribution. 

It is believed that dehydration by volcanic heat or other agency, either of the sandstone 
itself or of its constituents, has nothing to do with the matter. 


The colour of the rocks in red sandstone districts contrasts very strikingly with the 
yellow colour of the clays and sandstones in the home counties in the neighbourhood 
of London. In both cases the colour is, of course, due to iron, and the question presents 
itself: What are the essential physical conditions for the production of red sandstone 
rather than yellow ? Guided by advice from the Geological Survey, I have searched 
the literature for any account of what the essential conditions are, but after con¬ 
sulting a large number of memoirs on the subject of the formation of red rocks, I was 
not able to find any account of laboratory experiments directed to this question. 
Preliminary tests were made to find at what temperatures yellow ferrugineous 
materials, e.g. London clay, brickearth, yellow flints, would begin to go red. They 
were not found to do so below about 200° C. Apart from volcanic action, such 
temperatures are not met with on the earth’s surface. The record high temperature 
is said to be 56° C, recorded in Tripoli. As a modest contribution to the subject I 
wished to discover some method by which red sandstone could be produced in 
the laboratory without making use of temperatures higher than those met with in 
the tropics; to use only materials which nature is known to provide; and at the 
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same time to distiaguish as clearly as might be between the conditions wbicb 
would give yellow sandstone and red sandstone respectively. If such a method 
were found it might at least afiord a possible answer to the problem set by nature. 

My attention was first turned to the solution of ferrous bicarbonate by Sic 
Robert Robertson, who kindly interested himself in the matter and gave me various 
useful references. This solution, analogous chemically to calcium bicarbonate, 
occurs in chalybeate springs. The presence of such springs is recognized by the 
bright yellow precipitate of feme hydrate which separates out as they emerge 
from the earth and spread out into the open. They are numerous in Northumber¬ 
land in the valley of the Tyne, or rather of its tributary known as the Corbum, 
which flows into it at Corbridge. There is probably nothing very notable about 
these particular chalybeate springs, but circumstances made them easy of access 
to me. The springs I have examined are at Halton Castle, and along Aydon Dene, 
just below Aydon Castle. 

The local (carboniferous) sandstone, such as that from the quarry near Beau- 
front Castle, while occasionally almost colourless, is usually yellow or brown or 
dark brown. Sometimes the coloured layer is rather superficial. Sometimes it is 
vem-Hke, following what has been a crack in the rocks. The chalybeate water issues 
from the groimd and stains the sandstone in this quarry, and, after examining it, 
I could scarcely doubt that the sandstone of the district generally, when coloured 
yellow or brown, derived its colour from chalybeate water. 

I have ^id that the stone is yellow or brown, but occasionally, as in Halton 
chapel, red pieces are seen, which superficially, at any rate, resemble the colour 
and appearance of old red sandstone, or other red sandstone formations. I also 
collected a hand specimen in which the ordinary yellowish brown colour is seen 
to merge into red. This was from a heap of broken stone by the roadside. So far 
as I have been able to learn, Halton chapel was probably built of stone from a 
quarry now overgrown and almost forgotten at Carr BHl close by. I was able to 
find one deep red-coloured piece in the sandstone there, but its relation to other 
pieces, and to the undisturbed rock, could not be clearly traced. The red is rather 
rare and apparently quite sporadic, but its occasional presence along with the 
brown seems to make it very probable that its colour too is due to chalybeate 
water, and I am tempted to generalize and to lean to the view that the same is 
true of aU red sandstone formations. 

Th^e field observations probably contain little that is new to geologists. Any 
value they may have depends upon the laboratory investigation which follows. 
The problem now became this—^to specify methods whereby sand could be coloured 
red or yellow at pleasure, using chalybeate water as a source of iron, and avoiding 
the use of temperatures higher than about 50° C. The cementing of the sand into 
sandstone might be taken for granted. 

The work was continued in my laboratory in Essex where no natural chalybeate 
water was conveniently available and artificial chalybeate water was substituted. 
It was prepared by the method of G. T. Moody ( 1906 ), distilled water being allowed 
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to stand over a mass of fine iron wire, and carbon dioxide passed in for a day or 
preferably more. Moody obtained a solution containing 0-225 g, FeO/1. in 20 br, 
and 1*39 g. in 26 days. The natural chalybeate water of Langenswalbach contains, 
according to Fresenius, 0-376 g. FeO/L, and is thus of about the same concentration 
as the artificial product made in a day or two. The latter was drawn off by a 
pipette or siphon, avoiding exposure to air as far as possible. 

If some of the chalybeate solution is drawn off into a test-tube and carefully 
examined from time to time without disturbance, two things may be noticed. 
First a canary yellow precipitate forms in the body of the liquid, and subsides 
into a yellow layer at the bottom of the tube. Secondly, a skin of red colour forms 
on the surface, and progressively increases in thickness from day to day. To see 
these simultaneously for comparison, it is desirable to immerse the lower part of 
the test-tube in water, which mitigates the reflexion from its outer surface, and 
makes it easier to see the layer of yellow precipitate lying at the bottom. The true 
surface of the chalybeate water which is clear of the external immersion vessel 
can be seen at the same time, and the colour contrast of the red skin and the yellow 
precipitate is very striking. 

If a spiral of clean iron wire is sprung into the tube, extending over most of the 
liquid layer, but leaving it free for observation at top and bottom, the yellow 
precipitate is not formed in the body of the liquid, nor, of course, is there any 
eventual formation of a yellow layer at the bottom. Hydrogen is given off from 
the iron, and its function is presumably to mamtam reducing conditions except 
at the top, where the air has access. The red skin still forms as before. Assuming, 
as it seems necessary to do, that the yellow material is in some way distinct m 
composition or molecular structure from the red, we keep the red in this way 
from the yellow. Since, in preparing chalybeate water, the liquid is standing on 
iron wire, formation of the yellow substance is not very noticeable, even if the 
current of carbon dioxide is discontinued. In the latter event, however, the red 
skin does continue to form. 

If we wish to favour the formation of the yellow precipitate rather than the red 
skin, then the interior of the liquid should be brought into contact with air as much 
as possible, in other words, air should be bubbled in. Under these circumstances 
all the chalybeate water is soon oxidized to the yellow material, and there is no 
opportunity for the formation of the red skin before the dissolved ferrous carbonate 
is exhausted. Moderate heating, which is aU that was tried, makes no difference. 
The same thing happens in nature when a chalybeate spring emerges into the open 
and the water flows away with appreciable turbulent movement. The surface gets 
broken up, and there is no formation of a red skin. An abundant yellow precipitate 
of ochre is formed. 

(In some cases, however, as in a seepage of weak chalybeate water in my own 
garden, a thin skin does form, but not enough to show its own red colour. It gives 
a silvery reflexion, which is clearly the 1st order tint of Newton’s scale, and it may be 
seen passing into tints of higher order. To observe this, leave some ordinary tap 
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water, which of course contains carbon dioxide, standing in a cast iron vessel for 
a day or two, and watch the reflexion from the surface.) 

It appears probable that the oxidation of ferrous iron rather than the loss of 
carbon dioxide is the cause of precipitation. The evolution of carbon dioxide with¬ 
out oxidation would presumably lead to the precipitation of ferrous carbonate, 
whereas the material actually precipitated is not carbonate but hydrate. 

Why there should be the two different kinds of precipitate (red on the surface 
and yellow in the volume) there is no direct evidence to show. It seems plausible 
to suggest that the surface effect is produced by contact with gaseous oxygen, and 
the volume effect by dissolved oxygen. 

When the skin is thick enough to be detached it shows its own characteristic 
absorption colour, which varies accordmg to the thickness from a pale yellow to a 
deep red. The thickness of such a skin may be estimated under the microscope 
viewing a fragment edgewise, but this method does not lend itself to the use of a 
high power and only a rough estimate could be made. A film of about 16/^ thickness 
gave a dark red. A film estimated at about in thickness gave an orange colour 
while the average sand grain in a very dark specimen of old red sandstone only 
gave a yellow. The grains of a red sandstone have only a superficial layer of 
colouring matter, and if this is washed away with acid, colourless quartz remains, 
as in ordinary sand. We see then that the coloured grains of this sand are scarcely 
as red, when examined by transmission, as a skin 2/^ thick on chalybeate water. 
It appears therefore that the material of this skin is quite red enough to satisfy 
the requirements. 

The colour of red sandstone is, or was, often regarded as due to haematite. The 
colour of the red skin as formed from chalybeate water is not due to the anhydrous 
peroxide; this may be proved most simply as follows. If we take a glass bead 
coloured with the red skin in the way described below (figure 1), and heat it in a 
small porcelain crucible, the bead becomes very much darker, a layer initially 
orange becoming dark red, and almost opaque. It has in fact been dehydrated 
and converted to haematite by heating, and was not haematite initially. 

This experiment of the permanent deepening of colour by heat may also be made 
on the sand grams coloured by chalybeate water, and on the similar red grains of 
the old red sandstone. However, the coloured glass beads show it much more 
satisfactorily, on account presumably of their smoother surface and better 
transparency. 

The transmission of light by the chalybeate skin formed on the liquid surface 
may be compared directly with the transmission by haematite. Only the thinnest 
flakes of micaceous haematite are observed to be at all transparent. Those that are 
so are about 2/^ in thickness and show only the deepest red. A chalybeate skin of 
this thickness shows only an orange colour; it requires a thickness of some l^pt to 
show a deep red like the haematite flake. 

Other considerations also tell against the view that the colouring matter of the 
red skin is haematite. It has not the characteristic full red streak (i.e. colour of 
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powder) which is given by haematite, but inclines much more to orange. Further, 
it is hydrated to a considerable extent. The loss on ignition is some 17 ^4 (see below). 
The loss on ignition by Cumberland haematite is almost nil (0-2 % was found). 


ROTATING 

SHAFT 



CflALYBEATE 
I WATER I 

Figijbe 1 

The question naturally arises whether the skin which forms on chalybeate 
water is essentially different jfrom the yellow precipitate which forms when air is 
passed in, for it has been seen that the skin too is yellow in small thicknesses. 
I should be glad to be able to simplify the subject by regarding these as identical. 
The degree of hydration does not appear to be greatly different. The chief difficulty 
arises in comparing the body colour and the streak. These are both much redder 
in the case of the skin than in the case of the yellow precipitate formed by bubbling 
in air. The skin ground up gives an orange streak and the sand grains in bulk well 
coated with it give the full red colour of red sandstone. The precipitate supplied 
in any quantity by chalybeate streams is pale yellow, or, on drying, brownish 
yellow, and in no circumstances red, whether alone or coated on sand, and it gives 
a yellow streak. 

It seemed probable that the formation of the red skin is quite independent of ^ 
the depth of the liquid on which it is formed, and if so it should be capable of 
forming on the layer of liquid which coats any wet solid body. Further, if the 
wetting and drying are repeated, the layer should be progressively thickened, just 
as if it had been formed by prolonged evaporation from an ordinary free Uquid 
surface. 
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To test these ideas, some beads formed of short lengths of glass tube -were 
threaded on a string to form a kind of necklace (figure 1). This necklace was 
hung on the pulley of an electric motor with slow worm gear, so that each bead 
on the necklace moved with a linear velocity of 4 cm./sec. The bottom of the 
necklace dipped in a vessel of chalybeate water, and the free part of the length 
from the liquid to the pulley (about 1 m.) and on from the pulley to the liquid was 
exposed to the radiation from an ordinary domestic electric stove, which dried it 
off. After this it was again wetted and dried and so on for as long as desired. 
The beads became yellow in say 15 min., then orange, then red by the thickeniag 
of the layer. 



6 



To collect the red material for analysis, a slightly modified arrangement was 
used (figure 2). A large glass flask 21 cm. in diameter was slowly rotated about the 
neck as axis with a circumferential velocity of about 6 cm./sec. It was kept hot 
by an electrical resistance heater inside. The chalybeate water was caused to drip 
upon it, at a regular rate, so that an equatorial belt was kept covered with a film 
of the liquid and was constantly drying off and being replaced by fresh. In this 
way a solid deposit was formed on the equatorial belt, first yellow, then red, and 
of firm texture. After a run of some hours, it was scraped off with a safety razor 
blade and collected. 50 mg. or so could be made in a day."** 

These observations suggest a way in which either yellow or red sandstone can 
be produced at pleasure from chalybeate water. 

To produce yellow sandstone, the sand grains are well under the surface of the 
liquid, which is evaporated, e.g. by the rays from an infra-red lamp.f which serves 

* In ^tting up a new arrangement of this kind, I should try a large glass cylinder in 
preference to the spherical flask. 

t As supplied for medical purposes in the treatment of rheumatism and the like. It is 
merely an electricaily heated source worked at a not very high temperature at the focus of 
a deep concave mirror. 
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for this purpose as the equivalent of tropical s unshin e. The chalybeate water yields 
a yellow precipitate which coats the sand grains. The evaporation is, however, more 
quickly carried out on a water bath, and the result is the same. 

To produce a red sandstone the sand grains must be only moistened with the 
chalybeate water, their moistened surfaces being exposed to the air, and to the 
heat rays from the 'infra-red lamp’. The skin, equivalent to the red skiu which 
forms on the surface of chalybeate water allowed to stand in the open, vrill then 
form on the surface of the wet sand grains, and the process must be allowed to 
continue until the individual grains, mounted in balsam and viewed under the 
microscope, have the same depth of transmitted colour as the grains of a well 
coloured specimen of old red sandstone. When this has been done, such grains 
dried and compared with the natural sandstone grains will be found to be closely 
similar to them, whether viewed by transmitted or by scattered light. 

The iron content of the red sandstone which it is desired to imitate can readily 
be determined by reducing the solution to the ferrous condition in the usual way, 
and titration with potassium permanganate. 

The chalybeate water which is used requires no reduction, and can also be titrated 
with permanganate. It was thus found that the selected sample of old red sand¬ 
stone contained 0*365 % of iron, and that the chalybeate water, as I prepared it, 
contained 0*138 g. Fe/1. Thus, to make an artificial red sandstone comparable 
with the natural, we should expect that 26*4 c.c. of the chalybeate water would be 
required per gram of sand. 

Some such quantity of chalybeate water must in fact be evaporated from the 
wetted surface of the sand grains to get the desired effect. The sand must not be 
too wet, for in that case the water covers the grains, sealing them off, and hindering 
the neo^sary evaporation from the surface of each wet grain. I have attempted 
to maintain the right degrees of wetness automatically. This could doubtless be 
done, but it is not quite easy. If we introduce the water locally, dropping from a 
fine glass jet, then the jet gets plugged by a slight precipitate from the chalybeate 
water. This can be overcome by the use of a suitably deigned filter. A more serious 
difiSculty is that the sand gets too wet near the jet. Further out, as the chalybeate 
vrater soaks into the sand and dries up, we come to a region where there is no chaly¬ 
beate water and no action. I have succeeded best by placing the sand (100 g. say) 
in a shallow vessel made by laying an iron hoop 10 cm. in diameter and 1 cm. high 
on a glass plate. Chalybeate water is added from a pipette until the sand is just 
wet throughout, any slight excess draining away between the hoop and the glass 
plate. It is then allowed to dry up completely, under the heat rays, and only then 
is more chalybeate water added. The additions were at about half hourly intervals. 

An alternative method of keeping the sand layer moist but not flooded is to 
allow the chalybeate water to rise by capillarity through a sand column conveying 
it to a sand layer in a metal tray. The tray is wanned to 50° C in an oven. As the 
evaporation proceeds the sand layer becomes red where the supply of chalybeate 
is most abundant, and yeUow’ farther out. This arrangement perhaps represents 
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pretty closely the way in which a sand surface is supplied with chalybeate water 
under natural conditions. Evaporation would occur from the exposed surface 
heated by the sun which I have imitated by means of the infra-red lamp, or by 
the oven (figure 3) maintained at 50° 0. 



glass-wool 


Figube 3 

Nature, working on a large scale, more easily maintains the right degree of 
moisture. But it may be remarked that where large exposures of red sandstone 
are examined, it is often, if not always, found that the depth of colour varies from 
place to place, often from white up to a deep red. This suggests that accidental 
and local circumstances determine whether and for how long the best conditions 
are maintained. 

In preparing the red sand experimentally, I took a specimen of old red sandstone 
from Dartmouth as a model of what to aim at. This was the reddest that could be 
easily found there. It was broken down into sand with little loss of the iron 
colouring matter and some of the grains mounted in balsam. These were viewed 
with a lens or low power microscope and served as a standard for the depth of 
colour. They were for the most part just red, rather than yellow, by transmitted 
light. Some sand, sifted so as to pass a sieve of 30 to the inch and to be stopped 
by a sieve of 60 to the inch was cleaned of all iron "with hydrochloric acid, washed 
and dried, so as to start fair. 100 g. was taken and it was drenched wdth 20 c.c. 
of chalybeate water which was about as much as it could absorb. It was allowed 
to dry under the 'infra-red lamp’ and then drenched again, and so on, until about 
21, of the chalybeate water had been added. At this point it was found that a few 
grains of the sand, mounted in balsam and examined xmder a lens by transmitted 
light, had about the same average depth of colour as the grain from the natuial 
red sandstone. The quantity of chalybeate water required for this (20 c.c./g. of 
sand), though in accordance with the above calculation, was much more than I had 
originally imagined, but, after all, it should have been obvious that if we are to 
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imitate the natural sandstone of about the same grain size we must add enough 
iron to bring the iron content of the whole up to the same value. 

When the individual grain viewed by transmitted light had been brought up to 
somewhat the same depth of yellow or red coloration as the grains of the natural 
red sandstone, then the aggregate viewed by reflected or diffused light agreed 
closely with it in general appearance. To verify this satisfactorily it is necessary 
to view the two side by side under similar conditions. I have found that the natural 
red sandstone under some conditions of lighting had an appearance very different 
from the mental idealization I had formed of it, and it may be well to put others 
on their guard on this point. 

It was found, comparatively late in the investigation, that the individual red 
grains, mounted as usual in balsam, can be far better examined by dark ground 
illumination than by ordinary transmission. No special apparatus is required 
except a black central stop of 10 mm. diameter over the condenser of the micro¬ 
scope. A f in. power is suitable. Narrow streaks and patches of intense blood 
red colour are then seen in the individual grains. The appearance is characteristic 
and striking, and the colour and its peculiar distribution are exactly comparable 
in the natural old red sandstone and in the artificial imitation. These may be 
mounted so as to be viewed at one coup d’ceil under the microscope with a partition 
across the field of view. They were shown in this way when the present paper was 
read, and the comparison of natural and artificial was, I believe, found convincing. 
Unfortunately this mode of illumination does not give enough light for screen 
projection before an audience. 

The grains of yellow or brown sandstone, whether natural or artificial, examined 
under dark ground fllumination show the same distribution of colotirmg matter 
as the red. It is obvious that this distribution is due to the holes and crevices 
in the grains, which afford a lodgement for the ferrugineous colouring matter, 
whether in nature or in the laboratory. 

It may, I think, be claimed that the imitation of natural red sandstone is com¬ 
pletely suoc^ful. 

It will be asked, what is the chemical nature of the yellow precipitate which 
forms when air is bubbled into chalybeate water, and wherein does the red skin 
which forms on a surface differ from it? 

It is to be noticed that no materials are present except iron, distilled water, and 
carbon dioxide, so that there is comparatively little room for chemical complicatioi^. 
Further, on dissolving the precipitate or the red skin in hydrochloric acid, and 
testing with ferricyanide, no blue precipitate is obtained. Ferrous compounds 
may therefore be ruled out. The red and yellow products dissolve in acid without 
effervescence, so that there is no qu^tion of carbonates. Moreover, no such 
substance as ferric carbonate is known to exist. There appear, therefore, to be no 
possibilities left except the various ferric hydrates and it remains to find the 1(^ 
of w^eight on ignition in order to determine the percentage of combined water. 
The materials have been ground up fine in an agate mortar, and left standing over 
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sulphuric acid, for many hours in a high vacuum. Drying by heat was avoided, 
because it was not desired to go into the question of the possible loss of combined 
water in this operation. Some doubts were expressed at the reading of the present 
paper as to whether &ee water was effectually got rid of. Personally I do not share 
these doubts. The production of a high vacuum is conclusive evidence. Anyone 
with experience of evacuating X-ray tubes and the like knows the futility of 
attempting it until every trace of water is gone. 

Treating the yellow precipitate obtained by blowing air through artificial 
chalybeate water in this way, the following determinations were made: 

percentage loss on ignition mean 

19-0, 21-6, 18*9 19-8 

For comparison with the above, some of the precipitate from the natural chaly¬ 
beate water at Aydon Dene near Corbridge, Northumberland was examined in the 
same way. 

percentage loss on ignition 22-7, 19*3, 21*0 

mean 21*0 

in fair agreement with the results for the artificial preparation. 

The red skin formed on the surface of undisturbed chalybeate water was ground 
to a fine powder in an agate mortar, and dried in vacuo as in the previous case. 

specimen number percentage loss on ignition mean 

1 17*2 17*2 

2 17-8, 18*0, 17*3 17*7 

These values are lower than those obtained for the yellow precipitated material, 
though the difference is scarcely large enough for it to be possible to build very 
much upon it. 

With regard to the red material, obtained as above by evaporation of chalybeate 
water on the surface of a glass flask internally heated, since the chalybeate water 
never boiled on reaching the glass surface, it may be concluded that the evapora¬ 
tion occurred at a temperature less than 100° C. 

About 20 mg. of the product were placed in a small platinum basin weighing 
less than 2 g., and dried m vacuo. The loss of weight on ignition was determined, 
using a delicate assay balance. It was found in various experiments to have the 
following values: 

specimen number percentage loss on ignition mean 

1 11-5, 12-4, 13-4 12-4 

2 14-1, 15-3 14-7 

These values are decidedly lower than those obtained with the ground-up red skin, 
a result which may perhaps be attributed to the partial dehydration resulting from 
the process of drying off by heat on the rotating bulb. In this method of preparing 
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the material, heating cannot well be avoided, since without it the process would 
be too slow. 

It may be mentioned for comparison that the composition Fe 2032 H 20 corre¬ 
sponds to 18-4 % water, and Fe 203 H 20 to 10*1 % water. The determinations of 
combined water were carefuUy carried out. The results, though fairly concordant 
for a given specimen, show considerable variation from one specimen to another. 
The conditions of drying on the surface of the rotating bulb could not be held 
rigidly constant, nor were the conditions of temperature well defined, since the 
heated surface of the bulb was in the open. There was, however, no ebullition when 
the drops feU on the bulb, and the temperature is believed to have been well below 
the boiling point. Upon the whole the statement seems justified that the red 
material is somewhat, though not necessarily very much, less hydrated than the 
yellow. It is at any rate very far indeed from being anhydrous. 

The present work, it is hoped, shows clearly enough that chalybeate water can 
provide either yellow or red sandstone according to circumstances. If the chaly¬ 
beate water is churned up with air, it deposits yellow ochre, which will coat the 
surface of any solid, such as leaves, twigs, solid rocks or sand grams. This is the 
origin of yeUow sandstone. 

If the chalybeate water evaporates from its own undisturbed surface or on a wet 
glass surface, or on a wet sand grain, it leaves a film yellow in small thicknesses 
and red in greater ones. In this way red sandstone can be produced. Contrary 
to what has often been supposed, the red material, like the yellow, is hydrated, 
and to a comparable extent. This is the origin of red sandstone, which has nothing 
to do with the action of heat as, for example, in the baking of yellow clay into 
bricks. AU this seems to be well supported by the experiments described. 

Why red sandstones should be characteristic of particular geological epochs, 
and yellow ones of others, is a question which I do not attempt to answer. I have 
limited myself to showing how they can be produced now, using materials which 
<x>mmonly occur at the earth’s surface under ordinary temperature conditions. 
It is hoped that this will be a contribution to the subject, and may lead to further 
progress in answering the mysterious questions which the geology of red sandstones 
presents to us. 

Appendix 

Further ^periments on the formation of red iron oxide at ordinary temperature 

It was natural to try the use of dry ferrous carbonate instead of chalybeate 
water (which is a solution of ferrous carbonate), the more so that pseudomorphs 
of haematite after ferrous carbonate are known to occur. Ferrous carbonate occurs 
as chalybite and also under a somewhat different form as spathic iron ore, but these 
substances do not show any visible signs of oxidation when finely powdered and 
heated in air to 100*^ C for 24 hr. They were therefore left out of account in further 
experimenting, though without prejudice to the question of what might occur in 
very long periods. 
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On the other hand, freshly precipitated moist ferrous carbonate oxidizes quickly 
in the air at ordinary temperature, giving yellow or brown ferric hydrate, just as 
chalybeate water does when exposed or allowed to dry in an open vessel. 

Ferrous carbonate may, however, be precipitated in the absence of air, and dried 
m vacuo over sulphuric acid. It then oxidizes in air at about 50° 0 (and possibly 
also at room temperature) to a red hydrated oxide. 
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The probability of encounters between gas molecules 

By Lewis F. Richaedson, F.R.S. 

{Received 25 June 1945) 

Two iinuKiial measure of tiie occurrence of binary, ternary, ... encounters are given, each 
by an appropriate line of reasoning. Both indicate deviations from the law of Guldberg and 
VTaage at high densities. 

First, the close analogy between ga^es and emulsions, which was established by the experi¬ 
ments of Perrin, is brought into relation with experiments by W. S. Gosset on the distribution 
of the square cells of a haemacytometer as to the number of particles which they contain. 
This analogy indicates that, in a cubic centimetre containing n molecules, the number of 
simuUdneously existiim encounters of 2 or 3 or 4 molecules in a bunch will re^ectively be 

where is a constant of the order of IQ-®* cm.®. 

Secondly, the problem is re-examined by a statistical argument after the manner of 
Bernoulli and Poisson, and various improvements are inserted. If there are molecules 
of one species and of another in a cubic centimetre then, during 1 sec. of the observer’s 
time, the aggregate duration of binetry encounters between unlike molecules, all of diameter 
= 3 X lO"^ cm., is found to be 


n^n^Q exp {—0*79(«3^+W2) i?}, 

■^’iiere Q = (oJ{l - (n^ 4- n^) «7«2-4}, 

and is of the order of 7 x 10-®^ cm,^. 

To specify a binary encounter it does not suffice to say that two molecules must meet; for 
one must also say that an enormous number of other molecules must keep away from the 
li^ir. The latter requirement, although obvious when mentioned, and well known in statis¬ 
tical theory, appears to have escaped notice in previous theories of collisions in a gas. The 
exponential factors in the above formulae express the probability that the extraneous 
molecules will keep away. 

The treatment emphasizes those statistical proprieties, but otherwise proceeds by easy 
approximations; so that the better determination of o), for particular reactions, is left to 
experiment. 
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TMs is a variation on W. S. Gosset’s theme concerning the haemacytometer ( 1907 ). 
In the haemacytometer a thin, layer of emulsion, of uniform thickness, lies on a 
glass plate ruled into many small equal squares. Gosset (alias ^Student’) counted 
the number of squares which contained respectively 0, 1, 2, 3, r, particles and 
found it to be 

(1) 

where N is the whole number of squares and jji is the average number of particles 
in a square. The formula is Poisson’s law of rare statistical events. 

To apply these ideas to a gas, let a vessel in the form of a centimetre cube be sub¬ 
divided in imagination by planes parallel to its walls so as to cut it into a large number 
of cubical cells each of volume The vessel thus becomes a three-dimensional 
analogue of the haemacytometer. Let the vessel contain n molecules, and, for 
simpKcity, let each of these be regarded as a sphere of diameter 

O'=3x10“® cm. ( 2 ) 

It is essential to the theory that should be chosen judiciously, neither too small 
nor too large. There must be room in a cell for the pair, or triplet, of molecules that 
are to take part in the chemical reaction. Yet, when they are together inside a cell, 
they must be so close together that conditions for chemical reaction are favourable. 
In other words it is proposed to regard the simultaneous presence of the reagent 
molecules inside the cell as constituting an encounter. Opinions will differ as to the 
proper size of the cell. But, for the purpose of estimating orders of magnitude, take 
the edge of the cube to be twice the molecular diameter, so that 

(i)^ = 8cr^ = 2-16 X 10“^^ cm.®. (3) 

In view of the close similarity between emulsions and gases, made manifest by 
the work of Perrin, some readers may be willing to jump directly by analogy from 
Gosset’s observations to the assertion that the number of cells which each contain 
T molecules, and no more, is given by Poisson’s law ( 1 ), in which N, being the total 
number of cells, is 

N = IM, (4) 

and pL, being the average number of molecules per ceU, is 

ft = (5) 

With these substitutions, the number of cells w^hich each contain just r molecules is 

( 6 ) 

That is to say cells are empty, ne~^^ cells each contain a solitary molecule, 

cells each contain a binary encounter, cells each contain a 
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ternairy encounter, and so on. One must not, however, continue much farther, lest 
the cell should become choked with molecules. A correction for the gradual filling 
of the cell is made in the second theory. The customary measure of encounters is the 
number that begin during a second. A different measure has now been obtained, 
namely, the number that simultaneously exist. Provided that each encounter has 
a finite duration, the present measure is quite as intelligible as the customary one. 

In particular, it follows from (6) that 

Ternary encoimters existing _ n(j)i 
Binary encounters existing 3 

At is.T.p. it is well known that 

% = 2-7xl0i®cm.-^ 

In those circumstances, it follows from (3) and (8) that — 0*002. That is merely 
a rough estimate of the order of magnitude; but it resembles Bodenstein’s estimate, 
namely, 0*001, obtained by a different theory quoted by Hinshelwood (1940, p. 142). 
Ternary encounters will be reconsidered in a later section. 

The number of binary encounters existing simultaneously in a cubic centimetre 
is In this the factor is weU known, and is in accordance with the law 

of Guldberg and Waage. But the factor may be novel, and represents a devia¬ 
tion from that law. The effect on bimolecular chemical reactions cannot be stated 
clearly until a mixture of molecular species is considered. But, as a preliminary, it 
may be noted that increases less rapidly than and attains a maximum at 

= 2; that is to say, when there are, on the average, two molecules in a cell. 

The theory which has just been stated is an easy approach to the subject, but is 
not convenient for further developments, chiefly because cubical cells do not fit 
neatly round spherical molecules. So let us break off here, abandon and make a 
fresh beginning from first principles. 

Secokd theory 

Poisson’s law of rare statistical events is derived from the assumption that there 
are very many occasions and, at each, an almost zero probability of the event oc¬ 
curring. There is nothing in the deduction of Poisson’s law (e.g. Sheppard 1929; or 
Aitken 1942) to say whether the occasions are many in space, many in time, or many 
in each of them. In the first theory about 10^^ cubical cells were considered at the same 
instant. Ifow consider one cell throughout a long interval of time, which can, if 
desired, be supposed to consist of many successive occasions. An advantage of this 
change in procedure is that a single cell may be made of a shape to fit a molecule; 
for the cell need not be fitted to any neighbouring cells. 

Jeans (1916, p. 371), when making an estimate of the duration ofabinary collision, 
considered that: ^For an average molecule the effective diameter will be about 
3 X lO”® cms. (see p. 341), so that this may be supposed to be the distance apart of 
the centres of the two molecules at their closest approach. The force between them 


( 7 ) 

( 8 ) 
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may, taking an average value, be supposed to fall off as the eighth power of the 
distance, and so will, at a distance of 3’5 x 10“® cms., be equal to ’291 times that at 
the distance of closest approach. The acute stage of the collisions may then, for a 
rough calculation, be supposed to extend from a distance 3*5 x IQ-® eras, to a distance 
3 X 10-® cms.’ In order to reason clearly it is desirable to imagine that individual 
molecules can somehow be marked, named, and followed. Thus let A^, Ci, ... 
be centres of particular molecules of the first species, and ^4,... be centres of 

particular molecules of the second species. Let the single cell now be the space 
between two spheres having their common centre at Aj^ and the radii 3 x 10”® and 
3-5 X 10“® cm. chosen by Jeans. This cell, alias shell, surrounds a particular molecule 
and wanders everywhere’with it. The volume of the cell is 

2*460*® = 6*65 X 10~®®cm.® = o), say. (9) 

t 

That is smaller than the volume of the cell of the first theory. In fact 

0 ) = 0*3086>i. (10) 

There are inevitably differences of opinion here. Two ways out of the ambiguity 
will be suggested in the final section. 

Let the measure of the probability of an event be the fraction of the observer’s 
time during which the event occurs. In that sense the probability that the molecular 
centre A^ is inside the spherical shell may reasonably be taken to be the ratio of the 
volume <i) of the shell to the whole volume, available to molecular centres, in the 
vessel. At low densities the whole available volume is practically 1 cm,®. But the 
first theory showed a factor which becomes interesting at high densities. It is there¬ 
fore desirable in this second theory to attend to the restriction of the available free 
space. The number of molecules, each a sphere of diameter cr, which could go into 
the vessel if they were closely packed would be 2^cr”® (W. L. Bragg 1933, pp. 144-5). 
Therefore 

l-(%4-%)cr®2-“^ (11) 

is a reasonable measure of the whole volume available to molecular centres; for this 
expression is valid if the vessel is either quite empty or quite full, and is graduated 
between these extremes in a common-sense manner. If greater accuracy were 
.required, it Could probably be obtained from experiments on compression (Bridg¬ 
man 1931, pp, 107-14). The probability that A^ is in the cell is therefore 


l-{%+W2)a'®2“l' 


When A2 is in the spherical shell there is less room ia it for any other molecular centre. 
Brom the diagram, which shows the mean position of A2 in the shell, it is plain that 
the excluded volume is on the average about that cut from the shell by a cone of 
semivertical angle 55°, This excludes a fraction 


J(l-cos55°)== 0-213 


(13) 
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of the shell, and so leaves a volume, available for the centre jB of a third molecule, 
equal to 0*787<y. The probability that B will be in the shell is accordingly, by ( 12 ), 
0’79i2; and the probability that B will be outside the shell is 

l~0‘79i3. (14) 

Next assume that the events 

inside’ and ^B outside’," G outside’, outside’,... are statistically indepen¬ 
dent, alias uncorrelated. ( 15 ) 



Jeans ( 1916 , pp. 56-7) commented on the difficulty that his predecessors had ex¬ 
perienced in the search for a strict dynamical proof of the absence of a different 
correlation in a gas. No proof of (15) will be attempted here. But (15) is a common- 
sense notion derived from practical experience in mixing powders, emulsions, or 
solutions. Here (15) is taken as part of the specification of an abstract chaos. It seems 
very likely that a gas closely resembles a chaos of that specification; but the final 
decision must be left to experiment. 

There are % -j- Wg — 2 molecular centres which must be kept out of the cell, in order 
that the encounter may be binary. The probability that they will all keep out is 

(1 — 0 ' 79 i 3 )^i-^^ 2 ~ 2 ^ Qj. practically (1 — 0 * 79 *Q)%+^ 2 . (16) 
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This is the requirement, and the factor, which has been ignored.in standard treatises 
on gases, and to which therefore attention is now particularly directed. Unless the 
molecules are very nearly close-packed, the quantity Q is so near to zero that, with 
excellent approximation, 

(1~0*79 jQ)^3+^2 = exp{— 

So this factor corresponds, apart from improvements, to the factor e-^^i in the first 
theory. 

Thus, the probability that the molecule whose centre is is in encounter with the 

molecule whose centre is A 2 , and that all other molecules are keeping away is 

Q exp {—0*7 9(% -j- n^) (IB) 


Probability is here reckoned as a fraction of the observer’s time. 

But there are pairs like A^ and ^ 2 - been specified that there are 

only two molecules in the bunch, the presence of any one of these pairs excludes 

the presence of all the other pairs. The aggregate time of occurrence of them all is 
therefore the sum of the aggregate times for each separately. That is to say, the 
aggregate duration of binary encounters between unspecified molecules in a cubic 


centimetre is 


®3:p { — 0*79(% + ^ 2 )-^} 


(19) 


during 1 sec. of the observer’s time. This last aggregate duration (19) can far exceed 
the observer’s time, and is thus not a probability; but aggregate duration shares with 
probability the property of combining by addition when the events are mutually 
exclusive. 

Expression (19) resembles which the first theory gave for the number 

of coexisting binary encounters in a cm.^, but with the following modifications: 
(i) replaces J(% -f- because \n\ and ^n\, which would appear in the formulae 
for encounters between molecules of like species, are being ignored; (ii) w, based on 
Jeans’s opinion, replaces the preliminary (iii) the 0*79 represents the filling up 
of the cell; and (iv) the replacement of by represents the filling up of the vessel. 

If allowance be made for such modifications, it appears that: 


The number of coeodsting binary encounters is equal to the aggregate duration 
of all the binary encounters during 1 sec, of the observer's time, ( 20 ) 


{[Note inserted 18 July 1945.] The italicized statement ( 20 ) is the main 
connexion between Theories I and n. But its purport becomes clearer when we 
temporarily ignore both these theories and instead proceed thus. In any vessel, 
let a? be the number of binary encounters co-existing at the instant t, and let g be 
the aggregate duration of aU the binary encounters during the interval 0 <^< 1 . 
Then, in any sufficiently brief time-element St, the aggregate duration of aU the 
binary encounters approximates to 00 8t, So 



( 20 A) 
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This ( 20 A) is a strict result, not in the least qualified by probability. To pass from 
( 20 A) to ( 20 ), we need only assume that, because of the chaos, x is practically 
constant in time. For then ( 20 A) becomes g = which is ( 20 ). Having finished 
this explanation, let us now return to Theory II.) 

As the density tends to zero, Q tends to a constant o, and exp{—0*79(w-i-l“ Tig)*©} 
tends to unity, leaving in (19) only The factor which represents the devia¬ 

tions, at high densities, jfiom the law of Guldberg and Waage as to binary collisions 
is therefore, from (19) and (12), 

l-(% + ?i 2 )^^'^ exp ^ ^ or32-^| 


= F{n^+n^), say. 


( 21 ) 


The numerical values of F{n-^ - 1 - are shown below as a function of the ratio of the 
total density to the density at n.t.p. The numerical data are (T = 3 x 10"^ cm., 
(j) = 6*66 X 10 “^^ cm.®, as before; together with %+% = 2*7 x 10 ^® cm."® at n.t.p. 


density as ratio to that at 10"^ 1 10 10® 10® 

F{n^+n^) 0-9999 - 0-9991 0-991 0-908 0-110 

At low densities one may expect agreement with the classical theory. But, because 
the measure of encounters is different, the comparison is somewhat indirect. Jeans 
{ 1916 , p. 37) gives for the number of binary collisions per cm.® and per second 

7r7iV®c2"^,. (22) 


where c is the mean velocity, equal to 0-921 of the root-mean-square velocity ( 7 . 
The average.duration of a single encounter equals the ratio of the aggregate duration 
of all encounters to the number of such encounters. So from ( 22 ) and from (19) at 
low densities, 

fA j X- r ' X ^ 1 - 661 x 10 -® 

{Average duration of an encounter} = ^ 2 ^ 252 ^^ ”- 3 - 

because, by (9), o = 2-46cr®cm.®. 

The purpose of Jeans in the passage already quoted was to estimate the duration 
of a collision; and he continued with the following words: 

‘If the molecules had initially a relative velocity F, this acute part of 
the collision may be supposed described with an average relative 
velocity ^F, and so we obtain for the time of the half-collision about 
lO-^jV seconds.’ (24) 

The expressions (23) and (24) are of the same order of magnitude, so that rough 
agreement is verified. But it is noticeable that the connexion has to be made to one 
of the seldom mentioned and least definite results of the classical theory. 

It is also noteworthy that the aggregate duration of all binary encounters does not 
depend on the temperature nor on the molecular mass, whereas the average duration 
of a single binary encounter varies with both of them. 

At high densities the effect of the factor i? exp {- 0 - 79 (%-fW 2 )i 3 } in (19) wiU 
presumably be to make the rate of bimolecular chemical reaction fall below that 
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which would be expected from the law of Guldberg and Waage. Effects, more or less 
of that sort have been observed, and have puzzled observers; for Hinshelwood 
( 1940 , p. 28) mentioned ^...the uncertainty whether a second-order reaction is 
really bimolecular, or whether it may prove at higher pressures to become of the 

first order and so reveal itself as essentially unimolecular_’ Possibly the present 

theory may explain some of those effects as quite proper to genuinely bimolecular 
reactions. But the phenomena may be complicated by activation, by the walls of 
the vessel, by impurities in the gas, by delayed actions, by intermediate products, 
and by chain reactions, so that I had better leave any application of the present 
theory to be made by those who are in close contact with the experiments. There is 
also the complication caused by ternary collisions at high densities. For the error 
in the customary theories is their inclusion, in the binary class, of encounters that 
involve more than two molecules. Yet these may, perhaps, have the same chemical 
effect as binary encounters. 

Ternary encounters 

A simple theory by Bodenstein (Hinshelwood 1940 , p. 142) has already been 
mentioned. Elaborate investigations have been published by W. Steiner ( 1932 ) 
and by R. H. Fowler ( 1936 , pp. 691-5). The last two are in many respects far more 
thorough than the present note. Yet none of those three publications alludes to the 
probability that the extraneous molecules will stay away. So there is something 
more to be said. 

The number of ternary encounters existing simultaneously in a cm.® was estimated 
by the first theory to be of the order of 

\n^(ji)\e~'^^^. (25) 

KTow make a revised estimate. There are several different varieties of ternary 
encounter. The expression (25) includes them all. But for chemical purposes it may 
be more suitable to select those in which a molecule of the first species encounters 
two molecules of the second species, and to ignore all the other ternary encounters. 
Even in the selected group there are two varieties. For definiteness select 

The variety in which a molecule of one species is in encounter with two 
molecules of a different species, and these like molecules are in en¬ 
counter with each other. (26) 

The centre Bg of fbe third molecule is thus restricted to, lie in a ring cut from the 
spherical shell. In the diagram, and Bg shown in their mean positions, and 
the cross-section of the ring is shaded. The volume of the ring was fotmd graphically 
by Pappus’s theorem to be 

0-0676>. (27) 

The probability that lies m the shell is Q as before. When A^ is in the shell, the 
probability that Bg is in the ring is 0*067i2. That completes the required bunch of 
three molecules. But we have also to consider the probability that an extraneous 

28-2 
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molecule may have its centre, C say, in the vacant part of the shell. In the diagram 
the cones of exclusion connected with A 2 and B 2 appear in section as radii; that for 
A 2 is drawn with full lines, that for B 2 with broken lines. The cones overlap; the 
angle between their axes being, in the mean position, 50*^ + 6° + 6^ = 60°. The frac¬ 
tion of the spherical shell, left available for any other molecular centre C, is evidently, 
from (13), more than 1-2x0*213 and less than 1-0*213. After some spherical 
trigonometry the. correct fraction was found to be 0*652, in the mean positions of 
A 2 and The rest of the argument is similar to that already set out for binary 
encounters. The result is that, in a cm.® and during 1 sec. of the observer’s time, the 
aggregate duration of ternary encounters belonging to the variety (26) is 

0*067^3® exp {—0*65(%+ 712 ) (28) 

For comparison with (25) it is useful to note that \n^n\ is a term in the expansion of 

For another variety of ternary encounter in which the two like molecules do not 
encounter each other, the calculation of the excluded volumes would be more 
compHcat^. 

Similar arguments could presumably be extended to four or five molecules in a 
bunch, but with increasing complication. 


Criticisms Am> possible impbovemeots 

The main objection to both the foregoing theories is that their standard volumes, 

and w, are not well defined. They are known within a factor of three, but not 
to 10 %. Indeed, has already been abandoned in favour of (o. That objection 
should not be directed against the foregoing second theory, nor against Jeans’s 
estimate of the duration of a collision, but against the concept of encounter itself; 
for the concept is somewhat vague. It attains definiteness only when the encounters 
are imagmed to be instantaneous collisions between hard bodies; but no one believes 
that molecules are reaUy like that. 

A possible improvement would begin by subdividing the concept of encounter. 
Instead of saying that two molecules were in encounter, one could say that the 
distance apart of their centres lay between r and rThe vague volume co would 
thus be replaced by 4 :7rr^dr, The foregoing arguments about probability would apply 
to the thin spherical shell. There would be an opportunity to replace the rough 
exclusion factor 0*79 by the correct function of r, and to allow for the effect of mole¬ 
cular attraction in increasing the average number of molecules in the shell, after 
the manner of Boltzmann (Jeans 1916 , p. 83). When all that had been written in 
detail, it might be so elaborate that chemists would not read it. 

Another, and probably more generally acceptable, way of escape from the vague¬ 
ness of 0 , is to regard to as an empirical constant which may perhaps be determined 
by experiment for particular substances.. 
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{{Note added 2 August 1945.] Theories I and II both assume that the distribution 
of the molecules is statistically steady. Any chemical process is a departure from 
steadiness. So we must expect that Theories I and II will describe slow reactions, 
but not explosions. 

The present paper, taken as a whole, calls for some revision of "the classical 
theory of collisions. The classical accurate theory necessitates finding the velocity 
distribution; so that, to lighten the burden, unnatural simplifications have 
sometimes been made elsewhere. For example Chapman and Cowling, in their 
standard treatise (1939), devoted a chapter to Enskog’s theory of dense gases; but 
for simplicity Enskog assumed (p. 273) collisions to be instantaneous, so that 
multiple encounters were negligible. In so doing he ignored the main problem to 
which the present paper ofiers a solution. It is remarkable that Theories I and 
II arrive at results without any need to specify the velocity distribution. The 
absence of that, classical complication sets the mind free to consider other 
probabilities.) 


References 

Aitken, A. C. 1942 Statistical mathematics, 2nd ed. Edinburgh: Oliver and Boyd. 

Bragg, W. L. 1933 The CTystalliue state, 1. London: Bell and Sons. 

Bridgman, P. W. 1931 The physics of high pressure. London: Bell and Sons. 

Chapman, S. & Cowling, T.G. 1939 The mathsrnMical theory of ri^-uriiformgases. Cambridge: 
University Press. 

Fowler, R. H. 1936 Statistical mechanics, 2nd ed. Cambridge: University Press. 

Cosset, W. S. (alias ‘Student’) 1907 Biometrika, 5, 351. 

Hinshelwood, C. N. 1940 The kinetics of chemical change. Oxford: Clarendon Press. 

Jeans, J. H. 1916 The dynamical theory of gases, 2nd ed. Cambridge: University Press. 
Sheppard, W. F. 1929 Encyc. Brit. 14th ed. 18, 636. 

Steiner, W. 1932 Z. phys. Chem. 15, 249—273. 



On the conservation of momentum 

By E. A. Milne, E.R.S. 

{Received 22 August 1945) 

1. Scope of the paper. The present paper is a continuation of an earlier sequence 
in these Proceedings, entitled ‘The inverse square law of gravitation, I, II and III’ 
{Milne 1936 , 1937 c), which itself was connected with another sequence entitled 
‘EJnematics, dynamics and the scale of time, I, II and III’ (Milne 1937 a, 6 ). In 
the latter sequence the relations between ^-dynamics and T-dynamics were obtained. 
In the former sequence a formula for the gravitational potential energy of two 
particles was isolated which was Lorentz-invariant for transformations from any 
one fundamental observer in the expanding substratum to any other fundamental 
observer; and the corresponding equations of motion in i-measure were obtained. 
In the present paper I obtain relations which correspond to the integrals of linear 
and angular momentum in the many-body problem of classical gravitational theory. 

I conclude that Einstein’s form of the conservation of linear momentum in special 
relativity holds good in the universe at large only in the case of a coUinear set of 
particles moving along their line of coUinearity, and I give the modification of the 
law of conservation which should hold good in other cases. 

2 . Nature of the solution. A fundamental step in the solution of the many-feody 
problem in classical gravitational theory is the isolation of the integrals of linear and 
angular momentum. Either these can be written down at sight, on the basis of an 

• assumed principle of conservation of momentum, or they can be deduced from the 
equations of motion. In kinematic relativity, where laws of nature are not assumed 
and where they take ^ unfamiliar forms, it would be contrary to the spirit of the 
subject to assume forms for the principles of the conservation of momentum, and 
one is driven to attempt to deduce the integrals in question from the kinematically 
derived equations of motion. In the classical case, the essence of the step involved 
in obtaining these integrals is the use of an identity satisfied,by the gravitational 
potential, by means of which an integrable combination of the equations of motion 
is obtained from which the gravitational potential is absent. In one of my earlier 
papers already cited (Gravitation, II, p. 12 ) I gave an identity satisfied by Xt 
gravitational potential in kinematic relativity which I stated should be capable of 
yielding a relation corresponding to the usual integral of angular momentum; but 
no identity was given which would correspond to the integral of linear momentum. 
The identity requisite for this purpose I give in this paper. 

3. Difficulties in the concept of momentum. Before proceeding, some difficulties 
in the concept of linear momentum may be noticed.* In general relativity, it is 
usually stated that the vanishing of the divergence of 

* Siirdlair dififieuities occur in the concept of angular momentum, but for simplicity the 
arguments given here refer explicitly to linear momentum. 

[ 432 ] 
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is equivalent to the conservation laws of dynamics (Eddington 1923 , p. 115). The 
identities satisfied do in fetct correspond to the conservation laws of dynamics in 
the sense in which they are apphed to the transport of energy and momentum in a 
fluid. But they are not helpful in suggesting the form taken by the conservation 
laws in the case of a set of discrete par^icZe 5 ;*and, in fact, little progress has been made, 
in general relativity, with the solution of the problem of even two gravitating 
particles (Eddington 1923 , p. 95). 

In special relativity, Einstein’s expression mv/( 1 —v^/c^)^ for the linear momentum 
of a particle of rest-mass m, moving with velocity v, leads us to expect that for any 
system of interacting particles, the vector sum 


m^Vi ^ ^2^2 


+ ... 


( 1 ) 


will be conserved. This is unambiguous when, for example, the only interactions 
take the form of collisions, between which the velocities of the separate particles 
remain constant] for then, provided one remains inside an interval bounded by two 
consecutive collisions, it is immaterial at what instant one evaluates the velocity 
of each particle. But if the interaction is continuous, as in the case of gravitating 
or electrically interacting particles, the velocities to be assigned to the various 
particles in evaluating the total momentum depend on the epochs at which these 
velocities are evaluated; for the velocity of each particle is continuously altering in 
time. Some convention as to simultaneity is accordingly required before a statement 
of the conservation of momentum can have a meaning: it is necessary to state a 
convention fixing the instants at which the separate terms of ( 1 ) are to be evaluated. 
But events which are simultaneous for one observer, on any particular convention, 
wiU not necessarily be simultaneous for another observer, on the same convention. 
Accordingly ( 1 ) cannot be expected to be conserved, in the many-body gravitational 
problem, without further precision of the meaning of the evaluation of each term. 
I shall show that in kinematic relativity, when the r-measure of time is employed, 
expression ( 1 ) is conserved for all fundamental observers (who have, of course, in 
r-measure a world-wide simultaneity) provided it relates to a collinear set of particles, 
i.e. to a set for which the accelerations are parallel to the velocities; but when the 
accelerations are not parallel to the velocities, expression ( 1 ) is not conserved; and 
I shall obtain its rate of change. I shall, however, in the first place conduct the 
investigation iu i-measure, as ^-measure is the more fundamental. 

4., Equations of motion in t-measure. The equations of motion, in ^-measure, of 
a gravitatiug^set of particles of masses are derived in kinematic 

relativity from a gravitational potential x, defined by 

where, for example, = 

Zi = «f-Pf/c2, X^ = tl-Pl|c^ Zi2 = M2-Pi-P2/c"= 


and 
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Pg,... being tlie position vectors of the particles ... with reference to any 

fundamental observer 0 (a member of the substratruiL) at the epochs ^ 2 ? • • • 
reckoned from the natural zero of time, and M being the mass of the equivalent 
homogeneous universe (Gravitation, II,p. 7). With this definition of the equations 
of motion of the particle are 



• (Pi- 2 rj Y\di^ aPi’ 


(3) 

(3') 


Here ^l = l-Vf/c^ Z\1XJ^. 

Vi is the velocity of the particle relative to the observer 0. Equation (S') is a 
consequence of (3) in virtue of the identity 




‘‘3(, 


m 

Equation (3') is, of course, the time-component corresponding to the three-vector 
equation (3). In (3) and (S'), represents the mass of the moving particle 
and the left-hand side of (3) represents the rate of change of its momentum relative 
to the arbitrary observer 0 ; the first term on the right-hand side represents the puU 
of the substratum, in ^-measure; the second term on the right represents the effect 
of change of mass with velocity. 

For each particle of the system there is a similar pair of equations of motion. This 
system of equations does not become defionite until relations are imposed connecting 
- j ^hh one another. I originally stated that the set of equations was to be 
solved with the simultaneity convention 


h^h— ••• — 

but it was pointed out by Schild ( 1944 ) that this would not yield Lorentz-invariant 
orbits. In my applications, as recognized by Schild, no errors were actually com¬ 
mitted, for in the application to two particles I took the origin 0 at one of the 
particles, and since then X 12 depends explicitly only on can be used as an 
independent variable without needing any simultaneity convention. It has recently 
been pointed out by Camm ( 1945 ) that the only possible simultaneity convention 
yielding Lorentz-invariant orbits is 

Xi = X 2 = ... = (4) 

This has the further merit, as pointed out by Whitrow ( 1945 ), that it corresponds 
in r-measure to the convention 


= 


(4') 
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which is consistent with the absolute simultaneity which is characteristic of the 
substratum when described in r-measure. I therefore adopt Camm’s convention 
(4) in connexion with the set of equations (3), (3'). 

But the relations between the solutions of the set (3), (3') which correspond to the 
classical integrals of linear and angular momentum will be found to be independent 
of any simultaneity convention. A simultaneity convention is needed only when one 
integrates these relations. It was pointed out by Camm that a similar independence 
of simultaneity convention holds with respect to the energy integral of the system, 
though in this case the independence holds even for the operation of integration. 
In all cases, of course, a simultaneity convention is needed when we come to interpret 
the integrals numerically. 

5. The fundamental identity corresponding to the integral of linear momentum. 
One looks now for a vector combination of the set of equations of motion of the type 
(30 which is independent of x- this purpose a vector identity satisfied by 
each Xfiv is needed. 

Consider the space and time derivatives of Xi 2 - direct differentiation 

^Xl2 _ ^ 1^2 ^Xl2 _ ^ 1 ^ 2 ^-^ 2 ('^ 1 ^ 2 “"“^ 12 ^i) 

aPi M ’ Cdt^ ~ M * 

Combination of these gives 


^ ^Xi 2 


Pi8Xi2_ ^i^ 2 -3:2^1 .. p p^ 

dt^ M ^ ^ 


Interchanging the suffixes 1 and 2, we have 


X ^Xi2 ^2 ^Xi2 rn-jn^ ^ 2 ^^ 


(^ 2 ^ 1 “"^! ^ 2 )' 


The right-hand sides being antisymmetrical in the suf&xes 1 and 2, we have, on 
addition, 

nv_ 1-'-ov-- /7V-* 

= 0 . (5) 


— / Pi 3^12 f 

^3Pl dt^ 


^Xl 2 ^2 ^Xl2 


3Po 


dt^ 


A similar identity is satisfied by each Xfiv* It will be found that these are the desired 
identities. 

♦ 

6 . The relation corresponding to the prinaiple of linear nurmenium. Multiplying 
(3) by t-y and (3') by — Pi/c, and adding together similar multiples of each pair of 
the set, it is seen that in virtue of identities (6) the gravitational potential is 
e limin ated, and one is left with the three-vector relation 





+ 






Vjii—Pi 1 d 

7\ 



( 6 ) 


where the summation is extended to all suffixes 1,2, 
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Each, member ofthe summation is readily simplified. We have, since = Vj, 


f ±(±\-A 


and since dX^dti — 2Zj^, we have 




Hence the typical term in the summation (6) is 




The integrating factor of the [...] is 




i.e. 

Hence the summation (6) may be written 




7, Physical recognition. Relation (7) is readily recognized as the differential 
form of the integral of linear momentum in ^-measure. It will be transformed 
rigorously to r-measure in a moment, but to see its physical meaning in a simple 
way we write it down restricting attention to distances | P | small compared with 
ci, the radius of the universe, and to velocities | V. j small compared with c. Then, 
approximately, , . p, 

But Vi—Pi/^i is the velocity of relative to the fundamental observer past whom 
is instantaneously passing; for PJt^ is the expansion velocity of the substratum 
at Hence —is the absolute velocity v^, in r-mea^e, relative to the 
substratum, which of course in r-measure is relatively stationary. Also since the 
clock regraduation formula from f-time to r-time is 

dt dr 


t^djdti tQd[dr-^. Thus the approximate form of (7) in r-measure is 

i7mi ^ = 0. 

^ dr ^ 
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This relation has been derived without imposing a specification of a simultaneity 
convention. If now (4) be imposed in its r-form (4'), then 


dr 


which integrates to 


= const. 


(3) 


This is sufficient to identify the exact relation (7) as the counterpart in ^-dynamics 
of the integral of linear momentum in classical dynamics. 


8. Angular momentum. Before going further we obtain the similar relation which 
corresponds to the integral of angular momentum. The necessary identity, easily 
verified, is 



Multiplying (3) vectorially by P^, and adding n similar equations, we find 


n 1 




(PiaV,)- 


PiaVi 1 d 
ri Yidtj^ 



= 0 , 


the summation as before being extended to suffixes 1,2, This may be written 


E 


n 




As before, 



and the ^integrating factor’ of the [...] is again Xf Hence 


or 




d 

71 dt 


Xrrii 


kXj d 
7f dti 



The approximate form of (10) iu r-measure is 


( 10 ) 


^»wi^{niAVi) = 0, 

where /Zj = %Pilh is the r-measure of the radius vector. With simultaneity con¬ 
vention (4'), this integrates to 

EnZi (n,AVi) = const., (11) 


which is sufficient to identify (10) as the relation in ^-dynamics corresponding to the 
integral of angular momentum in classical dynamics. For a single particle in the 
vicinity of a massive nucleus (Keplerian problem), (10) gives 


mi(PiA Vi) oc 
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winch is the usual secular increase of angular momentum found previously (Gravita¬ 
tion, III, p. 32 ). 

9 . It is to be noted that both ( 7 ) and (10) consist of the sum of a number of 
functions of the separate epochs, positions and velocities of the separate particles 

independent of whatever simultaneity convention connecting 
^1,^2, ...5is imposed in solving the equations of motion. The actual numerical 
values to be assigned to the separate terms of each summation, during the motion, 
depend of course on the simultaneity convention adopted, but the form of the 
relationship is independent of the convention. The existence of relationships of 
this Mnd is a deep-lying property of the ^-d3mamics, and it may be considered as the 
ultimate reason for the recognition of conservation laws in the universe at large.' 
It would be of great interest to investigate whether similar relations can be deduced 
for a number of interacting charged particles, using the rational electrodynamics 
developed previously (Milne 1938, 1943). 

10. Momentum as a six-vector. In passing it wiU be noted that 

In* n ) 

is a six-vector, or antisymmetrical tensor of rank 2, formed out of the four-vectors 
(Pi,c^i) and (Vi/Tl, c/T|). Since ZJTl is an invariant, 

(Yib-h 

\ Zi * Zi I 

is also a six-vector. It follows that the linear and angular momentum of a set of 
particles, on a suitable simultaneity convention, together constitute a six-vector 
in j^-measure. 

11. Transformation to T-measure. Now transform ( 7 ) and (10) to r-measure, 
without the limitation to small velocities, but retaining the limitation to distances 
small compared with the radius of the universe. The reason for retaming this second 
limitation is that then the h3rperbolic space of r-measure may be considered as 
sensibly Euclidean. 

When all observers’ clocks are regraduated from t to r, where 

T = ^0 log ^o> 
the corresponding transformation of co-ordinates is 

t = t,e(^-mco 8 h I n IK, i p l/c = toe(^-^o)/^osmh [ H jK 
(Scale of time, II, p. 177 ). Also the metric dcr of the public hyperbolic space used 
instead of the ^-observers’ private Euclidean spaces is given by 

T^dt = ds = 


The transformation gives also 


and 


Z 1 dXi dr ( v^W 

^ Yi dt ” 6-^^lkd<r ~~da^V oV 
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For I n I we have P = (tjto) 11, 


whence 
and so 


dt tQ di dr’ 

Vf-P V«-P an 
Z ~ t ~ dr 


These relations are sufficient to transform (7), and hence 


or 




dTi 


( 12 ) 


This is the relation in r-measnre corresponding to the integral of linear momentum 
in classical mechanics. It should hold for unrestricted velocities. Similarly, the 
T-relation corresponding to the integral of angular momentum in classical mechanics 
is found to be, from (10), 

/ v?\“^ d 

These are to be interpreted with the simultaneity convention (4'). 


12 . Comparison 2 Mth special relativity. It is well known that if a; is a scalar vari¬ 


able, then 


dr V “I _ dvjir 

-(i ” (1 ~ ’ 


(H) 


Consequently for a set of coUinear particles in motion along their hne of collinearity, 
(12) integrates at once to the form 


m^Vi 


(i-«* 


= const. 


(15) 


This is Einstem’s special relativity form of the conservation of linear momentum, 
ahreakiy discussed in § 3. 

But when v is a vector variable, then 


d r V “I dy/dr v v.dv/dr 
^L(l-vWj - (l-v7c2)i'''^(l-vVc*)* 

dyjdr _ 1 —y^dyjdT+(v.dy/dT)v 
“(l-v8 /c2)*‘''ca (l-®2 /c2)* 

_ dy/dr , 1 {dy/dr Ky)Ay 
“(l-vVc®)*'*’^ (l-v2 /c®)* ■ 

—- ^ 

Hence, in general, if the vector linear momentum L be defined by the left-hand 

side of (1), relation (12) yields 


dL 1 ^ {dyjdr KyfjAy-^ 


(16) 
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This shows that L is constant only when each acceleration dvjdr is parallel to the 
corresponding velocity which, as before stated, will only occur for a coUinear 
set of particles in motion along their line of coUinearity. 

Similarly, if one defines the angular momentum H by 


H = 


HiAVi 


(17) 


then (13) gives 


^ _ i r«, TT . (dVi/dTAVi)AVi 

dT~c^ ^ ^ (l-v|)/c®)t • 


(18) 


It may be concluded, on the basis of the present formulation of dynamics, that 
linear and angular momentum for a gravitationally interacting set of particles, as 
these momenta are defined in special relativity, are not in general conserved. * 
Further, since the right-hand sides of (16) and (18) are not complete differential 
coefiBcients, it is not possible to redefine linear or angular momentum in such a way 
as to make them conserved. 


18. Alternative derivation. An alternative procedure is to begin with the approxi¬ 
mate form of the gravitational equations of motion in r-measure, and obtain the 
relations corresponding to the classical integrals directly. It has been shown 
(Gravitation, III, p. 29) that in r-measure the approximate gravitational equations 
are of the form ^ 

dx . . . 

(l-vf/c2)t~ 

X being expressed in r-measure. Since Xi 2 is a function of | —1121, we have 

^Xl2 _ ^Xl2 

3112’ ^ 

and hence addition of the complete set of equations as they stand elimiaates x a-nd 
yields just (12). This method of proceeding fails, however, to yield the exact relation 
(7) holding in i-measure. 

14. It may perhaps be objected that (19) must be wrong, because it is not of the 
form that would be expected from Einstein’s special relativity dynamics: it might 
have b^n expected that ^ ^ 


m-t 


( 21 ) 


^dri(l-v|/c2)^ 

But there is no justification for this expectation, other than the supposition that the 
left-hand side ought to be of the form of the derivative of the momentum as defined 
by Emstein. The form (19), on the other hand, emerges as the result of a long train 
of argument, beginning in i-measure, and not depending on any preconceived form 
of the equations of motion. Most certainly (19) was not dmved by any teleological 
train of argument having Einstein’s special relativity dynamics, or something akin 
to it, as an ultimate destination. It may be pointed out that both (19) and (21), each 
taken with the other nxembers of its set, possess the energy integral 




(l-vf/c2)i 


+ X = const., 


( 22 ) 
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in spite of their difference of form; so that it cannot be objected to (19) that it is not 
compatible with the equivalence of mass and energy. 

15. General inference. The general inference from this investigation is that doubt 
must be cast on the world-wide vahdity of the conservation of linear momentum, 
in Einstein’s form, for unrestricted velocities. It is seen to be always approximately 
true for small velocities; and it is exactly true for all velocities for a set of collinear 
particles in motion along their line of coUinearity. But in general there appears to 
be no exact integral of hnear or angular momentum, although there exist non- 
integrable relationships corresponding to them. It is strong evidence for the correct¬ 
ness of these relationships that they have a form which arises directly from the 
equations of motion, without imposing at that stage a simultaneity convention. 

If surprise is felt at the non-existence of a general principle of conservation of 
momentum, it may be pointed out that the only justification for beheving in such a 
conservation law is the law of equahty of action and reaction combined with a 
particular form of the equations of motion. The identities that have been used in 
the ^-dynamics are the nearest approach to a statement of Newton’s third law that 
is possible on the i-dynamics. But even if Newton’s third law is accepted, the con¬ 
servation of linear momentum does not follow unless the equations of motion take 
the form that ‘force’ equals ‘rate of change of momentum’. The question then 
arises, how is momentum to be defined? In special relativity mechanics, - momen¬ 
tum’ and ‘mass’ constitute the four-vector 


mv 


^{l-v2/c2)i’ 


me 

(1 —v^/c^)^ 



and mass is not a four-scalar. Hence the so-caUed momentum mv/(l - v^/c^)! cannot 
be dissected as the product of a four-scalar and a three-vector; from the point of 
view of Lorentz transformations, it is indissoluble, and therefore can scarcely be 
regarded as the natural generalization of the classical expression for momentum. 
But in the i-dynamics, mass is a scalar, and momentum is truly the product of 
a scalar into a four-vector representing the velocity, namely (V/Tl, cjY^). When 
one transforms this to r-measure, the counterpart of the rate of change of hnear 
momentum, namely, 1 dV VI 


comes out to be 


d 


m 


(1 _ v2/c2)i^TL(l - V®/C*)*(l - V®/C*)i 


]• 


and the equation of mption turns out to be the equahty of this to the external force 
But when # is associated with a potential, it has been shovm in earher papers 
that a term must be subtracted from ^ arising from the change of mass with velocity 
before arriving at the gradient of the potential, according to the relation 

^ " (1 - v2/c2)^[_(l _ v*/ca)ij ' 
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(Scale of time, III, p. 539). The equation of motion 

1 d my __ 
(1 — v^/c^)^ dr I — y^jc^ 


then reduces to 


mdyjdx __ dx 

(r=v^"““’OT’ 


in accordance with (19), but in disaccord with the conventional equation (21). The 
force # cannot be asserted to obey or not to obey the law of equality of action and 
reaction until it is given an explicit form, and in the case of gravitational forces it 
is then the potentiaf gradient dxl^H which obeys this law. The weight of the train 
of deduction behind (19) is much more substantial than that behind (21). 

It must foither be pointed out that (21), the conventional form, suffers from a 
confusion of the two time scales, whilst (19) has an unambiguous meaning. Starting 
with equivalent fundamental observers whose mutual transformations of co¬ 
ordinates are of Lorentz type and’who are using ^-measure, one is led to a Lorentz- 
invariant dynamics of unfamiliar form, which reduces, however, to something very 
close to classical dynamics, and indeed very close to special relativity dynamics, 
on transforming the scale of time from ttor. But (21) uses both r-time and Lorentz 
transformations together. In the description of the universe in r-measure, the funda¬ 
mental observers 0 are relatively stationary, and these alone are equivalent to each 
other: another observer moving with uniform velocity relative to them in r-measure 
is not ^equivalent’ to them, and the transformations connecting such an observer’s 
measures with the measures of fundamental observers will not be expected to be of 
Lorentz type.' Thus, once it is seen that (21) employs r-time and r-measure, the 
arguments for the equation of motion being of that form fall to the ground. I hope 
to give the non-Lorentz transformations in question in a future paper. 
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Kinetics of the base-catalysed bromination 
of diethyl malonate 

By E. E. Beul, F.R.S., D. H. Eveeett and H. C. Longtjet-Higgins 
Physical Chemistry Laboratory, Oxford 

{Received 24 September 1945) 


The kinetics of the bromination of diethyl malonate have been investigated m aqueous 
solution at 25°. Under suitable conditions the rate of bromination is independent of the 
bromine concentration, and is determined by the rate at which the ester loses a proton to 
basic ions or molecules in the solution. Measurements in buffer solutions were used to obtain 
values for the catalytic constants of ten basic species. There is no detectable catalysis by 
acids, a slight increase in velocity in strongly acid solutions being traceable to hydrolysis of 
the ester group. 

The catalytic constants of six basic anions are related to the dissociation constants of the 
corresponding acids by an expression of the type due to Bronsted. The ions OH”, H 2 BO 3 
and OBr” do not conform to this relation, and reasons for these discrepancies are discxissed. 
In its general kinetic behaviour the bromination of diethyl malonate conforms to the regu¬ 
larities previoTisly shown to exist in the ionization of substituted ketones (BeU 1943 ). 


Introduction 

This work represents an extension of previous measurements (Bell & lidwell 1940) 
on the base-catalysed prototropy of substituted ketones. No previous kinetic work 
has been reported on the halogenation of diethyl, malonate, though West (1924) 
has investigated^the bromination of malonic acid in aqueous solution. He found that 
the rate of introduction of the first bromine atom was independent of the bromine 
concentration, but that the subsequent bromination of monobromomalonic acid 
was of the first order with respect to halogen. 

Preliminary experiments showed that the iodination of diethyl malonate in 
aqueous solution is a reversible reaction going only partly to completion, but that 
bromine reacts quantitatively to give ethyl dibromomalonate. The extent of 
bromination at any instant.can be determined by removing the excess of bromine 
with aUyl alcohol, and then adding potassium iodide, which reacts with the dibronio- 
ester to give iodine. The rate of bromination was found to be unaffected by a five¬ 
fold variation in the bromine concentration, provided that this exceeded about 
0-01M. All the experiments described below were carried out with bromine con¬ 
centrations of about 0-03 m. The reactions were strictly of the first order with respect 
to the ester, so that it can be assumed that diethyl monobromomalonate is bromin- 
ated much more rapidly than the original ester. Hence the rates observed under 
conditions of basic catalysis represent the rates of ionization of a methylene hydrogen 
from the ester (cf. BeU 1941, p. 135). 
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Expeeimental 

Materials, Commercial diethyl malonate was fractionated in vacuo, and the 
fraction boiling at 70-71°/5 mm. was used. Acetic, monochloracetic and glycoUic 
acids were pure commercial specimens, as were the salts used. Trimethylacetic acid 
was prepared from pinacol hydrate as described in t)rganic Syntheses (Collective 
voL l,p, 512). The final product had b.p.79°/20 mm., m.p. 34°. Buffer solutions were 
made by adding sodium hydroxide solution (free from carbonate and standardized 
against constant boiling hydrochloric acid) to a solution of acid which had been 
directly standardized against the sodium hydroxide solution. 

Measurement of reaction velocity 

All measurements were made at 25 ± 0 - 01 °. In carrying out an experiment, 2 c.c. of 
buffer solution 0-002-0-003 m in ester were added to each of ten small glass-stoppered 
tubes in the thermostat. After 10 min. 1 c.c. of 0-1 m bromine in 0*1 m potassium 
bromide solution was added to each tube, using the type of automatic pipette 
previously described (Bell, LidweU & Vaughan-Jackson 1936 ). After suitable 
periods the reaction was stopped by adding two drops of 10 % aUyl alcohol solution 
to successive tubes. 

Some difficulty was experienced in finding the right conditions for the accurate 
estimation of the dibromoester formed. The reaction between dibromoester and 
potassium iodide is always slow, and is slightly reversible under some conditions. 
It proceeds to completion in strongly acid solution, but under these conditions there 
is considerable atmospheric oxidation in the time necessary for reaction (^1 hr.). 
The procedure finally adopted was to add (immediately after the aUyl alcohol) 
1 c.c. of molar 1:1 acetate buffer and a few crystals of potassium iodide. The iodine 
liberated was titrated with x /100 sodium thiosulphate (micro-burette), three suc¬ 
cessive titrations being carried out on each sample at 30 min, intervals, and the sum 
of the titres taken. The last titre never exceeded 0*02 c.c., and atmospheric oxidation 
was negligible. It was not foimd advisable to follow more than about two-thirds of 
each reaction, since beyond this point solid dibromoester separated out on the walls 
of the tube and reacted very slowly with the potassium iodide. 

The titre a corresponding to complete reaction was calculated from the known 
ester concentration. For each reaction mixture logiQ(a—rr) was plotted against t^ 
X being the titre at time t. This plot was invariably a straight Hue, showing that the 
reaction is of the first order with respect to ester. The velocities v in the following 
tables represent the slopes of these plots, the time being expressed in minutes. In 
the earlier measurements of BeU & LidweU ( 1940 ) the velocities were expressed as 
the rate of disappearance of halogen in moles per litre per minute, referred to a 
ketone concentration of one mole per litre. Since each molecule of ester reacts with 
two molecules of bromine, the present values of v can be converted to the earlier 
Tuiits by multiplying by the factor 2 x 2-303. 
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Results m buffer solutioks 

The general plan was the same as that adopted by Bell & Lidwell (1940), i.e. in 
each series of experiments the anion concentration was varied at constant buffer 
ratio, the total ionic strength being kept constant at /^ = 0\1 by the addition of 
sodium chloride or sodium perchlorate. The values of r in the tables represent the 
stoichiometric buffer ratios, and the values of c are the anion concentrations given 
by the amount of sodium hydroxide used in making up the buffer solutions. In 
obtaining c (corr.) the followiag corrections were applied: 

(i) If the value of [H'^] is not negligible compared to the anion concentration, 
c must be increased by an amount [H"^] in order to give c(corr.). In calculating 
[H"*"] the thermodynamic dissociation constant was used, in conjunction with the 
value= 0-8 for the activity coefficients at/^ = 0*1. The sources of the dissociation 
constants are given in table 4, and the value ofis taken from the work of Larsson 
& AdeU (1931} on a variety of carboxylic acids. 

(ii) The anion concentration is reduced slightly by the acid produced during the 
reaction. Each molecule of ester brominated produces two hydrogen ions, and 
approximately the fcst two-thirds of each reaction was followed: hence two-thirds 
of the initial ester concentration was subtracted from c to obtain the true average 
anion concentration. In the glycollate solutions an additional correction was neces¬ 
sary for the production of hydrogen ions in the slow oxidation of the glycollate by 
bromine^ This reaction was studied in separate experiments, and contributed only 
a small correction in the acid buffer solutions used. 

(iii) In the more alkaline buffer solutions the bromine was hydrolysed sufficiently 
to displace the anion concentration to a small extent. This hydrolysis’ takes place 
according to the equation Br2-f-H20^H^4-Br~ -l-HOBr, and the best value for 
the constant/I[H"^] [Br""] [HOBr]/[Br2] at 25° is 5-8 x 10~® (Liebhafsky 1935). In 
computing [Brg] and [Br”] allowance was made for the equOibrium’Bra+Br”^Br2, 
the constant [Brg] [Br”]/[Br3 ] being taken as 0-065 (Jakowkin 1896). A correction 
equal to [HOBr] was then subtracted from the anion concentration, since one 
hydrogen ion is produced for each molecule of hypobromous acid. 

(iv) Experiments m solutions of bromine and bromide {mde infra) showed that 
the hypobromite ion makes a contribution to the velocity of approximately 
z;(OBr”) = 1150[HOBr]2[Br”]/[Br2]. This is negligible in most of the other experi¬ 
ments, but is appreciable in the more alkaline acetate and trimethylacetate 
buffers. For these experiments ^’(OBr~) has been subtracted from v (obs.) to give 
V (corr.). 

An the above correctioirs are small, and it is legitimate to apply them independ¬ 
ently of each other. They were omitted in the earlier work of BeU & Lidwell {1940), 
but their insertion would not materially affect most of the conclusions reached. 
However, the value previously given for hydroxyl-ion catalysis in the bromination 
of a5-dichloracetone and the analogous value reported provisionally for diethyl 
malonate (Bell 1943) must be rejected, as they depend on inaccurate extra- 
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polations in bnffer solutions where the corrections for bromine hydrolysis are 
considerable. 

The data obtained for buffer solutions are given in table 1 . In the case of trimethyl¬ 
acetate, acetate, glycoUate and monochloroacetate buffers the values of v (calc.) are 
obtained from the relation v = 0-00062 -{-^ 5 c, where 0-00062 represents the rate due 
to water catalysis, and is the catalytic constant of the anion. The value 0-00062 
is derived from the results in phosphate buffers, and is conjirmed by the measure¬ 
ments in acid solutions described below. The success of this simple equation in 
acetate buffers of ratios varying from 0-16 to 2-2 demonstrates that there is no 
detectable acid catalysis, and this conclusion is conjSrmed also by the measurements 
in acid solutions. The simple form of the equation also shows that there is no detect¬ 
able catalysis by hydroxyl ions in the buffers in question: this is confirmed by the 
measurements in bromine solutions described in the next section. 

In the phosphate buffers the slope of the plot of v against [HgPOJ] was foimd to 
decrease appreciably as the ratio [H 3 P 04 ]/[H 2 P 04 ] increases. This is because the 
small concentrations of IIPO4 ions present are exerting an appreciable catalytic 
effect, and in fact the data are sufficiently accurate to yield approximate values for 
the catalytic constants of both these phosphate ions. The values of [H3PO4] (corr.) 
and [HgPOJ] (corr.) were calculated from the stoichiometric buffer composition, 
using the value [H"^] [H 2 P 04 ]/[H 3 P 04 ] = 8-71 x 10 ~®*given by Bjerrum & Unmack 
( 1929 ) for = 0-1 at 25®, and applying correction (ii) above. The values of v (calc.) 
in the table are then given in terms of the corrected concentrations by the expression 

10 ^ = 6-2 + 66 [H 2 P 0 r] + 7-2[H2P0;]^/[H3P04], 

In this expression, the first term represents water catalysis and the second term 
catalysisby the ion H 2 PO 4 , with a catalytic constant of 6*6 x 10 “^. The concentration 
ofthe ion HPOr in these solutions is given by [HPOn = (J^c/^^) [H 2 PO 4 ]V[H 3 P 04 ], 
where and are the first and second concentration dissociation constants of 
phosphoric acid. The third term thus represents catalysis by the ion HPO 4 , and 
its catalytic constant is A;(HP 04 ) = 7-2 x Taking Z' = 8-71 x 10 “^, 

= 1*79x10"^ for /i = 0 -l at 25® (Bjerrum & Unmack 1929 ), this gives 
^:(HP 04 ) = 35. The values obtained for the catalytic constants of the two phos¬ 
phate ions are rather sensitive to the values assumed for the dissociation constants 
of phosphoric acid in 0 -lisr salt solutions. They are therefore subject to a much 
greater uncertainty than the values for carboxylate ions: thus jfc(H 2 P 04 ) may well 
be in error by 10 %, and Z?(BP 04 ) by considerably more. 

The experiments with boric acid in an acetate buffer were designed to detect 
catalysis by the borate ion. The results show that the reaction velocity is not 
measurably affected by the addition of boric acid. By using the value for the dissocia¬ 
tion constant of boric acid given by Owen ( 1934 ) it is found that the concentration 
of borate ions in these solutions is approximately times that of boric acid. 
Since the addition of 0-2 m boric acid changes v by less than 1 x 10 ~^, a reasonable 
upper limit for the catalytic constant of the ion H^BOg is 0 - 001/(2 x 10 “®) = 50. 
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Table 1. Mbastjbements et btjeeeb solutions 


Trimethylacetate: fcj = 0'97, r = 1-25 


104 c 


664 

332 

166 

100 


104 c (corr.) 

654 

322 

156 

90 


104 u: 

obs. 

652 

330 

155' 

92 



corr. 

650 

328 

153 

90 



calc. 

641 

318 

157 

93 



Acetate 

: fcj = 0-59 

# 



T 

= 0464 

r = 

0-600 


104 c 

728 

549 

366 

663 498 

332 

166 

104 c (corr.) 

695 

518 

336 

647 482 

316 

150 

104 

448 

339 

224 

396 296 

197 

102 

corr. 

422 

320 

217 

390 290 

191 

96 

calc. 

428 

326 

223 

388 291 

193 

95 


r = 0-99 r = 2-20 


104 c 

728 

549 

366 

183 

663 

498 

332 

166 

104 c (corr.) 

704 

527 

344 

161 

653 

488 

322 

156 

104 q;: obs. 

428 

315 

211 

108 

376 

285 

195 

102 

corr. 

426 

313 

209 

106 

— 

— 

— 

— 

calc. 

421 

318 

210 

102 

391 

294 

196 

98 


GlycoUate: = 9-25 x 10“®, r = 4-96 

10* c 681 513 341 171 

10* c (corr.) 666 603 341 167 

10*«:obs. 65-3 51-6 38-4 22-4 

calc. 67-7 52-7 37-7 21-6 

Monochloroacetate: ij, = 1-90 x 10~*, r = 0-565 

10* c 645 483 321 160 

10* c (corr.) 639 477 316 164 

10* V. obs. 17-8 16-1 12-2 9-4 

oalo. 18-3 15-3 12-2 9-1 

Phosphate: 10*t; (calc.) = 6-2 + 66[HsPOr]-t-7-2[HsP0i']V[HsPO4] 


r = 0-246 r = 0-412 


10*[HjPOr] 680 510 

340 

170 

678 

509 339 

170 

10*[H2P07] (corr.) 682 510 

343 

173 

692 

522 350 

176 

10*[H3P04] (corr.) 166 126 

81 

39 

265 

197 129 

64 

10* f: obs. 12-4 11-0 

9-5 

7-9 

12-1 

10-5 9-2 

7-8 

calc. 12-7 11-0 

9-5 

7-9 

12-1 

10-7 9-2 

7-7 



r = 

0-975 



10*[HsPOr] 

680 

509 

340 

170 


10*[H3POr} (corr.) 

726 

553 

376 

197 


10 *[HsPO 4] (corr.) 

618 

452 

296 

139 


10* y: obs. 

11-6 

10-3 

9*1 

7-8 


calc. 

11-6 

10-3 

9-1 

7-7 


Acetate+boric acid: Mean 

r = 0-32, mean [CH,COO“] = 0-02 


10*[H3B03] 

2430 

1350 

675 0 



10* y (obs.) 

120 

118 

115 117 
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Results m bromine solutions 

It was hoped that these experiments would lead to a value for the catalytic 
constant of the hydroxyl ion. In a solution made by adding bromine to sodium 
hydroxide (which may or may not contain added bromide ion ioitiaUy), the con¬ 
centrations of hydrogen and hydroxyl ions are controlled by the equilibrium 
Br2 4-H20^H‘^ +Br^ + HOBr. Such a solution thus constitutes a kind of triple 
buffer mixture, in whi^ pH can be controlled in the range pH = 5-7 by varying 
the concentrations of Brg, Br” and HOBr. Moreover, the only basic species present 
in these solutions (apart from the hydroxyl ion and the water molecule) is the ion 
OBr~, which by analogy with the borate ion might be expected to make only a small 
contribution to the reaction velocity. Conditions should therefore be specially favour¬ 
able for measuring hydroxyl-ion catalysis. 

In order to minimize the loss of bromine vapour, a different experimental technique 
was used in these measurements. 50 c.c. of reaction mixture was made up in a cylin¬ 
drical reaction vessel about 3 cm. in diameter, and samples for analysis were ejected 
from the bottom of the reaction vessel by pressure. The total oxidizing power of the 
solution was determined at the beginning and at the end of the reaction by adding 
a sample to potassium iodide in an acetate buffer and titrating the iodine liberated. 
(If nothing is lost from the solution these two titres should agree, since every two 
moles of HOBr or Brg are replaced by one mole of CBr2(COOEt)2 haviog the same 
oxidizing power.) Prom this titre, together with the concentrationsofsodiumhydrox- 
ide and sodium bromide used in making up the solution, it was possible to calculate 
the initial concentrations of Brg, Br“ and HOBr, by using the equilibrium constants 
[Big ] = 16[Br ] [Br2], [Br^] = 40[Br""] [BrJ^ (Jakowkin 1896; Jones & Baeckstrom 
1934). The ionic strength of aU solutions was made up to 0 -1 by adding the appropriate 
amounts of sodium chloride or perchlorate. The concentrations of Brg, Br“ and HOBr 
given in table 2 are mean concentrations, corrected for the acid produced in the 
reaction of the ester. It was found necessary to modify the method of estimating the 
amount of dibromoester formed, since a mixture of triple buffer with allyl alcohol 
and acetate buffer was found to liberate iodine slowly from potassium iodide. This 
behaviour is probably due to the presence of small quantities of bromate. To avoid 
this difficulty, samples of reaction mixture were added to weighed tubes containing 
N hydrochloric acid, which effectively stops the reaction and converts any bromate 
into bromine. AUyl alcohol solution was then added, and the titration completed 
in the usual way. 


Table 2. Measurements in bromine solutions 


104[HOBr] 

180 

180 

180 

87 

87 

87 

44 

44 

44 

44 


420 

413 

270 

350 

221 

148 

233 

211 

189 

165 

10^[Br~] 

104 

147 

198 

92 

551 

214 

162 

683 

39 

106 

10® obs. 

109 

156 

264 

29 

202 

107 

20 

72 

7 

11 

calc. 

97 

134 

287 

26 

218 

130 

17 

73 

5 

15 
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The results are given in table 2 . They show rather large erratic variations, which 
may be due to the formation of some bromate in the hypobromite solutions, or to 
the imperfect exclusion of carbon dioxide. However, there are no systematic 
deviations between the observed velocities and those calculated from the equation 

V = 0-00062+ 1150[HOBr]2[Brl/[Br2]. 

The first term represents the water catalysis, and the second is proportional to 
[HOBr]/[H"^], i.e. to [OBr“]. This shows that (contrary to expectation) the hypo¬ 
bromite ion is the chief catalyst in these solutions, which are thus not suitable for 
observing hydroxyl-ion catalysis. It is easily seen that 

[OBrl = ir(HGBr)[HOBr]2[Brl/^;,[BrJ, 

where ^(HOBr) is the thermodynamic dissociation constant of hypobromous acid 
(2-1 X 10”®,Shilov&Gladtchikova i 938 )andZ^^ is thehydrolysis constant ofbromine 
(5-8 X 10 “®, Liebhafsky 1935 ). The catalytic constant of the hypobromite ion is 
therefore given by ifc(OBr“) = 1150x5-8/2-1 = 2-8 x 10 +^. If it is assumed that 
hydroxyl-ion catalysis contributes less than one-sixth of the total velocity in the 
experiments with the lowest concentration of h 3 rpobromous acid, then the upper 
limit for &(OH“) works out at 5 x 10 +^. 


Results m solutions of strong acids 


In very dilute acid solutions the rate of bromination is approximately constant at 
V = 6-2x 10 ”^, agreeing with the value for the water rate derived from the experi¬ 
ments in phosphate buffers. However, when the acid concentration is increased, the 
measured rate increases slowly, reaching v — 7-1 x 10"^ in 0-25 N hydrochloric acid. 
This increase might be interpreted as catalysis by hydrogen ions, but it is first 
necessary to consider the effect of slow hydrolysis of the ester group by the acid. 
The total reaction scheme would be 


diester 

ill 




monoester 

i2| 


ks 


malonic acid 

is! 


dibromodiester-► dibromomonoester-► dibromoacid 

Jc^ Jc^ 


In this scheme K^Qx 10 “*, and the measurements of Skrabal & Mrazek ( 1918 ) 
show that in our present units = 8-9 x 10 “*[H“^], fcg = 4-5 x 10’^[H‘^3. Therefore, 
if [H"*"] > 0 * 01 , the rate of hydrolysis of the diester is not negligible compared with 
its rate of bromination, though the subsequent hydrolysis of the monoester can be 
neglected for any moderate acid concentrations. In order to correct for the first- 
stage hydrolysis it was necessary to make a rough investigation of the bromination 
of monoethyl malonate. This substance can be prepared in solution by the alkaline 
hydrolysis of diethyl malonate, which is much faster than the subsequent alkaline 
hydrolysis of the monoester. One equivalent of sodium hydroxide solution was 
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added to a m/100 solution of the .diester, and the mixture left for 30 min. A slight 
exeess of hydrochloric acid was then added, and the resulting solution used for a 
bromination experiment in the usual way. The results of a typical experiment are 
given in table 3. It will be seen that the dibromomonoester first formed is pro¬ 
gressively converted into some product which does not liberate iodine from potas¬ 
sium iodide. Similar behaviour*has been reported in the bromination of acetoacetic 
ester (Pedersen 1933) and of acetylacetone (Bell & LidweU 1940), and in the present 
instance is probably due to slow decomposition according to the equation 

COOH. CBr^. COOEt-^ CHBrg. COOEt -F COg. 


Table 3. BnoMiisrATioiJJr op monoethyl malonate 

Initial [H"^] = 2-1 x 10“®, initial [ester] = 2*77 x 10""® 

t (min.) 0 1 2J 4 8 16 31 65 93 145 196 308 

10® [dibromoester] 0 6 13 20 30 51 97 123 117 94 62 23 


The course of the change can be satisfactorily represented by two consecutive 

first-order reactions, the formation of dibromoester having x 10“^, 

and its destruction k^ 4 : x 10~^, The reaction scheme must thus be modified to 


diester 

(a) 

dibromodiester - 
{«0 




monoester 

{h) 

iia 

- dibromomonoester - 

m 


^inactive product 


in which a, 6, etc., denote concentrations, and we have approximately 10^= 6-2, 
10^*1 = 8-9[H’^], lO^jg — 50, 10^ w = 40, being unknown. If is the initial con¬ 
centration of the diester, the following expressions give the values of a' and 6' 
after time i: , r 


b' = 10--”^ 10-^V--10-”^ ) 




10-*^-10^) 

^2 “ 


1 

S 


By analogy with the known effects of halogen substitution on the acid hydrolysis 
of simple carboxylic esters, it is probably safe to assume that Jc^ is not greater than 
If this is so, the above expressions show that when [H"^] >0-1, 6' is negligible 
compared with a\ i.e. the observed titres are almost entirely due to dibromodiester. 
These conditions are satisfied by the first four experiments in table 4, In these 
experiments it was therefore possible to derive* a' directly from the titre, and to 
obtain an accurate value for from the slope of the plot of logio{«o- 
against the time. In the last experiment with [H"^] = 0-25, values of 6' were cal- 
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culated from the above expression using the approximate value for and making 
the arbitrary assumption that = h^. These values of 6' were subtracted Jfrom the 
ol)served titres to obtain a\ and evaluated as before. Owing to the arbitrary 
assumption made about this last experiment cannot be given much weight. 
However, the data show clearly that the apparent increase in rate with increasing 
acid concentration can reasonably be accounted for by the complications due to 
hydrolysis, ^and hence that there is no evidence for catalysis of the hromination 
reaction by hydrogen ions. The mean value for agrees well with the value 6-2 x 10“^ 
derived for wat^r catalysis from the measurements in phosphate buffers. 

Table 4. Measueements m acid solutions 


[H+] (initial) 

0-001 

0-01 

0-02 

- 0*05 

0-25 • 

10"0i+Ai) 

6-2 

6-3 

6-5 

6-8 

(7-7) 

lOVi 

6-2 

6-2 

6-3 

6-3 

(5-5) 


Discussion oe results 

The above measurements demonstrate that the rate of hromination of. diethyl 
malonate is determined by the rate at which the methylene group^ loses a proton to 
a basic ion or molecule in the solution. The catalytic constants of the different basic 
species are* collected in table 5, together with the thermodynamic dissociation 
constants corresponding acids. The calculated catalytic constants are 

derived from the equation = 1*05 x There is good agreement 

between observed and calculated values for the anions of the five acids wdth dissocia¬ 
tion constants between 10”^ and lO""®. It is remarkable that this agreement should 
include the primary phosphate ion, since in comparing this ion with carboxylate 
ions a statistical correction of should properly be applied, and is, in fact, necessary 

to obtain agreement in the catalysed decomposition of nitramide (cf. Bell 1941, 
pp. 82-87). No special significance can be attached to the small discrepancies for 
the catalysts HPO4 and HgO, since these differ in charge type from the other catalysts. 
In the case of HgBOJ and OH” the upper limits obtained experimentally for the 
catalytic constants are smaller by several powers of ten than the calculated values. 
It is likely that these discrepancies represent genuine deviations from the simple 
Bronsted relation, which would not be expected to be valid over an unlimited range 
of basic strengths. The hydroxyl ion is commonly much less active as a catalyst than 
would be predicted by extrapolation from other basic anions (cf. BeU 1941, p. 92) 
and a similar negative deviation has been found for catalysis by the phenate ion 
= 1*3 X 10”^®) in the decomposition of nitramide (Tong & Olson 1941). It 
has been pointed out (BeU 1943) that, on account of the association of water in the 
liquid state, the figure 55*5 /jP^ gives an exaggerated view of the basic strength of the 
hydroxyl ion, and an attempt to aUow for the effect of association led to the corrected 
value 0 -lZjEyj as a lower limit for this basic strength. However, in the present 
reaction even this value leads to a calculated catalytic constant for OH” five times 
as great as the upper Umit found experimentaUy. 
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Table 5. SraMAiiY oe catalytic constaots 


catalyst 


Kj^ 

kt (obs.) 

ki (calc.) 

OH“ 

1-8 xl 0 -“ 

(Hamed & Hamer 1933 ) 

< 6 x 10 +® 

3-0 X 10+8 

HgBO” 

5-8 xl0-« 

(Owen 1934 ) 

< 6 x 10+1 

2 - 1 x 10 +® 

OBr“ 

2-1 xl 0 -» 

(ShUov & Giadtchikova 1938 ) 

2 - 8 x 10 +® 

7-9 X 10+® 

HPOr 

6-2 X 10 -® 

(Nims 1933 ) 

3-5 X 10+1 

6-3 X 10+1 

MegC.COO'' 

9-1 xlO-® 

(Dippy 1938 ) 

9-7 X 10-1 

10-0 X 10-1 

CH5C00“ 

1-75 X 10-® 

(Hamed &> Ehlers 1933 ) 

5-9 X 10-1 

. 6 - 0 x 10-1 

CH2OH.COO" 

1-54 X 10-® 

(Nims 1936 ) 

9-3x10-® 

10-7 X 10-® 

CHaCLCOO”* 

1-38 X 10-® 

(Wright 1934 ) 

1-9 X 10-® 

1-9 X 10-® 

HgPOr 

7-52 X 10-® 

(Nims 1934 ) 

6 - 6 x 10 -® 

5-Ox 10-8 

H2O 

55-5 


1-1 X 10-® 

4-4 X 10-8 

On the other hand, the*observed catalytic constant for 

the hypobromite ion is 


considerably greater than the calculated value, though the dissociation constants 
of HOBr and H3BO3 are similar. This probably indicates that the rate-deter min i n g 
step is not (as with other anions) CH2(COOEt)2-i-OBr“^CH{CQOEt)2+HOBr 
followed by rapid bromination of the ester anion. Instead, the hypobromite ion may 
brominate the ester molecule by a single-stage reaction, e.g. 

CH2(COOEt)2 + OBr" -> CHBr(CCX)Et)2 + OH". 

If this is the case the observed velocity in presence of hypobromite ions would not 
be comparable with the values for other anions. 

Malonic ester can be considered as a member of the series of substituted ketones 
whose rates of ionization have previously been investigated (BeU & lidwell 1940; 
BeU 1943). The exponent of the Bronsted relation is a = 0*79, and the rate of 
ionization as previously defined is log^o i? = — 0-46. These values fit well into the 
series between oa-dichloroacetone (a = O*82,logi0i? = — 2-00) and ethyl acetoacetate 
(a = 0-59, logio = -i-1-02). 

One of us (D. H. E.) wishes to acknowledge his indebtedness to the Trustees of the 
Eamsay Memorial Fund for a Fellowship which enabled him to take part in this 
work. 
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An invariant form for the prior probability in- 
estimation problems 

By Haboud Jeffreys, F.R.S. 

{Received 23 November 1945) 

It is shown that a certain differential form depending on the values of the parameters in a 
law of chance is invariant for aU transformations of the parameters when the law is differen¬ 
tiable with regard to aU parameters. For laws containing a location and a scale parameter 
a form with a somewhat restricted type of invariance is foimd even when the law is not 
everywhere differentiable wdth regard to the parameters. This form has the properties 
required to give a general rule for stating the prior probability in a large class of estimation 
problems. 

1. The consistency of induction. The consistency of pure mathematics has never 
been in serious doubt, but work mostly done in the present century has shown that 
a definite proof that pure inathematics is consistent is a matter of considerable 
difficulty. Nevertheless, both the creators and the users of pure mathematics have 
proceeded on the hypothesis that consistency at least cannot be disproved. Suitable 
axioms for the theory of real numbers have been stated, and if those of any extension 
can be formulated in terms of those of real numbers that has been held to be sufficient 
justification. 

The usual attitude towards generalization from experience is quite different. It 
is taken for granted that it is possible, but when it comes to actual application there 
is seldom any attempt to state formal rules, and different workers proceed by methods 
that lead to different conclusions from the same data. Each is sure that there is only 
one right method, but they disagr^ about the fundamental principles. 

The object of my Theory of Probability (1939) is to construct a system whose most 
important properties should be that (1) on the same evidence the probabilities of a 
given set of propositions shall have a unique order, (2) the axioms of the system 
shall not deny any law capable of being stated as a prediction concerning observa¬ 
tions, (3) wdth sufficient observational evidence any such law can be established with 
a probability approaching certainty. Property (1) is the assertion that a consistent 
scheme is possible, but merely making this assertion does not guarantee that a given 
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sclieme is consistent. It does make it possible to derive theorems by equating prob¬ 
abilities found in different ways; and if, in spite of all efforts, probabilities foimd in 
different ways are different it makes it impossible to accept the situation as satis¬ 
factory. A theorem that has been established suffices to establish consistency over 
a large part of the subject, namely, that if and are two alternative hypotheses, 

and ^2 sets of observational data, then the posterior probabilities of q-^ and 
the same prior probabilities, are in the same ratio whether is taken into 
account and then ^>3? orderreversed,orbothallowedforat once. The proof depends 

on supposing that the product rule for probabilities holds for the likelihoods, but 
this has never been questioned. It follows at once from the deJ&nition if the prob¬ 
ability of P2, given same as the probability of alone; 

that is, if the likelihoods are chances.* It is not obviously true in general, but it does 
follow that, if the product rule for probabilities is consistent for likelihoods, no 
inconsistency can arise through the principle of inverse probability. 

The question then arises, can any general rule be laid down for assessing the 
prior probability itself? In existing theory there is a principle that specifies it for 
any quantity such as a standard error, where it might be equally reasonable to 
regard some power of the parameter as fundamental; the only rule that is invariant 
(except for an irrelevant constant) for such changes is the dcr/cr rule. In other cases 
uniform distribution is used in estimation problemsj and various more or less 
satisfactory rules are adopted in significance tests, but no general rule is available, 
and the absence of one makes further extensions difficult. For errors satisfying a 
Pearson law of Type VII, for instance, it is natural to use the dcrjcr rule for the scale 
parameter and uniform distribution for the location parameter, but there is no 
definite rule to say what should be taken for the index—or, to put it in another way, 
what function of the index should be taken to have uniform prior probability 
distribution. 

An attempt to give a general rule will require a new set of conditions. As long as 
each type of problem is treated separately, no problem of consistency arises; the 
prior probability in one type is irrelevant to that in another, and there is no more 
to be said. But it may turn out (1) that no general rule can be used consistently, 
(2) that there may be a choice of several, or that (3) a general rule may be self- 
consistent but contrary to the fundamental principles that we are trying to express 
in our formalism, or (4) conflict with other less fundamental principles that we are 
not prepared to abandon lightly. A satisfactory rule must, in particular, provide 
for the distinction between problems of estimation and significance. 

2. Invariants expressing the difference between two distributions of chance. For 
simplicity take the laws as referring to one variable x\ let the respective chances 
that X is not greater than an assigned value be P, P'. Then consider the integrals 

7l=J(V<^P'-VrfP)^ 72 = Jlogg^7(P'-P), (1) 

* This is used in the proof of Theorem. 9 ( 1939 , p. 24) but has escaped explicit statement. 
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defined in the Stieltjes manner, by taking SP, SP' for the same interral dx, form i ng 
the approximating sums, and letting the intervals of x tend to zero. It is obvious 
from the form of these integrals, since they depend only on the distribution of P, P', 
that they are invariant for all transformations of the parameters in the laws and 
also for all non-singular transformations of x, the range of integration being over the 
range permitted to x. Further, they are both positive definite. They therefore provide 
measures of the discrepancy between the two laws. 

The greatest possible discrepancies between the laws will be when dP' = 0 in 
all ranges where P varies, and conversely. In that case 1 -^ = 2 , and /g is infinite. 
The same extreme values occur if P is continuous as a function of x but P' varies 
only at isolated points. 

These are not the only invariants with similar properties; any integral of the form 

(2) 

would behave similarly; but and are apparently the only ones that are ordinarily 
of the second order in the diJBFerences of the parameters in the laws when these 
differences are small. 

If the range of x is subdivided and p^ = SP^.Pr = ^P^ for the rth interval, and if 
is differentiable with regard to aU parameters in the law, then to the first order 

-V(5P.) = M-^Pr = iP'r-Pr), (3) 

■ oPr Pr 

and to the second order 


' ^ Pr ^ Pr 


(S) 


For laws referring to more than one variable only formal changes are needed. The 
limit taken corresponds to Now if the JJ. law depends on parameters 

(i = 1 to m), and PJ. on 


L = Kmi;’ 








( 6 ) 


where 


^a:r~>0 


(7) 


Hence for small variations of the parameters and therefore have the form of 
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the square of an element of distance in curvilinear co-ordinates. If we transform 
to any other parameters aj, /g ^ unaltered, and 



/a = gjiAa^fAa'i, 

(8) 


, da^doc^ 

(9) 



(10) 

But 

da{...da'^ 

1 



= 1 d<A... doc' 

(11) 

Hence 

{j jp da^da^ ... is invariant. 

(12) 


and if the prior probability density of the parameters is taken as proportional to 
I j [ 1^, the prior probability over any region will be invariant for all ways of choosing 
the parameters. 

It remains to be seen whether such a choice agrees with those that have been used 
hitherto. Take first the normal law of error. Here 


and, exactly, 


' ■ V(27r)(r®^( 




r r 1 r 1 f- 1 f 




_9_r" 2 I (x-a'r ^ 

J _oo >J( 27 r) Aj{<r(r') [ 4 kt'^ 4 

|_ ^(cr/or'+or'/or) 4(o-2+tr'2)|J 


{x—ocY 

4 <r^ 


Writing cr = hsbve 


J. > 2[l-.acht2Ceip (- J ]■ 


when ^ is small. 
Again, 




(cc-a)® (a;—a')*iri 
20-2 2 ct ^1 a ' 


exp - 


(a:-a')®l 1 


--exp - 


{x—a)‘ 


cr'2 0-2 (a-a')2(cr2+(r'2) 

2(r2'^2o-'2’*' • 2a«<r'2 


= 8C= + 


{x-a'f 

O'o 



/ra 


( 17 ) 
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Three cases arise. If a is fixed, = 2 j(r\ and the probability density for cr is 
proportional to 1 Jcr, in agreement with the previous rule. If cr is fixed, is constant 
and the probability density for a is uniform, again in accordance with the previous 
rule. But if a and cr are both to be treated as unknown, the determinant is 2 l(jr^, 

and then P{d<rda \ H) oc dadocla-^ (18) 

instead of the previous form dcrdalcr. The effect on the t distribution would be sub¬ 
stantial, the index being increased by Further, if the same method was applied 
to a joint distribution for several variables about independent true values, an extra 
factor Ijcr would appear for each, and the index in the t distribution for n observa^ 
tions would always be +1) whatever the number of unknowns estimated. These 
consequences are unacceptable. To see what (18) really says, let us suppose first 
that a is known to lie between fixed limits independent of cr, which corresponds 
fairly well to the usual practical case. Then by integration the probability density 
for cr is proportional to 1 jcr^, and there is probability 1 that or is less than any assigned 
positive value. To avoid this we should have to suppose that the range permitted 
to a is proportional to cr. There would be nothing self-contradictory in this, but it is 
not the normal state of affairs in an estimation problem. 

The conclusion to be drawn is that it would be a self-consistent and generally 
applicable procedure to take the prior probability density proportional to. || 
subject to the chances being differentiable functions of the parameters, and there¬ 
fore that under this condition a self-consistent general theory of induction is pos¬ 
sible. It does not, however, cover the whole ground because where it has been seen 
to succeed it gives the estimation prior probability, not one suitable for significance 
tests; and if a scale parameter cr is taken as an unknown, irrelevant to the values 
of the other parameters, a correcting factor is needed. 

Next consider simple sampling. Denote the chance of a success by p = sin^a, 
that of a failure by cos^a. Then for variations of a 


jfi = (sina —sma')^-{-(cQ^a“Cosa')2 = 4sm^ J(a' —a), 
4 = (sin2 of - sin* a) log #= 4(a' - af. 


Then the rule gives, since 0 < a < ^tt. 


■ P{doc\E) = -dcc - ,, ff 


(19) 

( 20 ) 

( 21 ) 


According to the Bayes-Laplace rule the prior probabihty of p should be taken 
uniform. Haldane has suggested 


( 22 ) 


which has the property that the expectation of given the sampling ratio, is equal 
to the sampling ratio. The present rule is intermediate. It is easy to construct models 
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to make any of these correspond to states called ignorance in ordinary language, but 
the present more precise language makes it necessary to distinguish between them. 
For the comparison of two Poisson distributions of the form 

ftn, 

then . — 2 — 

leading to j E) oc dr\^r. 

This conflicts with the rule dr/r previously adopted for the Poisson parameter, and 
would say that r is practically certain to exceed any suggested value. Alternatively, 
in most cases of the Poisson law it would be equally reasonable to take r or 1/r as 
the fundamental parameter; and the d/r\r law is the only one that has the same 
form for both. 

3 . lAmiiatiom of the rule. The requirement that the chances shall be differentiable 
with respect to the parameters is not always satisfied. One case is the rectangular 
distribution. If the laws are that the chance of a measure in a range dx is dxjcc for 
0 <a;<a, or dxjaf ion 0<x< cl\ take ad > a. Then according to the first law dF = 0 
for any interval included in a < a; < a', and is infinite. is still finite; it is, in fact. 



For ad slightly greater than a, is of the first order in a' — a instead of the second. 

Another exceptional case is where the unknown itself is capable of taking only 
discrete values, as in the sampling of a finite poptilation or in the' tramcar ’ problem 
(Jeffreys 1939, P- ^86). Here we cannot even try to differentiate. If the suggested 
numbers of the class are n and n\ then, for a given 71,is finite but takes only a 
discrete set of values; is infinite except for 7d = n. 

4 , On inspection it is seen that most of tb^se anomalies concern laws with a 
common feature; they include one or more parameters with an infinite range of 
possible values, and both for the normal law (with any number of parameters), the 
rectangular law, and the Poisson law the previous solution was quite satisfactory. 
These parameters are dimensional (though the Poisson parameter is itself a number, 
it arises as the product of two dimensional quantities, one of which is the arbitrary 
umt taken as a trial ). Suppose then that a law depends on a location parameter 
A, a scale parameter or of the same dimensions as A, and on a number of numerical 
parameters Examples will be the indices in various Pearson laws and the negative 
binomial. It is just the occurrence of these parameters that lead in practice to a 
doubt about what should be taken as the best way of stating the law; for instance, 
whether any asymmetrical law should be stated with the first moment or the mode 
as location parameter. But different ways of stating the law that would ever be 
considered fall into the type represented by the transformation 

A' = A + crf(ccfj, a' = crg{a^), aj = od^{a^Y 


( 23 ) 
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In practice, again, there is usually some more or less vague information indicating 
that A and a are practically certain to lie within wide hut finite limits. With a trans¬ 
formation of this form the ranges permitted to A' and logcr'/a (where a is any fixed 
quantity of the same dimensions as &), for given a^, will be practically the same as 
for A and log cr/a. Now 

3 (A',or', a{... a'J djX', q-',... a'J 3 (A,(r,... oQ 
0 (A,cr,ai...aJ 


3 {A,<r,ai. 
da'^ 


•a(m) 


= S'K-) 


0a< 


Hence if or is formed for changes of the only, then 

j| = dX'^Utfndcc',, 


( 24 ) 


( 25 ) 


in the sense that the integrals of both quantities over corresponding regions in the 
two cases are equal, and the same constant factor will be needed to make the total 
probability of all possible values equal to unity. Thus the condition of invariance 
for this type of transformation gives again the same type of law for the numerical 
parameters, but permits us to retain the previous form dadorjcr for location and 
scale parameters. 

Most of the difficulty for laws that are not everywhere differentiable with regard 
to some parameter also disappears. It is well known that with some values of the 
indices Pearson Type I laws behave like (aj — c)"* near a terminus, where m maybe 
less than 1, and that m = 1 is a critical value in the fitting of the law to observations. 
If m > 1, the law is differentiable at a: = c, and the imcertainty of an estimate of c 
from the observations is nearly proportional to where n is the number of obser¬ 
vations. If m < 1, the law is not differentiable at a; == c, and the uncertainty decreases 
faster than n-^ (like for the rectangular law). The present device covers both 
cases, if we agree to take the termini in these laws always as A ± cr; for with fixed 
termini is a quadratic for small variations of the indices over the whole range of 
intelligibility of the laws. 

Consequently the form ( 25 ) for the prior probability can be applied consistently 
over most estimation problems where both a scale and a location parameter have to 
be determined. 

The outstanding exception is the case where a parameter can take only discrete 
values. This difficulty does not appear insuperable. Consider, for instance, the 
sampling of a finite population of number n, containing r members with property (j>. 
This is often itself a sample of n derived from a chance x. Then 

P{r I n,x,H) = 

P(rdx 1 nH) = —^^^{i-x)^-’r-idx. 


Vol. i86. A. 
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and by integration P{r \nH) = > 

whicli is finite both for r = 0 and r = If used when the population is not derived 
from a chance x, it will still be satisfactory. 

Applications to determine posterior probabilities have not been developed in the 
present paper, because it is known that, within any limits that anybody would 
ordinarily suggest, changes of the prior probability make little difference to the 
posterior probability in practical cases, and the modifications of existing solutions 
would be easy. The use of the prior probability is to provide a starting-point, and it 
now appears that a consistent rule for it can be stated so as to be applicable to the 
majority of estimation problems. 

Some significance tests based on the use of and when not small have been 
developed, and wdll, it is hoped, be the subject of a further paper. 

5 . Relation to aTid maximum likelihood. Suppose the possible values of the 
variable to be discrete; if the laws are continuous, suppose the values grouped. If 
there are N observations the expectations of the numbers of observations in the rth 
group according to the two laws are Ajp'. Suppose that the set of parameters 

are used as a trial hypothesis, and that the set aj are in fact correct. Let the 
observed number in the rth group be Then 


«y2 NPr)^ 

^ Npr " 

and if JV is large the expectation of where n is the number of groups, is 

APr-Pr? 


( 26 ) 




Pr 


= n-l-hNL. 


( 27 ) 


Again, let a^- be taken as a set of approximate values, put and con¬ 

sider the estimation of Aa^ by maximum likelihood. The function to be made a 
Tna-YinmiTn is 

L = n{p'), ( 28 ) 

r 

the product being over the observed values of x. In the ordinary case the terms 
in Aa^Aa^ in log L wiU be 

The expectation of the coefficient, if the correct values are will be 


( 30 ) 
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by differentiation and then integration by parts, since Jpdcc = 1. Hence 

— is the expectation of the quadratic terms in the logarithm of the 

likelihood, given that the parameters have the value 

6. Joint probabilities for several observations. Let N observed values be derived 
independently from each law; their joint chances will be the products of their 
separate chances, and I^r can be defined as measures of the difference between 
the joint chances. Then 

ly, = S,,.S{4{np'r)-4Wr)?^ ( 31 ) 

n refers to a product over the N values and the summations are over the values 
ofr. Then 

= 2-2ri:(V(i7p;)V(i7p,)) = 2-2(i-i/i)^. ( 32 ) 

Hence ^log (!'— i- 4 iv) independent of N. Also 


4 , = 2:...S(np;-np)iog^^ = i:...zm-npr)nog^^ 

= NIp^log^-NSp^og^^ = NI, 
and Izi/jN is independent of N. 


(33) 
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The mechanism of the hydrogen-oxygen reaction 
IV. The activation energy of the initiating process 

By C. F. Cullis ajstd C. N. Hestshelwood, F.R.S. 

{Received 28 August 1945 ) 

On the basis of the theory disciissed in the preceding parts of this series, a method has been 
devised for determining the temperature coefficient and hence the activation energy of the 
process responsible for starting the chains in the thermal reaction between hydrogen and 
oxygen. The results are consistent with the view that the production of hydrogen atoms (in 
bimolecular collisions between hydrogen and other molecules present) is the principal chain 
initiating reaction at temperatures above 560° C in vessels coated with alkali chlorides. 


Il^TRODtrCTION 

The reaction mechanism suggested in Parts I and 11 (Willhourn & Hinshelwood 
1945) as the most probable for the combination of hydrogen and oxygen above 
560 ° C leads to the following expression for the rate of formation of water in the 
steady state: 

{ l-5k^+2k,[B.^ ] 
d[H ,03 ^ I 

dt 2 IC 2 

ZUMr~k, + klIL2] 

This may be written in the form: whereis the rate of chain initiation and 

jB* is a quantity calculable from data concerning the third explosion limit only, 
without reference to experimental measurements of the rates of reaction below this 
limit. The quantityis, of course, a function both of the concentrations of the 
reacting gases and of the temperature. 

La Part II from the influence of the concentrations of hydrogen and oxygen on the 
rates of reaction at a constant temperature the probable form of/^ was determined. 
This accorded best with the assumption that the dissociation of hydrogen molecules 
in the gas phase is the principal method of chain initiation under the conditions 
employed (potassium chloride-coated vessel: temperature > 560 ° C). 

The object of the present work was to determine the temperature dependence of 
the function /i. Rates of reaction for mixtures containing fixed concentrations of 
the reacting gases have been measured at a series of different temperatures, the 
values of jB* for the same mixtures and at corresponding temperatures being cal¬ 
culated from the appropriate third explosion limit data. By division a series of 
values of fI are obtained from which an activation energy may be calculated. The 
results are found to be in reasonably good agreement with the conclusion that the 
reaction: -f M (where M is any molecule present) is principally respon¬ 

sible for initiating the chains at temperatures between 560 and 600 ° C. 

[ 462 ] 
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ThBOEETIOAL CONSEDEEATIOIirS 

According to theory, assuming that the initiating mechanism consists in the gas- 
phase dissociation of hydrogen molecules, the rate of reaction, r (expressed in mm. 
of Hg per mmute), is given by the expression 

= {[HJ -h ^ [0,] + ^ [Jf]}] R*, 

where is the velocity constant for the initiating reaction and B is merely a factor 
for the conversion of units. 

Now = const. where is the activation energy of the chain-initiation 

process; (the collision number at unit concentration for the collision of hydrogen 

molecules with one another) is proportional to the square root of the absolute 
temperature, and, since the gas mixture is of the same composition and total con¬ 
centration throughout, the quantity in brackets will not vary with temperature. 
It is thus possible to write 

r = const, R* or In = const, - . 

can thus be determined from the slope of a linear plot of the function In 
against the reciprocal of the absolute temperature. 



Experimental methods 

The apparatus was similar to that used by Willboum & Hinshelwood, although a 
somewhat larger silica reaction vessel was employed (9 cm. long, 6*9 cm. in diameter). 
In the first series of experiments the walls of the vessel were thickly coated with 
potassium chloride; in the second series caesium chloride was used. 

Calculation of the fynction JS* 

The experimental determination of the third explosion limi t at temperatures 
where the rate of reaction is measurable over an appreciable range of concentrations 
is a matter of some difiBiculty. The values of the third explosion limi t constants have 
therefore been determined by experiment at a series of somewhat higher temper¬ 
atures and then extrapolated; the use of a fairly large reaction vessel, however, 
reduced the temperature range over which this extrapolation needed to be made. 

The theory of the variation of the third explosion limit with temperature has 
already been discussed (in Part I) by Willbourn & Hinshelwood, who carried out 
pre limin ary measurements with a gas mixture of single composition. 

In the present work, complete curves connecting the third explosion-limit pressure 
(as defined in Part I) with the composition of the gases were obtained at different 
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temperatures and these are shown in figures 1 ^nd 1 (b) together with the corre¬ 
sponding calculated curves. In the comparatively narrow temperature range over 
which measurements could be made, the results were found to be in good agreement 
with the theory. The constant K24 was taken as 150 at 585 ° and the corresponding 
activation energy as 24*6 kcal. The provisional results of Willboum & Hinshelwood 
for the temperature variation of the constant C are now superseded by improved 
values, which give C oc e+i 5 .ooo/i 2 r_ 


(a) Third explosion limit (potassium chloride-coated vessel). 


Curve calculated according to equation: 

A\ Experimental curve at 585° C. 

B. Curve calciilated according to equation: 

B'. Experimental curve at 580° C. 

0. Curve calculated according to equation: 

O'- Experimental curve at 575° C. 

B. Curve calculated according to equation; 

B'. Experimental curve at 572-5° C. 


ISO 

l+0-40po.-pj 


137 

l + 0 - 40 po.-^ 


[HJ+3-0[OJ 


l + 0-40y9o.- 


125-1 

[HJ 


= 1053. 


CH,] + 3-0[OJ ^ 

, „ 119-4 

l.f0-40A)o.-p^ 


(5) Third explosion limit (caesium chloride-coated vessel). 

[HJ + S-OLO^] 


A. Curve calculated according to equation; 

A'- Experimental curve at 606° C. 

B. Curve calculated according to equation: 

B'. Experimental curve at 602° C. * 

C* Curve calculated according to equation: 

O'- Experimental curve at 598° C. 


1 -i- 0-40 /?Qj — 


225 

[HJ 

[HJ-f3-0[OJ 

210 

1 + 0.40,,.-— 
[HJ + 3-OEOJ 


= 1310. 


= 1353. 


1 + 0 - 40 />Oj" 


190 

[HJ 


= 1397. 


f The reaction vessel was recoated with potassium chloride before the 'measurements on 
the rates of reaction were made; after this had been done, it was found that the chain- 
breakiag efficiency of the walls had decreased slightly so that the third explosion limit was 
depressed somewhat below the value corresponding to figure 1 {a). The limit curves were, 
however, of the same form as in the previous determination and the only constant which had 
altered appreciably was G- The values of the latter were found to be: 908 (585°), 949 (580°), 
and 991 (575°); these were used in extrapolating to lower temperatures to determine the value 
of the function B*. 



total pressure (mm.) 
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The substitution of caesium chloride for potassium chloride causes a considerable 
elevation of the third explosion limit, on account presumably of the greater chain- 
breaking efficiency of the former salt; this is shown by an increase in the value of 
the constant C, 

Owing to the ease with which the gases inflamed on m i x ing at the temperatures 
employed with caesium chloride, only relatively small portions of the third explosion 
limit curves could be obtained with this salt. 

Measurement of the rates of reaction 

The rates of reaction were measured for gas mixtures containing various definite 
pressures of hydrogen and oxygen over a range of nearly 20° 0 in presence of both 
potassium chloride and caesium chloride. In a constant-volume system, concentra¬ 
tions cannot be expressed as partial pressures except at a given temperature. Since 
iJ* was to be calculated for mixtures containing fixed concentrations of the reacting 
gases, a small correction was applied to the observed rates to allow for this difference. 
The corrected rates (r') are shown in table 1 together wdth the corresponding calcu¬ 
lated values of the function J?*. 

It will be seen that the greater chain-breaking efficiency of caesium chloride (as 
compared with potassium chloride) manifests itself again here in the depressing 
effect on the rates of reaction. 


Discussion of eestjlts 


Prom the inset tables in figures 2 (a) and 2 (6), in which log 



is plotted 


against 1000/ T, it wiU be seen that the mean values of are approximately 110 and 
92 kcal. for the results obtained with the j>otassium chloride- and caesium chloride- 
coated vessels respectively. The slopes were determined by the method of least 
squares. Having regard to the small temperature range over which measurements 
could be made, these results may be considered to be in good agreement with the 
conclusion that the reaction Hg + ifcf 2H -f ikf is responsible for starting the chains 
at the temperatures employed; the heat of reaction of the latter process (which will 
not differ appreciably from the activation energy) is 101 kcal. 

It was on account of the great importance of the quantity Eq that the original 
determination with the potassium chloride-coated vessel was followed by a similar 
investigation with a caesium chloride-coated vessel, which, it was hoped, would give 
a more accurate value for this activation energy. The latter salt appears to be even 
more efficient than potassium chloride in destroying HOg radicals. The condition 
that the chain-breaking efficiency of the walls approximates to unity is, therefore, 
more closely satisfied in presence of caesium chloride. Under these conditions, the 
assumption made in the derivation of the third explosion limit equation is more 
nearly justified. Prom purely theoretical considerations, therefore, the value of Eq 
as determined in a caesium chloride-coated vessel should be the more reliable. In 
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fact, however, the behaviour of the gases was somewhat erratic when the latter salt 
was used, and the experimental results were decidedly less reproducible than with 
potassium chloride. This is possibly due to the fact that caesium chloride may 
repossess the greater vapour pressure at the temperatures employed, which would 


Table 1 

Note, The gas compositions correspond to constant concentrations equivalent to the pressures 
recorded for the lowest temperatures of the various series. 

(a) Calculated values of and observed values of the rates 
of reaction in presence of potassium chloride 


gas composition 

temp. ° C 

R* r' 

(mm.Hg/min.) 

[Hg] = 250 mm., [Og] = 100 mm. 

560 

8-01 

1-70 


564 

9*42 

2-98 


567 

10-88 

3-87 


570 

12-98 

5-63 


573 

16-67 

9-75 


575 

20-54 

16-72 


578 

33-55 

30-35 

[H 2 ] = 300 mm., [O 2 ] = 100 mm.. 

560 

9-60 

3-00 


564 

11-17 

5-17 


567 

12-77 

6*84 


570 

15-00 

9-88 


573 

18-71 

16-15 


575 

22-45 

26*91 

[Hg] = 350mm., [Og] = 100 mm. 

560 

11-90 

4-80 


564 

13-93 

8-16 


567 

16-01 

11-50 


570 

18-87 

15-90 


573 

23-59 

24-12 


575 

28-32 

43-20 

(6) Calculated values of R* and observed values of the rates 


of reaction in presence of caesium chloride 


[Hg] = 300 mm., [O 2 ] = 100mm. 

578 

5-42 

2-70 


584 

6-65 

4-17 


589 

8-55 

6-42 


592 

10-61 

9-64 


596 

15-79 

17-43 

[H 2 ] = 350mm,, [O 2 ] = 100mm. 

578 

5-83 

3-70 


584 

6-91 

6-16 


589 

8-47 

9-38 


592 

10-01 

13-67 


596 

13-28 

23-11 

[Hg] = 400 mm., [Og] = 100 mm. 

578 

6-48 

5-10 


584 

7-52 

9-53 


589 

8-97 

13-82 


592 

10-37 

18-89 


596 

13-16 

31-34 
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Figubb 2 a 
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increase the extent to which the salt distils over the vessel surface, altering the 
structure and also presumably the chain-breaking efficiency. From the experimental 
point of view, therefore, the value of as determined in a potassium chloride- 
coated vessel must be regarded as the more reliable. 

In conclusion, however, it may be said that the results give general support to 
the conclusion already reached from the dependence of the function on the con¬ 
centrations of the reacting gases, namely, that the gas phase dissociation of hydrogen 
molecules is the principal method of chain initiation under the conditions employed. 
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The mechanism of the hydrogen-oxygen reaction 
V. The reaction in vessels coated with alkali iodides 

By 0 . F. CuLLis AND 0 . N. Bjnshblwood, F.R.S. 

{Received 28 August 1945 ) 

Previous work on the hydrogen-oxygen combination in vessels coated with alkali halides 
showed that with the iodides the temperature dependence of the reaction rate is abnormal. 

In iodide-coated vessels the whole mechanism of the reaction is now shown to be different: 
the greatly reduced rate is independent of [Hgjj proportional to a+5[02] and independent 
of added nitrogen, all in sharp contrast with what is found in chloride-coated vessels. The 
normal reaction is thought to be completely suppressed by minute amounts of iodine liber¬ 
ated into the gas phase, a residual surface reaction being measured. The chemical actions 
which must be assumed to occur between the iodide and the gases provide indirect evidence 
for the probable mode of operation of the other halide salts in controlling the hydrogen- 
oxygen combination. 

Introduction 

In Part III (Willboum & Hinshelwood 1945) it was shown that the temperature 
dependence of the hydrogen-oxygen reaction between the second and third explosion 
limits is much smaller in vessels coated with potassium or caesium iodide than m 
similar vessels coated with the chlorides. It has now been shown that in iodide- 
coated vessels the whole nature of the reaction is radically altered. From the 
investigation of this abnormal reaction inferences may be drawn about the probable 
mode of action of the alkali halides in general. 



470 


C. F. CuUis and C. N. Hinshelwood 


ExPEBIMEKTAIi RESTJLTS 

The experimental results may be stated as follows; 

(1) The second explosion limit. At lower temperatures the value of the limit is 
almost the same as that found in a chloride-coated vessel, but, as the temperature is 
raised, the results become increasingly erratic. They are markedly dependent upon 
the rate of withdrawal of the gases from the reaction vessel, the limit becoming lower 
as this rate is decreased. At high temperatures the lowering of the limit becomes very 
considerable, until finally the low-pressure explosion region is completely wiped out. 

(2) The rate of reaction between the second and third limits, (a) The rate is indepen¬ 
dent of hydrogen pressure even at the highest temperatures at which measurements 
can be made, as shown by some t3?pical results in table 1. 

Table 1. DEPEifBENCE op rate on hydrogen pressure in potassium 
IODIDE-COATED VESSEL AT 570 ° C. OXYGEN PRESSURE 100 MM. 

PaJjaani.) 250 300 350 400 450 500 

rate (mm./min.) 6*4 6*6 6*7 6*5 6*6 6*9 

(6) The rate increases nearly in proportion to the oxygen pressure, being repre¬ 
sented by the expression a + 5[0 J, a and b being constants at a given temperature. 
An example is shown in table 2. 


Table 2. Dependence op rate on oxygen pressure at 570 ° C. 
Hydrogen pressure 300 mm. 

Po,(min.) 

100 
150 
200 
250 
300 

(c) The rate is unaffected by additions of water vapour or of nitrogen (table 3). 

Table 3. Inpluence op nitrogen on rate at 584° C. 

Oxygen 100 mm. : hydrogen 300 mm. 

Pjj, (mm.) 0 50 100 200 

rate (mm./min.) 13*2 13*4 14*0 13*0 

(d) The pressure-time curves do not show the usual autocatalytic effects. 

( 3 ) The third explosion limit. The gases do not explode below 610 ° C, whereas in 
the same vessel coated with potassium chloride the explosion occurred at about 
570 ° C for comparable pressures. At the high temperature in the iodide-coated bulb 


rate (mm./min.) l*6-h0*05Po. 


6*6 

6*6 

9*6 

9*1 

11*6 

11-6 

13*0 

14*1 

16*7 

16*6 
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the explosion seemed to be purely thermal: there was no induction period, and the 
rate just below the limit was very high. Added nitrogen did not lower the limiting 
pressures of the reacting gases. 

Discussion of eesults 

It is quite evident that the normal gas-phase reaction has been almost entirely 
replaced by a reaction of a quite dijBFerent character. This is almost certainly due to 
the liberation of small quantities of iodine by the action of hydrogen on the salt 
and subsequent decomposition and oxidation of hydrogen iodide. Iodine acts as a 
very powerful inhibitor of the gas-phase reaction (Garstang & Hinshelwood 1931 a, 6). 
This view is supported by the observation that after an explosion the condensed 
water was coloured faintly brown. A very minute trace of iodine would be enough 
to explain the effects on the second limit and the suppression of the normal reaction. 
On the other hand, water could continue to be formed by the cyclical formation and 
oxidation of hydrogen iodide (as was shown in the earlier work on the action of 
added iodine). 

A full and detailed theory of the processes occurring in the iodide-coated vessel 
would be extremely complex, involving, inter alia, the rate of diffusion of chain 
carriers or iodine to or from the surface, the reversible formation of hydrogen iodide 
from iodine, and the oxidation of the hydrogen iodide both on the surface and in the 
gas phase. An approximate interpretation can, however, be indicated. Nitrogen has 
little effect on the rate, therefore the overall influence of diffusion on the measured 
rate may be neglected for the purposes of an approximate treatment, and all 
reactions save surface reactions left out of account. The rate is independent of [Hg] 
and nearly proportional to [O2]. This would be most simply accounted for by assuming 
direct attack by oxygen on a surface whose constitution is independent of [H2]. 
If the potassium iodide surface, by the action of hydrogen, became saturated with 
adsorbed hydrogen iodide, then the required condition would be f ulfill ed. The 
formation of potassium hydride and hydrogen iodide in the surface layer is quite 
probable, and the frequency of occurrence of the latter in the mosaic of atoms, ions 
and adsorbed molecules could be nearly independent of hydrogen. The oxidation 
of the hydrogen iodide would lead to the escape of iodine into the gas phase where its 
extraordinarily powerful inhibiting effect would be manifested. 

Although it would be scarcely profitable to work out the full details of the mech¬ 
anism, the general result is of interest in that it supports the view that aU salts exert 
their effects essentially by their ability to enter into definite chemical reactions of 
the following type (cf. Part III): 

KZ + H = K-hHZ, KZ + H = KH4-Z, 

X being a halogen atom. 

Caesium iodide would obviously be expected to behave like potassium iodide. 

With chlorides, hydrogen chloride would be formed though to an extent which, 
in view of the considerations mentioned in Part III, would be diflSicult to predict. 
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It would be less susceptible to oxidation and decomposition, and even if appreciable 
amounts of eblorine escaped into the gas phase, their inhibiting effect would be very 
much less marked (as has been directly shown), since chlorine atoms continue the 
weU-known Nemst chain. This means that chlorine is not an effective remover of 
hydrogen atoms. Thus we can have the inhibiting effect of the salt surface without 
the accompanying effects of powerful chain breakers in the gas phase. 
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The drag of cylinders in fluids at slow speeds 
By C. M. White, Imperial College^ London 
{Communicated by R. Bagnold, F.E.8.—Received 7 April 1945) 


Experiments with wires sideways in viscous fluids are described. At very slow speeds 

the resistance is found to be independent of the density of the fluid when the fluid is finite in 
extent. In such purely viscous motion the boundary distance controls the pattern and 
Reynolds’s number is without significance. At higher ^eeds the resistance becomes indepen¬ 
dent of this distance and a^ees with Lamb’s solution for a cylinder in an infinite fluid. At 
still hi^er s^eds the experiments close the gap between the upper limit of validity of Lamb’s 
approximations and the lower end of the wind-tunnel experimental range. The present ex¬ 
periments include Reynolds’s numbers ranging from lO"® to 10 + 2 ; at low speed the influence 
of distant boundaries is iinexpectedly great, and Lamb’s formula is much more restricted in 
scope than usuaHy thought; when the Reynolds number is 10 -* the presence of boundaries 
500 diameters away multiplies the drag two-fold. 


Notation 

P = drag per unit length of cylinder {MT-^). 
T = Pjd = net weight of cylinder/di {M 
L = length of cylinder {L). 
d = diameter of cylinder ( L). 

D = diameter of container (L). 

V = speed 

= viscosity of fluid 

p = density of fluid (if 

jBj == Re 3 moIds number, pvdj/i. 
iJg == Beynolds number, pvDj/i. 
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Some years ago I noticed that Lamb (1) showed anal 5 rfcicaUy that the drag of a 
cylinder moving laterally in a viscous fluid was 


id __5-46_ 

fiv log 7•4:/iIpvd’ 


( 1 ) 


which seemed to conflict with other examples of fluid motion which all conformed 
with a relation of the type rd 

— = constant (2) 

/IV 


when the Reynolds number was small enough. At zero speed both (1) and (2) are 
of course indistinguishable, but with increasing speed Lamb’s result begins to 
deviate from (2) much sooner than would be expected by comparison with other 
flow problems. 

Accordingly, I experimented with metal wires falling in gylcerine solutions, and 
found that, except at higher speeds, Lamb’s formula applies only in an infinite or 
nearly infinite fluid, and that in any practical case when the fluid is limited by outer 
boundaries there is a very marked deviation from (1). Most of the experimental 
results conformed closely with (2), the value of the constant depending on the 
distance of the outer boundaries. Lamb’s formula seems exact enough numerically, 
but at the slower speeds it applies only when the boundaries are very far away 
indeed; for example, when R == 0-001, boundaries 500 diameters away completely 
determine the drag, and it is not until they are some 10,000 diameters away that 
their influence disappears. 

The first experiments were arranged to see whether (2) ever applied, that is, to see 
whether there was a range of speeds in which the fluid inertia could be neglected. 
According to (1) this is never so, even at the lowest speeds. Eleven wires of various 
diameters were allowed to fall in two different glycerine solutions, the second 2-2 
times as viscous as the first. In this way two terminal speeds for each wire were 
determined under conditions giving Reynolds’s numbers approximately in the 
ratio of 4-7. The same containing jar was used, so maintaining strict geometrical 
similarity in the form of the boundaries, and as the density of the solutions was 
almost identical each wire esgperienced the same drag in both solutions. The results 
are given in table 1. For each wire there are only two variables, viscosity and speed; 
if these are inversely proportional then the coefficient rdj/iv must be strictly in¬ 
dependent of Rr^. The last column but one in table 1 provides good evidence that this 
is so, the ratios of the speeds being almost exactly in inverse ratio with the viscosities. 
In this column, unity represents complete independence of R^: excluding one 
doubtful value, the remaining ten wires average 1-008, which, over the range of 
Reynolds’s numbers from 0*13 to 0*0001, corresponds to a total variation of less 
than 4 % in the resistant coefficient despite the 1300 to 1 change in R^, According to 
(1) the drag should have changed 2*7 times. So the experiment clearly proves that 
at these speeds Lamb’s result is inapplicable even when the fluid extends some 150 
diameters from the wire. Further, it demonstrates the existence of a purely viscous 
regime in accordance with (2). 
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Table L Compabison of terminal speeds of copper wires falling 

IN TWO GLYCERINB SOLUTIONS OF DIFFERENT VISCOSITIES 

Solution A, jij, = 6-0 g.emsolution B, = 13 g.em.-^sec.-i; density, both A and B 
approx. 1*26 g.cm.®. -Containing jar, 5*86 cm. diam., 45 cm. deep. 


Reynolds number 


nominal 
diam. 
of wire 

length 
of wire 

1000 

pvd 

speed A 

viscosity B 


ditto 

calculated 

mm. 

cm. 

solution A 

solution B 

speed B 

viscosity A 


ffom (1) 

1*44 

3 

127*5 

28-2 

2*08 

2*17 

1*04 

1*37 

0*818 

3 

30*7 

6-5 

2*18 

2*17 

0-995 


0*818 

1 

27*1 

5*3 

2*24 

2*26 

1*01 


0*567 

3 

8*8 

1*82 

2*23 

2*17 

0-973 


0*567 

1 

7*4 

1*66 

2*23 

2*26 

l‘0l3 


0*379 

3 

3*5 

0*78 

2-06 

2*17 

1*05 

1*20 

0*379 

1 

3-4 

0*68 

2*21 

2*24 

1*01 


0*286 

3 

1*63 

0*345 

2*18 

2*16 

0*994 


0*286 

1 

1*54 

0-319 

2*17 

2*22 

1*024 


0*190 

3 

0-48? 

0*125 

1*99? 

2*15 

(1*08?) 


0*190 

1 

0*50 

0*105 

2*21 

2*15 

0*972 

1*16 






av. 

1*008 



An earlier attempt to do this failed, and gave the false impression that (1) was 
valid, for instead of varying the Reynolds number by varying the viscosity of the 
fluid, the more obvious way, by using different sizes of wire in the same fluid, was tried. 
A wider range of Reynolds’s number was certainly obtained, but the results gave 
quite a false impression. The change in geometrical proportions (wire diameter/jar 
diameter, wire length/wire diameter) led to changes in the drag coefficient such that 
the Reynolds number seemed to be having just the effect predicted by (1). Luckily 
a fortuitous change in viscosity drew attention to the error. 

The existence of such a regime was also confirmed visually by observing the 
motion. This was done by first dropping a number of heated or dye-covered balls in 
the glycerine. These left vertical hair-like lines behind them. Then a vrire was 
dropped, and the distortion of the field about the slowly moving wire could be seen. 
The flow pattern was quite symmetrical above and below the falling wire, and at 
a rapid glance the wire might just as well have been moving upwards. Such reversi¬ 
bility is only possible when the motion is controlled by viscosity alone or by density 
alone, since the one involves time and the other does not. 

With inertia thus eliminated the only independent variables which can influence 
the value of the resistance coefficient rd^iv are the ratios Ljd and djD. The former is 
conveniently regarded as partly a local end-effect to be eliminated by a correction. 
Its value was found by comparing the terminal speeds of wires of different lengths. 
The results in table 2 show that as the vrire is shortened its terminal speed at first 
rises and then falls again. The quantity Ljv in the fifth column represents the total 
drag of each wire reduced to constant speed. This is plotted in figure 1 against L, 
and the curve extrapolated to L = 0, where Ljv is seen to be 0*43 sec., which pre- 
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siimably represents the drag at unit speed when the whole of the drag is end-effect. 
This is a few per cent greater than the drag of a sphere of the same diameter as the 
wire, a convenient form in which to express the end-correction. The corresponding 
correction is approximately 

<*> 

to be subtracted from the observed value of Tdj/iv, This was used, but only when 
Reynolds’s number was less than unity: when jB > 5 an additive correction was 
used increasing the drag in the ratio (1H- 4-8(?/L). 



FiGtJBE 1 . Influence of length of wire, c? = 0*818 nun. 


Table 2. Effect of length of wire 


Diameter of wire, 0*818 nun.; mass, 0*0463 g./cm.; diameter of jar, 4*8 cm.; 
viscosity, 19*0 g.cm.-^sec.“^; density, 1*26 g.cm.-® approx. 


drag coefftcient rdlp/o 


length L 
cm. 

Lid 

LID 

speed V * 
cm./sec. 

LIv 

observed 

-A-^ 

corrected 

4*1 

50*1 

0*85 

0*470 

8*73 

4*37 

4*11 

3*0 

36*7 

0*62 

0-486 

6*17 

4*22 

3*91 

2*3 

28 

0*48 

0*488 

4*71 

4*21 

3*81 

1*9 

23 

0*38 

0*493 

3*85 

4*17 

3*69 

1*6 

19*6 

0*33 

0*486 

3*30 

4*22 

3*66 

1*3 

16 

0*27 ■ 

0*477 

2*72 

4*31 

3*63 

0*9 

11 

0*19 

0*447 

2*02 

4*60 

3*61 

0*4 

4*9 

0*08 

0*345 

1*16 

5*95 

3*73 


The main experiments were to determine Tdjfiv as a function of djD, and in¬ 
cidentally to define the limits within which purely viscous motion occurred. The 
experimental method was much the same as before, though the range of the variables 
was extended to include the following table. 
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Rakge of main expebiments 



viscosity 

density 

£.uid 

g.cm.“%ec.“^ 

g.cm.”® 

glycerine and water 

5-7-19 

1-26 

‘.^ctic’ lubricating oil and paraffin 

0-6-1-0 

0-9 

water 

0-011 

1-0 



least 

greatest 

ratio 

wire diameter 

0-121 mm. 

1*442 mm. 

12 

wire, mass per metre 

0-1022 g.m.-i 

14-41 g.m.-i 

140 

container diameter 

1-22 cm. 

7*2 cm. 

5*9 

container diameter/wire diameter 

8-5 

600 

70 

terminal speeds' 

0*018 cm.sec."^ 

30 cm.sec.-^ 

1700 

observed distance of faU 

1 cm. 

1 m. 

— 

Eeynolds’s number 

1*4x10-5 

2x102 

14,000,000 


The results for those speeds with purely viscous motion are given in figure 2, in 
which the drag coefficient rdjpbv^ corrected for end-effects, is plotted against the 
boundary nearness ratio djD. Despite a rather noticeable scatter of the points, and 
this nowhere exceeds the known experimental uncertainty, there is clearly seen an 
upward trend from left to right, the resistance coefficient increasing threefold as 
djD increases from 0-0017 to 0-12. A logarithmic type of curve can represent such a 
relation, and with the origin arbitrarily taken at djD = 0-8 (infinite drag when wire 
fouls container) the most reliable of the test points give 


rd __ 6-3 

p/o log0-8D/d’ 


( 4 ) 


which is shown in figure 2 in satisfactory agreement with most of the remaining 
points. The last two points to the right are unreliable as the end-correction was 
excessive, being 20 and 30 % respectively. 



0 001 0002 0004 0006 001 002 004 006 01 02 

Figuhe 2 . The drag of cylinders in purely viscous range. Only those tests in 

pvd 

which-< 3 are plotted here. 


When the Reynolds number becomes great, inertia is no longer negligible and the 
drag begins to be influenced by density, so (4) must then fail. For each particular 
Reynolds number, failure occurs when the boundaries are sufficie ntly far away. 
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since with distant boundaries the drag according to (4) becomes smaller than that 
in an infinite fluid, taking into account, as Lamb does, the inertia terms. Thus at 
every speed as the boundaries recede, there must be some distance at which (4) 
gives place to Lamb’s formula: 

rd ^ 5*46 

fiv log l‘4:/ilpvd‘ 

The transition from (4) to ( 1 ) is very gradual, and is best seen when the test 
points for particular values of djD are plotted against iSi as in figure 3. In the experi¬ 
ments more than twenty different values of d[D were used, but to avoid confusion 
the results are plotted in figure 3 under only five values of djD, any necessary small 
adjustments being made on the basis of (4). Points previously given in figure 2 are 
included together with those at higher speeds. In accordance with (4) separate 



Figube 3. The drag of cylinders in the transition range between purely viscous motion and 
motion involving both viscosity and density corrected for end effects. 

horizontal lines are obtained for each value of djD in the region A ; here the drag is 
in no way influenced by the density of the fluid. As the speed increases to the right, 
inertia begios to shield the wires from the distant boundaries, and the drag is the 
same as that in an infinite fluid: curve B, i.e. equation ( 1 ) (Lamb) then applies. 
Towards the right at = 0*7, Lamb’s curve begins to rise too steeply, so this is the 
upper limit of the validity of his approximations. To the extreme right, the points 
tend towards the curve D which represents the lower end of the wind-tunnel experi¬ 
ments of Eelf ( 1914 ). There is some discrepancy here, the drags even after correcting 
for end-effects being 5-15 % less than Eelf obtained, but at still higher speeds beyond 
the diagram the agreement was good. 

Most of the data of figures 2 and 3 can be expressed as a single curve after slightly 
changing the origin of (4). The latter is purely empirical, and the two numerical 


31-2 
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constants in it can be varied somewhat without spoiling the fit. With the origin at 
the viscous formula (4) becomes 

Td 5*46 
fbv logO*43D/d^ 

which may be written as ^ — 0*183 log^ = — 0-067, 

and Lamb^s equation (1) can also be put in this form, thus 

e_ 0 .l 83 Iog§.- 0 . 1831 og^. (la) 

SO disclosing both (46) and (1 a) as particular cases of 

g-0.1S3.og§.,(^). 

This has been plotted in figure 4, where the points are seen to conform well enough 
to a single curve. The distant boundaries are seen to be the controlling factor when 

< 3, whereas they are of no account and Lamb’s (1) applies when > 40. 


(4a) 

(46) 



Figuke 4. The resistance of cylinders as function of an approximate correlation of the 
viscous and semi-viscous regimes A and B of figure 3. 

Upper limit to -4-1^2 = 3. 

Lower limit to J5 — JSg = 40. = pvdfii. 

Upper limit to 15 - - -i2i =0*7 a —phivL, 

So for cylinders moving at the same Reynolds number pvdj/i, two distinct resist¬ 
ance laws have been found; and this may be of interest in connexion with hot-wire 
anemometry, particularly when speeds near a surface are to be measured. The 
motion, and presumably the calibration, of a hot wire will change when its distance 
is less than 20/ilpv firom the wall. 

As one would expect, the shape of the distant walls influences the drag. A cylinder 
midway between plane boundaries, distant H from each other, falls a little faster 
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than in a circular containing jar whose diameter equals H. The difiference is no longer 
detectable when H is made equal to 0 - 8 Z>. Various wires and ebonite rods falling in 
medicinal parafiSn between plates mostly 15 cm. wide and 1 or 2 J cm. apart gave the 
following: 


Table 3. Oylestjers falling between pabat.t.el plates 


diam. 

mm. 

Hjd 

P, 

^2 

0-192 

132 

0-004 

0-52 

0-280 

91 

0-010 

0-91 

0-192 

50 

0-003 

0-15 

0-540 

4n 

0-07 

3-24 

0-280 

34 

0-008 

0-26 

0-540 

17-6 

0-05 

0-91 

4-32 

5-9 

0-30 

1-77 

4-32 

2-2 

0-12 

0-26 


a 

a corrected 


Ltd 

observed 

for ends 

a log Hjd 

520 

3-20 

3-17 

6-75 

107 

3-12 

3-03 

5-94 

160 

3-67 

3-61 

6-13* 

93 

4-22 

4-11 

6-87 

125 

4-Q6 

3-98 

6-10 

65 

5*44 

5-21 

6-48 

19 

10-8 

- 9-38 

7-2 

10-3 

27-1 

21-0 

7-15 


* a increased 9 % as Lfd increased from 53 to 317. 


In the last column alogSjd varies from 5*9 to 7-2, due mainly to experimental un¬ 
certainties : excluding the two highest values, the mean is 6*4. So, for motion between 
parallel plates 

(4c) 


P 

{wL 


■ logHir 


Bairstow, Cave & Lang ( 1922 ), by successive approximation, obtained a stream 
function representing upward flow past a stationary cylinder midway between 
stationary plates five diameters apart. They found a = 0-71. They remark that some 
of the terms in the stream function are much the same when the cylinder moves and 
the fluid and walls are at rest. However, the main terms are different: in their case 
the velocity distribution far from the cylinder is parabolic, which makes the maxi¬ 
mum speed f times the mean, and the speed of the cylinder relative to the mean 
fluid is two-thirds of its speed relative to the fluid straight ahead: allowing for this, 
the 7-1 becomes 10*6 when, as in the present experiments, v denotes speed of cylinder 
relative to mean fluid. Also when the stress on the outer plates is removed the pattern 
near the cylinder relaxes somewhat and the drag diminishes perhaps by 16 %, 
giving a = 9*0 finally. Formula (4 c), when extrapolated to Hjd = 5, ^Iso gives 
a = 9*0, whereas the two nearest experiments when interpolated to J?/d = 5 give 
10 * 2 , but these were difficult ones and may be 20 % in error. 
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The theory of axisymmetric turbulence 

By G. K. Batoheloe, M.Sc.(Mblb.)* 

Division of Aeronavtics, Council for Scientific and Industrial Research, Australia 
{Communicated by Sir Geoffrey Taylor, F.R.S.—Received 22 Avgust 1945) 


This paper discusses a t 3 ?pe of turbuleiice in a uniform stream which is next to isotropic 
turbulence in order of simplicity. Instead of spherical symmetry, or isotropy, axially sym- 
metical turbulence possesses symmetry about an which in practice is usually the direction 

of mean flow. The analysis is developed with the aid of invariant theory, as suggested by a 
previous paper by Robertson. The form of the fundamental velocity correlation is obtained, 
and scales of axisymmetric turbulence are defined. 

The r^ults of greatest practical interest concern the time rates of change of the mean 
squares of the lateral and longitudinal velocity components. The rates of change involve two 
terms, the fibcst representing viscous dissipation, and the second representing a transfer of 
energy from one component to the other due to the finite correlation between the velocity 
and pressure at neighbouring points. The ejffect of the velocity-pressure correlation is to 
bring the two velocity components towards equality, while the effect of the viscous dissipa¬ 
tion will only be towards equality if an inequality between the curvatures at the origin of two 
particular velocity correlation eoefifieient curves, both of which are measurable, is obeyed. 
The rates of change of the mean squares of the vorticity components are also obtained. 


1. Axisymmetric TURBUiiENCE 

The theory of turbulence in a jiniform stream has been developed, with some 
success, for the particular case of isotropic turbulence. The notion of isotropy was 
introduced by Taylor in 1935, and is defined by the condition that the temporal ^ 
mean value of any function of the velocity components of the turbulence and their 
derivatives, defined in relation to a particular set of axes, is unaltered if the axes 
are rotated or reflected in any manner. Since the stream is uniform it is possible to 
assume that the turbulence is 'homogeneous, i.e. independent of position in the fluid. 
The turbulent fluctuations are assumed to be so rapid that no significant change in 
mean values occurs over the time required for averaging. 

The assumption of isotropy greatly simplifies the discussion of turbulence and 
many results have been obtained, perhaps the most important of which relates to 
the rate of decay of the mean square of the velocity fluctuation. However, from the 
experimental point of view, isotropic turbulence is not naturally occurring, nor is it 
particularly easy to produce. The turbulence produced m the wake of a mesh of 
regularly spaced rods or wires is known to be isotropic, but, on the other hand, the 
turbulence passing through such a mesh is not isotropic (Batchelor 1945 ), and experi¬ 
ments on isotropic turbulence must therefore be made under conditions for which 
the former turbulence is predominant. The stream of air produced in a wind tunnel 
is nearly always non-isotropic, the velocity fluctuations parallel and perpendicular 
to the stream direction being unequal. 


* Now at Trinity College, Cambridge, 
r 480 1 
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A type of turbulence which is next to isotropic in order of simplicity, but which 
is more commonly occurring in practice, is axisymmetric turbulence (in contra¬ 
distinction to the spherical symmetry of isotropic turbulence). The mean value of 
any function of the velocities and their derivatives must in this case be independent 
of arbitrary rotations of the axes about a given direction (which in all practical 
realizations will be the direction of mean flow) and of reflexions in planes through 
that direction. In this paper axisymmetric, homogeneous turbulence is examined 
in order to derive properties analogous to those found for isotropic turbulence. This 
proves to be partially possible, despite the larger number of arbitrary functions 
which enters the theory. 

The analysis uses as extensively as possible the results of invariant theory; this 
was prompted by the elegance of H. P. Robertson’s paper ( 1940 ) employing invariant 
theory in the examination of isotropic turbulence. 


2. Axisyimmetric tee'SORS and forms 


It was shown by de Karman & Howarth { 1938 ) that the various double correla¬ 
tions between the components of velocity fluctuations can be considered as the 
components of a tensor. Tensors of different orders enter the theory at many points 
so that it will be convenient here to consider a typical tensor of arbitrary order 

which is the temporal mean of the product of simultaneous velocity components 
and/or their derivatives at no more than two points in the fluid.* Suppose for the 
moment that is the mean of the product of velocity components Up ..., some 

of which refer to the point P of co-ordinates % and others to P' of co-ordinates 
This tensor F^^ is relevant to an inquiry about P(a, b, ...) which is the mean product 
of velocity components n^a^^u^bp ... taken in the directions given by the arbitrary 
unit vectors a,b,.... Hence 

P(a,b,...) = 

= (^ibj . • * 

” ••• ( 2 * 1 ) 

(repeated indices indicating sum m ation, and the over-bar indicating a mean). 

Now in the case of axisymmetric turbulence, P(a,b, ...) should be unchanged by 
an arbitrary rotation of the axes of reference about a given direction, which is 
taken to be defined by the unit vector X, or by reflexions of the axes in planes through 
X. It will be convenient to remove the restriction on the type of rotation or reflexion, 
and it is therefore decided, as a definition, that for axisymmetric turbulence, 
P(X, a,b, ...) is unchanged by arbitrary rotations or reflexions of the axes of refer- 


* Scalar terms, such as the pressure p, or may also occur in the product. Such 

OXji. OXi 

terms contribute nothing to the tensorial character of the product, but it mil be noticed 
that the presence of a scalar term renders it possible for aU the velocities and velocity deri¬ 
vatives to refer to the same point. 
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ence.* J^(X,a,b 5 ...) is then said to be an axisymmetric form and the associated 
tensor is an axisymmetric tensor. The relation between isotropic and axisym¬ 
metric turbulence is thus clear; the isotropic form F must remain unaltered by 
arbitrary rotations or reflexions of the configuration formed by the vectors a, b,... 
and where while for the corresponding axisymmetric form the vector 

X is added to the configuration which must remain unchanged. Figure 1 shows the 
configuration for the case of only two arbitrary vectors, a at P, and b at P'. 



Figube 1 


The results of invariant theory can to now be used obtain information about 
the dependence of axisymmetric tensors on the vectors §,X,a,b,.... The general 
problem is: to determine the function P(5,X,a,b,...) of the form ( 2 - 1 ) which is an 
invariant under an arbitrary rotation or reflexion (i.e. under the full rotation group) 
of the vector configuration formed by §,X, a,b,.... As pointed out by Robertson 
( 1940 ), it is a known result of invariant theory that such a function must depend 
only on the fundamental invariants satisfying the same condition, viz. on the scalar 
products (I -X),... formed from any two of the vectors 5, X, a,b,.... Choosing 
the combinations of scalar products which conform to the relation ( 2 * 1 ) thus gives 
the most general form of P(§, X, a,b,...). 

To proceed further one must particularize by limiting the order of the tensors. 
The following results are obtained for first- and second-order tensors. 

Linear form 

The relation ( 2 - 1 ) becomes in this case 

i(?,X,a) = 4a„ {2-2) 

and the scalar products available for the construction of the axisymmetric form 
Z(5,X,a) are {|.|), (X.X), (a,a), (^.X), (X.a) and (a.?). Hence 

i(l,X,a) = if(?.a)+jy(X.a), (2-3) 

* This dejSiution is not quite identical with that suggested earlier, since it now include 
reflexion in planes normal to X. 
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where M and N are arbitrary functions of = r^, and (§.X), == y/r say, and 


Li = Mi,+NXi. 


(2*4) 


It will also be useful for future reference to record the divergence of L^. Noting that 


3 _ 3r 0 dfi d 


rdr \r r^jdy’ 


(2-5) 


the divergence of is found from (2-4) to be the scalar 


34 


^ZM+r 


m 

dr 




M 

dr 




r dpi * 


( 2 - 6 ) 


In isotropic turbulence, for which N is zero, the property of zero divergence can thus 
only be consistent with regularity of if M, and consequently is identically 
zero (de Karman & Howarth 1938 ). However, this is not true of axisymmetric first- 
order tensors. 


Bilinear form 

Following Robertson’s notation again, ( 2 * 1 ) becomes 

(2-7) 

and consideration of the available scalar products shows 

Q(§,X,a,b)=:.4(5.a)(?.b) + 5(a.b) + 0{X.a)(X.b)+i)(X.a)(5.b) + ^?(5.a)(X.b), 

( 2 - 8 ) 

where -4, R, (7, D and E are arbitrary functions of and /er. The associated second- 
order axisymmetric tensor is i 

+ (2-9) 

where = 0 if i + 

= 1 if i = 

It is apparent from figure 1 that 

(2(|,X,a,b) = e(^|,X,b,a), (2.10) 

true, ui fact, for any two-point correlation between two vector quantities of the 
same kind, with no scalars occurring. In the case of axisymmetric forms and tensors 
it leads to the conclusion that A, B and G depend only on r^ and and that 

D( ~ r) = - E{r), E{-r)^- D{r), (2-11) 

or, alternatively, D{-pb) = — E{/i)y —/«) = -( 2 * 12 ) 

Hence, if a member of this class of correlation tensors is symmetrical in its indices, 
D and E are identical and are odd functions of jiir. (An isotropic tensor, for which 
G, and E are zero, is ipso facto symmetricaL) 
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The divergence of Q^j will be a first-order asisymmetric tensor and therefore 
expressible in the form (2'4). From (2-9) it is found that 

1 — 








^ , 34 10B /taB 9F , 


dfi) 


, /13B dC \-iinO ,9 ios 

If Qi^ is a solenoidal temor, i.e. has vanishing divergence with respect to, say, the 
index j, this expression is zero. Since can take infinitely many values for constant 
values of r, [i and A^-, both terms in square brackets vanish. Since J., B and C are even 
functions of fir and r for correlations not involving scalars, it then follows that the 
expressions 

dE l — u^dE j on ^^7? 

/i—-\——— and W + r — + E 


dr 


d/i 


dr 


are even and odd functions respectively of ju, and r. This in turn requires that D and 
E are (identical) odd functions of fir, for using (2-11) or (2-12) the even part of D, 
say must obey the equation 


2Dg+r^=:0, i.e. 


Dg z= const., 


which is only consistent with regularity of D if Dg = 0. 


Consequently, a solenoidal second-order axisymmetric tensor involving only 
similar vector quantities is symmetrical in its indices, and therefore has vanishing 
divergence with respect to both indices, and contains four arbitrary functions which 
are related by the two equations 


. . 3.4 13J5 fidB dD l—fi^dD . 

3r r cr r^oji dr r dji 


(2.14) 


135 dG 
r dfi ^^dr 


l^fi^ dG 
r dji 


. ^ dD 
+ 4J)+r^= 0. 
3r 


(2.15) 


For solenoidal second-order tensors which do involve scalars it is not possible to 
prove symmetry of the indices, and this has an important effect on the succeeding 
analysis for the following reason. The tensor obtained by differentiation of the 
solenoidal first-order tensor is a second-order tensor dLJd^^ which is stiU solenoidal 
in the index i. If this second-order tensor were symmetrical in its indices, then it 
would also be solenoidal in the index and hence 


V 2 i, = 0 . 

Green’s theorem then shows that if vanishes for very large values of r, it is identi¬ 
cally zero. Thus it may be stated that if aU second-order axisymmetric tensors are 
symmetrical in their indices, then all first-order solenoidal axisymmetric tensors 
which vanish for large r are identically zero. However, a first-order tensor which 
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Yanishes for large r will usually be the correlation between a scalar at P, say, and 
a vector at P', for example, so that in this case dL^jd^^ does involve a scalar 
term, rendering invalid the previous proof of symmetry in the indices of second- 
order tensors. 


Trilinear form 

The general third-order axisymmetric tensor can readily be found to consist 
of the sum of terms Pg^ and four groups of three, of which typical 

members are and UXid^j^, where the arbitrary coeflBlcients 

P, Q, etc., are functions of and Third-order tensors play only a small direct 
part in the theory, s^o it will not be necessary to develop the details. The number of 
arbitrary functions is 14, and if the tensor is symmetrical in two of the indices, this 
number is reduced to 10. The divergence of will be a second-order tensor of the 
form (2*8), so that if is solenoidal in any of the indices there are five differential 
equations connecting the arbitrary functions. 


3. The fundamental velocity corbelation 

The correlation* between instantaneous velocity components and at two 
different points P and P' is basic to any practical theory of turbulence. Write 

and since R^^ is a second-order axisymmetric tensor, it will be of the form 

P,,. = Aid,. + BS,^ + GX,Xj+DX,^^ + E^,Xp (3-1) 

Comparing with known results for isotropic turbulence, it is seen that in this case 

C, D, E are zero and A and B are replaced by ^^nd gu^ respectively, where 

/ and g are the functions introduced by de Karman & Howarth and is the mean 
square velocity fluctuation. 

In virtue of continuity, = 0, (3*2) 

dgj- uXj 

so that R^^ is a solenoidal tensor. Hence, since it consists only of similar vector 
quantities, it is symmetrical in the indices, giving D = E, and the relations (2*14) 
and (2*15) are valid. 

Now when r is zero, P and P' coinciding, must degenerate to the form of a 
one-point tensor depending on the vectors X, a and b, i.e. R^^ becomes 

Rij = BqS^^+CqX^Xp (3*3) 

* Throughout this paper the term ‘correlation’ refers to the mean product of the quantities 
concerned, while the ‘correlation coefficient’ is obtained by dividing by the root-mean- 
squares of all the quantities occurring in the correlation. 
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where Bn aad (?« are the values of B and (7 at r = 0. Putting i (but without 


summing), then 


ul = Bq+CqXI- 


(3-4) 


If is the mean square of the velocity fluctuation parallel to X, and is the mean 
square fluctuation in any direction perpendicular to X, then 

It will be useful to determine A, B, G and D for small values of r. Each of the 
functions being obviously regular, one may expand in powers of t , remembering that 
A, B and C are functions of and while i) is a function of fir and being odd 
in fir. Thus ^ 




C = C,+^r^O^+. 


(3-6) 


D=/ir^Do+^r^Dz+..^. 

The flrst term of each series is constant, 

Aq = a^ Bq ~ w|, Cq = u^, Dq = d, 


(3-7) 


while aU other coefficients are functions of of degree no higher than the power of 
7*2 by which they are multiplied. Substituting the series ( 3 ' 6 ) in the continuity 
relations (2-14) and (2-15) and retaining only the lowest power of r in each case, 

iA,+B ^= 0 , ( 3 - 8 ) 

2^^+j“‘^2+i(l-i“®)^+5iK-Do = 0. • (3-9) 

B^ -will contain two terms, one a constant, the other pro]^rtional to ( 3 * 8 ) then 
requires 

= — 4a—d+ 6 /i^ ( 3 - 10 ) 

where 6 is an arbitrary constant. will be of the same form, and from { 3 - 9 ) 

.C^ = -b-e-6d+cfi^, (3-11) 

where c is another arbitrary constant. 

One is now in a position to write down the frmdamental velocity correlation 
tensor as far as the second power of r, viz. 

■Bfj = aii^i+ [“I+- 4a - d+6/t®)] 

+ [(«! - “D + -b-c—5d+ qtt®)] A,). ( 3 - 12 ) 
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Just as in the theory of isotropic turbulence use is made of the measured curvature 
of the velocity correlation curve at r = 0 , so with axisymmetric turbulence it is 
possible to measure combinations of the quantities a, 6 , c and d. The correlations 
most suitable for practical measurement are those for which 

A^=l, 

i.e. correlations between velocities parallel to the axis of symmetry, or the direction 
of mean flow. In this case (3-12) becomes 

— 6 —+ (no summation). (3*13) 

The correlation between points spaced longitudinally is obtained by putting 

= r, = 1 , giving _ _ 

u'iUi = u\+\T%-2a-2d), (3*14) 

while that between points spaced laterally is found by putting = 0 , = 0 , i.e. 

+ —4a —6 —c —6c?). (3*15) 


By analogy with the notation of the theory of isotropic turbulence, one might 
define 


a 


2A| ’ Ai ’ A| ’ A| ’ 


(3-16) 


such that Ai ->■ A (Taylor 1935 ), and Aj, A 3 , A* become infinitely large as the turbulence 
approaches the isotropic condition. A^, Ag, Ag and A 4 all have the dimensions of 
length, and may be unreal since one cannot predict a 'priori the sign of the quantities 
a, 6 , c and d. 


4. Scales of axisymmetric turbulence 


It is equally evident from the foregoing section that various scales of turbulence 
can be defined, combinations of which can be determined experimentally. As 
before, the velocity correlation tensor is 


= + (4-1) 


and hence 


Lj^ = (Mf .%!)-* 

[* r^Adr, Lq = 

f*co -v 

Cdr, 


0 J 

0 

Ls = 

% 

\^Bdr, = (¥f.i|)-*J 

*00 

rDdr, 

0 


(4-2) 


all of which have the dimensions of (length). The factor is chosen arbi¬ 

trarily, and appears to be the least unsuitable of the available factors having the 
appropriate dimensions. For these integrals to exist, rM, B, G and tD are assumed to 
become zero at some finite value of r. Lq and are all functions of 

Two relations between these ^scales’ are derived by integrating the continuity 
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relations (2*14) and (2*15) after multiplication of the former by and the latter by 
r, viz. 

t‘'*) 

The measurable scales of turbulence are now defined by 

(ttf Rijdr. 

Taking, for illustration, only the cases of scales formed from correlations between 
velocities in the direction of the axis of symmetry, i.e. for which i = y, = 1, 

Bijdr = {A^^+B+0+2Dii)dr 

= {L^+Ls+La+2Lj))^i when = r, (4-5) 

= {Ls+Lc)^o when = 0, (4-6) 

and some simplification may be attained by the use of (4-3) and (4-4) for particular 
values of ji. 


5. Dissipation of energy 

The classical expression for the rate of dissipation of the energy of turbulence in 
unit volume of the fl.uid due to viscosity is 


W = pv 



(5*1) 


where v is the kinematic viscosity and u, v, w are components of turbulent velocity 
in the directions of the axes x, y, z. Now 



(5*2) 


since u'v depends only on differences of co-ordinates, y'-y, provided the 

turbulence is homogeneous. Equation (5*1) can thus be written 


^ lldv du\^ (dv) dvY (Bu dwV 

= pv<ji>^0)^, ( 5 - 3 ) 

where o)^ is the component of vorticity in the direction of the t-axis, and the repeated 
index i implies summation. 
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This dissipation of energy due to viscosity is made manifest as a change in the 
kinetic energy of turbulence. Thus 

= --W = - 2v^i. (5-4) 

dt p ^ ^ 

It is also possible to express w^o)^ in terms of the constants a, b, c, din the case of 
axisymmetric turbulence. The typical mean square component of vorticity at P is 

(du^ du^Y ( d^Ej^ \ 

[dx, dxj-{%di^ ^ ^ 

where j 4= L The mean square resultant vorticity is obtained by summing (5*5) over 
the three possible pairs of values of j and h HencOy 


— / \ 


,94 

A 


Ia 4 a 4 


r==0 


n)r=0- 


(5-6) 


The expression for which will be required again later, is found by differentia¬ 
tion of equation (4-1): 


V‘Jl„-S,£,(v‘A+f^-^^j+e„iV‘£+2A) 

and consequently 

V%J = r^VU + 4r^ + 6A + 3V^B+V^C + 2yrV^Z) + 4:/i^. (6-8) 

Now the expansions of A, B, C and P in powers of r sufficiently far to determiue 
when r is zero are known, viz. 


^ == a, ^ 

B = —4a— 

G = tef—w|-l-ir2(—6—c —5c2-ho/^2}, 
D = prdj 

and substituting in (5-8), the value of is found to be 

= 30a+2c -f- 20d. 

Hence (5-4) can be rewrittemas 

= - 2v(30a+2c+20d). 


(6-9) 


(5-10) 

(5-11)* 


* Professor Goldstein tells me that he obtamed this dissipation equation a few years ago 
in some unpublished work. 
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The similarity between (5-11) and Taylor’s result for the decay of the velocity 
fluctuation in isotropic turbulence, for which c and d are zero, is evident. 

The mean squares of the vorticity components are easily found from the expression 
(5-5) for the typical component. From the equation (4-1) for the general second 
derivative of at r = 0 is 

+-h 4* B^iXj^) A^+ cX^Xj^XiX^. (5*12) 

Substituting the appropriate forms of this expression in (5-5) then gives 

• lQa + 2d‘^(c-^ld) (A^A^+A^A^)^,,^ (5-13) 

The mean squares of the components of vorticity parallel and perpendicular to the 
vector X are respectively _ 

= 10a+2d, (5-14) 

0)1 = lOa-f c+9d* (5*15) 


6 . Equations of motion 


Considerations of the dissipation by viscosity are sufficient to determine the decay 
of kmetic energy, and consequently of the mean squares of the velocity components 
when the turbulence is isotropic, but for non-isotropic turbulence the rates of change 
of particular components of the velocity must be obtained from the equations of 
motion. The equations of motion at the point P{x^) can be written 


where 




dt 


V 2 = 


3" 

dxj^dxjc* 


( 6 * 1 ) 


Multiplying by Up the j-component of velocity at the point P'(a;^), and taking the 
time mean. 




( 6 - 2 ) 


3 3 

Using this becomes 

® 8 gi 


dUi 1 dpu'j 

dt -p dg, 


+ vVhiiUj. 


(6-3) 


A similar equation can be obtained from a consideration of the equations of motion 
at P’{Xi), viz. 


.. Smj . 18 i)X- 

dt + 3g, - p dg, 


+ vVhiiU'j. 


(6-4) 
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Adding (6'3) and (6-4), 

and this is the well-known fundamental equation for the change of with time. 


(6-5) 


Writing 




and 


equation (6*5) appears in the concise form 


/ap4 

Bp'uA 

l9gi 



^^ + 2^,^ = 4.+2vV2ii:y. 


( 6 - 6 ) 

(6-7) 

( 6 - 8 ) 


The velocity-pressure correlation 

By reflecting the vector conflguration associated with in the point P, one 

obtains *_ _ 

= (6-9) 

where the suffix indicates that the direction of X is reversed. Hence 


^ Idpu'i , 

di, * 


( 6 - 10 ) 


Pij can be given in terms of the scalar functions of the correlation between the 
pressure and velocity at two different points if one writes, in agreement with (2-4), 


r 


( 6 - 11 ) 


Substituting in (6-10), 

« dr^r dr dp dp jdp r dp) 




IBM ldN_ pBN. 


+ - 


=)+A,s(‘ 




r dr r^ d/i 

where = (JfU and N_ = (N)_;,, 

Remembering that M and N are analjrtic functions of /ir and one can expand 
in powers of r, thus 

M = mo-h/trmi+|r2{m2+m2/^^)H-(6-13) 
N = nQ+jirn^ + + n'^lJ(?)+... (6-14) 

Now the divergence of is zero, so that M and N are connected by the relation 


dM dN l--ii^dN 

_L rt __1_* _ 


VjUT 


Bp 


= 0 , 


Vol. i86. A. 


32 
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and on substitution of the series (6-13) and (6-14), there is obtained 


3mo + % = 0 , 

(6-16) 

-f 7^2 “f ^2 ~ 

(6-16) 

= 0 , 

(6-17) 

•§Wi 2 + 'g:K.3+^3 = 0 . 

(6-18) 

Substituting the expansions (6-13) and (6-14) in the expression ( 6 * 12 ) for and 

making use of the above continuity relations gives for the five scalar functions 
Pi, Pg, JFg, JF 4 , P 5 defining P^^ (analogous to the scalar functions A, B, C, D, E respec- 

tively, defining the general second order tensor as in (2*9)), 


= 2 m 2 + ..., 

(6-19) 

P 2 = 2 mo ++ ..., 

( 6 - 20 ) 

P^ = — 6 mo+r®( —5m2 + 10 m 2 /t®— 6 m 2 /t®) + ..., 

( 6 - 21 ) 

P^ —+ 

( 6 - 22 ) 

Pj = + 

(6-23) 

The triple-velocity correlation 


Let T^, T^, 2 ^, 24 , iZj be the corresponding scalar functions which represent T^j. 

vanishes with r since 


. 3% , dUj 

{^i})r=0 — 


_ 

9% 


= 0 , 


which result is valid for any kind of homogeneous turbulence, 
and P 3 vanish with r. 

Consequently 2^ 

The triple-velocity and velocity-pressure correlation tensors 
( 6 - 8 ) shows that 

are related, since 

dP^^ dP^j 

(6-24) 

or, using ( 6 - 6 ) and (6*7), 



(6-25) 

The relations (6-24) require that 


I 

II 

1 

(6-26) 


Consideration can now be given to the scalar equations derivable from the basic 
tensor equation (6*8). All the terms of this equation are second-order axisymmetric 



493 


The theory of axisymmetrio turbulence 

tensors. The JSrst and last terms are symmetrical, solenoidal in both indices, and 
are capable of representation in terms of four scalar functions of and r^, between 

which two relations exist. The tensors and on the other hand, are not sym¬ 
metrical, or solenoidal in either index, and thus require five independent scalar 
functions of fir and for their representation. Equating to zero the coefficients of 
^ip etc., in ( 6 * 8 ) one obtains five scalar equations, the last two of which are ^ 
identical in virtue of (6-26). The four independent equations are: 


^ H- = P, + 2i;(coeff. of in 
^+Tj = Pa + 2p{VW + 2A), 


dt 


+3;.p.+2.(vo+i|). 




rdr d/i rd/ij' 


(6*27) 

(6*28) 

(6*29) 

(6*30) 


7. Rate oe ohakgb oe the velocity components 

It was shown by Karman & Howarth, and by Robertson, that the single scalar 
equation derived from the equation of motion ( 6 * 8 ), for isotropic turbulence, yields 
several auxiliary equations of physical significance. Expanding the scalar function 
in powers of and equating coefficients of similar powers of r^, there is obtained, 
in turn, equations for the time rate of change of the mean square velocity fluctuation, 
of the mean square vorticity, of the mean square of some flow function of dimensions 
(velocity) x (length)^, etc. A sim i lar procedure can be applied, with partially similar 
results, to the four scalar equations (6*27)-(6*30). 

The equations expressing the rates of change of the mean squares of the velocity 
components are obtained by putting r = 0 in the scalar equations (6*28) and (6*29). 
Remembering that and vanish with r, and making use of the expansions (5*9) 
for the functions A,B,C, D, and (6*19) for the functions P^, i^, P 4 , P 5 , expressions 

^ _ _ 

are obtained for and ^ {u^ — ul), whence 

^== — 4mo-|-2v(—10a —26 —2c—14d), (7*1) 


dul 

dt 


2mQ + 2v{ — 10a-\-b — Zd), 


(7*2) 


and these equations are consistent with the expression (5*11) previously found for 
the viscous dissipation of kinetic energy. 


32-2 
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Inasmack as the rates of decay of the velocity components depend on a, 6, c 
and d, i.e. on expressions related to the curvatures of various velocity correlation 
curves at the origin, these results are similar to those for isotropic turbulence. How¬ 
ever, the rates of decay for axisymmetric turbulence also involve the term in 
related to the two-point velocity-pressure correlation, which vanishes under the 
condition of isotropy. 

Viscous dissipation 


Consider first the terms in (7-1) and (7-2) which represent changes due to vis¬ 
cosity. It is not difficult to show that both these terms are necessarily negative. Terms 




(no summation) are essentially positive, thus providing inequalities in 
a, 6, c and d. The general positive term is 


i=»i, fe—Z, r=0. 

and using the expression (3-12) for iZ^, there is obtamed 

(d-f- 4a) — 2S^jf.a Af (6 -h c -H 5d) — A|6 — 4A^ A;;. — A| Afc *4^ 0 


(7-3) 


(repeated indices not summed). Giving i, A, A^ and A^ various values, a number of 
inequalities is obtained and by simple manipulation the quantities 

(-.10a~.26-2c-14d) and (-10a4-6-3d) 

are found to be negative. Neither of them can be zero without at least two of the 
mean squares of velocity derivatives also being zero; this is hardly possible, since it 
requires a zero velocity derivative at a given point for all time. 

It is also pertinent to inquire which of the two viscous decay terms is greater, 
since the manner in which the relative values of and change with time is of 
great interest. Particularly is one concerned to detect any tendency toward isotropy 
of the turbulence, since there exists a general impression that in practice turbulence 
does become isotropic in sufficient time. It has already been seen that both u\ and 
ul decrease due to viscosity; the question now is, to what extent (if at all) does the 
larger component decrease faster than the smaller? To establish that the velocity 
components tend to equality, it is not sufficient to show that 

(-1 Oa - 26 - 2c -14d) < (-1 Oa-f 6 - 3d), 


when u\>u% and vice versa when u\<u\\ this inequality would be obeyed if u\ 
and u\ merely decreased due to the action of viscosity at a rate proportional to u\ 
and u\ respectively. The absolute difference | 'af—'a|| would in this case be decreasing, 
but only because all intensities are reduced proportionally, and equality of u\ and 
u\ would not be reached in a finite time. A more valid criterion for a tendency toward 

1 du^ 1 du^ 

equality due to viscosity is obtained by comparing the values of = —- and = —' 

u\ dt u\ dt ’ 
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since the example quoted above of a turbulence field in which all intensities de¬ 
creased proportionally would give equality of these two quantities. Comparison 
should therefore be made between 


-10a-26-2c~14d 


ui 


and 


-10a-h6—3c? 

ul 


Now it so happens that velocity correlations which contain these expressions 
explicitly can be constructed and are measurable. Thus when i = j, the value of 
correct to the second power of r, is obtained from ( 3 - 12 ) as 

= ' 2^2 + (^1 -A|-f-+ cpfi) A|-hjJ, 

(7-4) 

£. 

with no summation of the index. Consider first the case = 1 . Noting that ^ 
in this case, R^^ becomes 

= + - a{4: - 2/1^)-{b + c){l-/i^)- d (6 - 

Putting and writing R' for the correlation so obtained, 


where 


1 lOct 26 + 2c “1“ 


(7-5) 


Consider now the case = 0 for which (7-4) becomes 

= ■Mi+ir2j^2a -4ta-d,+bfi^, 
and choosing /t® = once again, the correlation 

4 ? n 1 . 1 10a —6 + 3d 

follows, where — = -=-. ( 7 - 6 ) 

A"® u\ 

In isotropic turbulence, there would have been obtained 

which is consistent with the above expressions, since a->u^j2^? as isotropy is 
approached, A being the usual velocity correlation parameter (Taylor 1935 ; de 
Karman & Howarth 1938 ). R' and R" are drawn in figure 2 for the ease 


1 
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The criterion given previously for a tendency toward equality of the velocity 
components due to viscosity is now seen to depend on the relative values of the radii 
of curvature at the origin of two correlation coefi&cient curves, both of which are 
capable of experimental measurement. Thus, when u\>u\^ there is a tendency 
towards equality if 

— 10a — 26 — 2c — 14d — 10a + 6 — 

u\ u\ 

i.e. if A'<A'', (7-7) 

and vice versa if u\<u\. There is no known reason to suppose that this criterion 
could be proved to be always obej^ed; for initial values of a, 6, c and A can be chosen 
quite arbitrarily. The theory provides information about the development of 
a, 6, c and A with time, but the initial values are theoretically arbitrary and only 
limited in practice by what can be achieved with turbulence producmg devices and 
stream distortion. Thus it may well be that the criterion (7-7) is obeyed or disobeyed 
at different periods of the history of the fluid; what is of importance is to determine 
whether (7*7) is obeyed when some time has elapsed and the effect of the initial 
conditions has largely disappeared. This is entirely a matter for experiment at the 
present stage in the development of the theory. 



If the criterion (7*7) is found not to be obeyed, then it is natural to inquire if 
I'af—is decreasing. This inquiry can be answered by an examination of the 

correlation given by (3-12) for the particular case i + j, = 0, = |and ^ ^ Aj. 

= A,A,.(i^-51) U + ( -36-2c-lld )-1 

L 3(«f-«|) J 


Thus 


(7-8) 


The sign of (— 36 — 2c — 1 Id), and hence of the viscous contribution to ^ is 

_ _ At 

opposite to that of {u\ — 2 ^|) if falls off in absolute value with distance from the 
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origin. A simpler correlation curve is therefore possible (requiring only one stationary 
poiat between the zero values at + oo) if the difference between the velocity com¬ 
ponents tends to become smaller in absolute value. could be measured directly, 
but a simpler method of measurement becomes evident when it is observed that 

R^^X,X^{R^K'Y (7-9) 


Transfer of energy 

Consider now the velocity-pressure correlation term. This correlation contributes 
nothing to the decay of kinetic energy, which is effected solely by viscosity, but 
causes a transfer of energy between the lateral and longitudinal fluctuations. Now 

from (6-13), (6-14) and (6-15), the expression when u\ is parallel to \ is 



nQfi+mQr{l — Zii^) 


(7.10) 


as far as the first power of r, so that = m^r when /^ = 0, and +n^-‘2mQr 

P 

when = + 1. 



P r Pf X 


{b)^pu'i = n^-2m^r 


■% 


P' 


P 


X 


{a)^pu'i = m^T 


(c)^pul==-no-2mor 

Figxjkb 3 


These relations provide an interpretation of the mechanism of the transfer of 
energy. Suppose that niQ is positive. Then the correlation shovm in figure 3 (a) is 
positive, i.e. a positive pressure at the point P is associated, on the average, with a 
positive, or outward, lateral velocity at points displaced laterally from P. The 
pressure and the velocity at points close together are obviously related, the fluid 
always accelerating in directions of large negative pressure gradients, so that the 
outward velocity is in part a result of the positive pressure at P. The positive 
pressure at P can only have been produced as a result, in the mean, of a reduction 
in longitudinal velocities toward P. Thus when is positive, there is, in the mean, 
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an addition to lateral fluctuations and a reduction in the magnitude of longitudinal 
fluctuations. The same deductions might have been made from the fact that the 
mean of the correlations shown in figures 3 (b) and (c) is negative when ttIq is positive, 
positive pressures at P being associated with longitudinal velocities toward P. The 
converse case of niQ negative leads to the opposite conclusion, that there will be, in 
the mean, a reduction in the lateral fluctuation and an increase in the longitudinal 
fluctuations. Both these predictions are in accordance with the equations (7-1) 
and (7-2), 

It is thus possible to understand why it is that when ttIq is positive, the longitudinal 
component supplies energy to the lateral, and vice versa, but the sign of has yet 
to be determined. Suppose that the longitudinal velocity fluctuation is greater than 
the lateral fluctuation. Then when positive pressures appear in the fluid at a point, 
they will have been produced, on the average, by the longitudinal fluctuation; the 
correlation between the pressure at P and the longitudinal velocity toward P at a 
point P' on the longitudinal axis through P is more likely to be positive than the 
correlation between the pressure at P and the inward lateral velocity at a neigh¬ 
bouring point P' laterally displaced. One of these correlations must be negative and 
the other positive. Hence when ul > ul, the mean of the correlations shown in figures 
3 (6) and (c) is negative, i.e. ttiq > 0, and ul increases with time at the expense of u\\ 
the reverse is true when u\>u\. The effect of the velocity-pressure correla¬ 
tion is thus to transfer energy from the larger to the smaller of the velocity com¬ 
ponents. 

To recapitulate the work of this section, the time rates of change of the longi¬ 
tudinal and lateral velocity fluctuations each contain two terms, one representing 
viscous decay, which is always negative and depends on the curvature of a certain 
velocity correlation curve near r = 0, and another depending on the correlation 
between the pressure and velocity at neighbouring points. Any tendency toward 
equality of u\ and u\ due to the viscous terms can be entirely determined from 
measurements of the velocity correlations P' and P". K P' — P" is found to fall off 
in absolute value with distance r from the origin (as is probable, since the contrary 
would require to have at least three stationary points), then the absolute value of 
u\—ul must be decreasing with time. Furthermore, if the radius of curvature at the 
origin (r = 0) of R'{u\ is less than that of R'^jul when u\>u% and vice versa when 
u\ < u% then u\ and u\ are being equalized quicker than would be the case if aU 
mean-square velocities were being reduced at a rate proportional to their magnitude. 
The sign of the velocity-pressure correlation is such as to increase the energy of the 
smaller at the expense of that of the larger of the lateral and longitudinal com¬ 
ponents. The net result of these two effects is that there is always Hkely to be a 
tendency toward equality of u\ and u% and although equality of ^ and ^ is not a 
sufficient condition for isotropy, it is probable that isotropy is attained with time. 
It should be possible to measure du\ldt and di^jdt in a practical experiment and 
also to determine the radii of curvature at the origin of the velocity correlations 
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B' and B'\ giving the values of (— 10 a — 26 — 2 c — 14d) and (— 10a + 6 — Zd), Equa¬ 
tions (7-1) and (7*2) then provide two independent estimates of the consistency 
of which would verify the analysis. 


8. Eate of change of a , b , c,d 

Since the four scalar equations (6*27)-(6“30) are true for all values of r, and all 
the terms are analytic fonctions of r, further equations may be obtained from a 
consideration of the coefficients of powers of r. Taking the coefficients of r® in (6-27), 
of in (6*28) and (6*29), and of r in (6*30), and making use of the expansions of 
and given in (3-6) and (6d9)-(6-23) respectively, 

( 8 - 1 ) 

^ (- 4a - +6/t^) + 

= K+^ |^20B4 -2fi^+(l-/i^) ^ + 24^2j, (8-2) 

= (- Sma + lOwia/t* - 6m^;{2)+1^20^4 - 2/t^+(1 - +48 , 

(8-3) 

^ - Sma) + 2v|^7/(Z)2 +{l-Z/i^)^ + y{l- /t®) ^, (8-4) 

where is the coefficient of r® in 2 \, etc. and Dg be functions of of the 

first degree, while and C 4 are functions of of the second degree, so that 

J.2 = %+Dg = di -1“ E4 = 61 4 - b^/i^ -f 63/6^, C4 = Cl -h c^ji^ -h Cg/i^. 

The ten constants ... will be related by equations obtained by considering 

the second lowest powers of r in the continuity relations (2-14) and (2-15). 

Equations ( 8 - 1 ) and (8*4) contain terms in and equations ( 8 - 2 ) and ( 8 - 3 ) contain 
terms in both jjfi and This appears to give six independent equations, but it is not 
difficult to show that continuity relations and equations (6-24) eliminate two of 
them. The four independent equations giving the time rates of change of the factors 
a, 6, c, d and, consequently, of the mean squares of the vorticity components, are 

^ + (^i)r‘> = ^mg + 2j;(7ai + ag), (8-5) 


2^’^(^2)rV — mg-f—( 24 a 2 -hi 46 g-1-1263), 

\ inn \ _ I 


2dt 

Ido 


(8-6) 


V 



500 G. K. Batchelor 

Using (5-14) and (5-15) the rates of change of the mean squares of the vorticity 
components are given by 

^+10(?i)^+2(2^4),^ = 2m'+ 10m2+2v(70ai + 14a2 +14^1+6^2), (8-9) 


= —Wig—5wi2 4" 4“ 28^2 C 3 4" + 39(^2). ( 8 * 10 ) 


The equations for the rate of change of vorticity can also be obtained directly 
from the equations of motion, although this direct procedure provides no information 
about dajdt, dbjdt, dc/dt and ddjdt. After eliminating the pressure from the equations 
of motion, one obtains 


d(i)i d(s)i dUi 


( 8 - 11 ) 


Giving i the values 1 and 2 representing longitudinal and lateral quantities respec¬ 
tively, multiplying by and 0 ) 2 , and taking mean values. 


lda)l - 06 ;? 

_ ± IvJ/ J 






( 8 - 12 ) 


1 do)l - d(i}\ 




2 dt 


■a>2a>. ^ = V(02V^o>2. 


(8*13) 


Equations (8*12) and (8*13) are identical with those given above, viz. (8*9) and 
(8*10), although this is not immediately clear due to the apparent presence in (8*9) 
and (8*10) of scalars of the velocity-pressure correlation. However, the first of 
equations (6-24) is 


3^, “ ' 


and equating to zero the coefficient of in this first order tensor, it follows that 




/I 0 
r^dft 


)( 2 '.-ia+(/.i+ 



(8-14) 


Putting both and r equal to zero gives 

4(^i)r0 + 2(T2)r2;,o4-(r5),.^ = 4(Pi),.o+2(P2),.2^o4"(P5),.^ = m2 + 5m2 (8*15) 

from (6*19)—(6*23), and consequently the factor wi 2 4-5m2, which occurs in the vor- 
ticity decay equations (8*9) and (8*10), can be expressed in terms of scalars of the 
triple-velocity correlation. Thus the velocity-pressure correlation does not affect 
the decay of vorticity except inasmuch as the velocity-pressure and triple-velocity 
correlations are related by equations (6*24). 
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The identity of the pairs of equations {8-9) and (S-IO), and (8-12) and (8'13) can 
now be established without difficulty. For instance, 

10(TiV+2(2;),.^-2K + 5m2) = from (8-15) and (6-26), 








ail 

aiii, 


) . 


where T^z components of the tensor 


dx^ dxj^ dx^ dxjg 


- dcof 9% 


in agreement with (8*12); with a similar proof 


da)l 


duo 


10(^ri),a+2{T3),2^2+9(y4)^^,+ (m' + 5 = 

The identity of the remaining pairs of terms, i.e. 


(OjV^cOj^ = 2(70ai+14a2+14^1 + 6^2), 

( 1 )^ V^ct)2 = 2(7 "1" “h "^2 "i~ ^3 “I" "F 39^2) ? 


is easily established by expressing and in terms of derivatives of the 

velocity correlation, and the details need not be exhibited here. 

The interpretation of the terms in the equations (8-12) and (8*13) for the rate of 
decay of vorticity is similar to that for the corresponding equations relating to iso¬ 


tropic turbulence. Note first that the terms % 


dxi, ’ ” dx^ 


-2 A ^^2 9 -T 


are zero in virtue of the homogeneity of the turbulence. Also, using the suffix v to 
indicate a component in the direction of the vorticity vector, 




9% 


dxi. 


\<i}\dxf 


3«2 a 


0)^ 9^2 
( i ) I dx ^ 


(8-16) 


where \o)\ is the magnitude of the vorticity vector. Hence equations (8*12) and 

(8-13) become — - 

_ o,..2 " 1^1 + 2wiV*Wi, (8-17) 

dXr, 


■w-^' 


(t)\\ 


dcol ^ « Wo dUn ^ —=5— 

The first terms on the right-hand sides represent the correlation between the square 
of the total vorticity, and the spatial acceleration along the axis of the local vortex 
line due to the longitudinal or lateral velocity alone. These terms thus provide a 
measure of the extent to which vorticity is produced by the diffusive stretching of 
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vortex filaments (Taylor 1938 ). The second terms on the right-hand sides represent 
; he decrease of vorticity due to viscous dissipation. 

Further equations for the rates of change of parameters defining the basic velocity 
correlation could be derived by considering higher powers of r in the equations 
(6*27)-(6-30), but it is clear from the deductions already made that their complexity 
would limit their practical value. All terms derived from the double-velocity 
correlation are measurable, but there have as yet been no measurements of either 
triple-velocity or velocity-pressure correlations, and these terms must therefore be 
deduced indirectly from the equations given. 


REr’ERENCES 

Batchelor, G. K. 1945 Australian Council jor Aeronautics, Report, A.C.A. 13. 
Karman, T.'de & Howarth, L. 1938 Proc. Roy. Soc. A, 164, 192. 

Bobertson, H. P. 1940 Proc. Camh. Phil. Soc. 36, 209. 

Taylor, G. I. 1935 Proc. Roy. Soc. A, 151, 421. 

Taylor, G. I. 1938 Proc. Roy. Soc. A, 164, 15. 


The correspondence between the particle and the wave 
aspects of the meson and the photon 

By Habish-Chandea 

J. E. BhabJia Student, Tata Institute of Fundamental Besearch, Bombay 
{Communicated by H. J. Bhabha, F.B.S.—Received 10 September 1945) 


In the Kemmer formulation of the meson equation certain matrices are introduced. 
They are determined completely by the condition that for a Lorentz transformation 
transforms as a vector- The P^’s, together with another matrix ^ (defined in terms of them), 
turn out to be very convenient for discussing the properties of the meson matrices With 
their help, a formula for the spur of a product of any number of is derived both for the 10 - 

and the 5-row representations. Also they enable one to bring out, without making use of an 
explicit representation, the complete equivalence of the Kemmer formulation with the vector 
and scalar meson equations in the usual tensor form. Besides, the use of the P*-matrices now 
permits the introduction of nuclear interaction in the Kemmer formulation in an elegant 
way. The extension of the ‘paxticle’ formulation to the case of a particle of zero rest-mass is 
discussed. Einally, a specially convenient representation of the y^j^’s is given both for the 
case of spin 1 and of spin 0. The P*’s and the ^ are explicitly given for this particular repre¬ 
sentation. 

1 . Kemmer (1939) given a formulation of the theory of the meson J based 
on the foUovdng equation: 

= ( 1 ) 

X The term ‘meson’ is used in this paper to denote any particle with spin 1 or 0, having 
a non-vanishing rest-mass. ^ 
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Here (i = 0,1,2,3) are matrices acting upon ^ wMch itself is a one-column 
matrix. The satisfy the following commutation rules: 

^ gUpm gTra^k^ ( 2 ) 

being the usual metric tensor for flat space-time, ^ 

9ki—^i fc + Z; 9^00 = "“^11 ~ “9^22 = 

It is well known that (1) is completely equivalent to the usual "wave’ formulation 
of the meson equations. However, until now this fact could be established only by 
making use of an exphcit representation of the yff^’s. A method of proving it directly 
will be given in this paper. It will be shown that the correspondence between the 
two formulations is indeed so close and complete that one can go over with ease from 
one formulation to the other at any stage of the calculation. 

Further, it was not possible until now to introduce in (1) the interaction between 
the meson and the heavy particles in an elegant way. In his attempt to take into 
account this nuclear interaction Wilson (1940) had to make explicit use of the cum¬ 
bersome representation of the y?-matrices. This completely destroyed the beauty of 
the ‘ particle ’ formulation. However, as a result of the recognition of the close corre¬ 
spondence mentioned above the nuclear interaction can now be included in the 
matrix scheme without affecting its elegance. 

In using the matrix method for the quantum-mechanical treatment of the 
physical processes involving mesons ^it is necessary to evaluate the spurs of the 
multiple products of the The usual methods for their evaluation are extremely 

cumbersome (cf. Booth & Wilson 1940). In this paper a general formula for the spur 
of a product of any number of wiU be derived quite easily. It is hoped that it 
wiU be of use in future calculations. 

It is well known that the Kemmer formulation can be applied only to a particle 
of non-vanishing rest-mass, i.e. The derivation of the second order equation 

= 0 (3) 

from (1) depends directly on the explicit assumption %+0. It will be shown that by 
a slight modification the same formahsm can be adapted to the case of zero rest-mass 
so that it can now be applied with equal elegance to the case of the photon or the 
electromagnetic field. 

2. The Hermitian conjugate of (2) is 

_j_ ^ gU^m ^ 

where yfftfc is the Hermitian conjugate of yff*. Thus the y?|’s satisfy the same commuta¬ 
tion rules as the y5yj.’s. Therefore every irreducible representation of the is equi¬ 

valent to the corresponding one of the because it has been shown by Kemmer 
that two inequivalent irreducible representations of the yff^’s having the same number 
of rows and columns do not exist. Therefore there exists a matrix A such that 


(4) 
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It follows &om (4) (see Pauli 1936 ) that^ can always be chosen to be Hermitian, i.e. 

Af = A. (5) 

The Hermitian conjugate of ( 1 ) is 

so that from (4) — = 0 . 

Put i ijr^A = ( 6 ) 

then satisfies the equation 

= (7) 

Let he the matrices representing the infinitesimal transformations of the 
Lorentz group, so that by an infinitesimal transformation 

Xk = Xj,+e^a} (% = -ea) 

rjr is transformed to = ( 1 + r]r. 

From the relativistic invariance of (7) it follows that 

f*' = 

and from ( 8 ) and ( 6 ) one obtains 

Besides, satisfy the following well-known commutation relations 

/win] __ gkmjln glmjkn ^ gknjlm _ ^njkm 

where [A, B] = AB — BA. It is well known that in the present case 

IB = 

and (9) and (10) are satisfied. 

Introduce a one-column vector-matrix 7*. such that transforms as a vector, 


so that from ( 8 c) 

^kl^m 9kmP^l QlrrP-k' 


( 12 ) 

Put 

therefore from (12) and (9) 

II 

(13) 


mm-^gBn-gia.rr. 

(14) 

From ( 12 ) and (14) it follows that 



Ik‘% = Z7k, 

(16a) 

thus from (15a) and (14) 

r**4* = zr*h 

(156) 


zm ,=II = gum-^-rtik, 


( 8 a) 

( 86 ) 

(8c) 

(9) 

( 10 a) 

(106) 

( 11 ) 
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which immediately gives 

1 

II 

p 


and therefore 


(16) 

Also from (12) and (14) 


(17a) 



(176) 

so that 



But from (106) 




= 3/?j+2^*4; (18) 


therefore = <>• 

On contracting Z,m one gets r^fj'I^ = Q, 
so that 2r|= 0. 

On interchanging I, m and subtracting it is found that 

so that = 0. (19) 

It win now be shown that for a given representation of the /5j.’s the choice of 
is unique apart from a numerical factor. For this purpose transform (12) into the 
corresponding spinor equations 

= + {20a) 

— = + (206) 

The Greek alphabets wiU be used to denote spinor indices, the Latin aphabets 

being reserved for tensor indices. Here 

= (2l'a) 

= il^ar^cd’^v, (216) 

= (21c) 

The or-symbols have the usual meaning, and are the fundamental antisymmetric 

spinors for raising and lowering the indices, _ 1 Similarly, 1- 

Every finite irreducible representation of is characterized by a positive number k 
which can assume only integral or half-integral values. The following relation 
holds for a particular irreducible representation 

(22a) 

Similarly, a finite irreducible representation of is characterized by a positive 
number (integral or half-integral) given by 

~ ^(^ + i)- 


(226) 
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As is well known (Dirac 1936 ; Fierz 1939 ) for any given values of Ic and I the fol¬ 
lowing relations hold: 

Ip,{V) = %(*) - 

%{k}u>‘{h-i) = Vf,{h-^)vi^(k) = 0 , 
u^{k)v/‘{k) = 2k, v/‘(k)UiJ(Jc) = 2k+l, 
vi‘(k +i) u^ik -I- J) - vfik) vi‘{k) = ^i‘, ' 

u^il)nA{l-i) = = 0 , 

u^{l) v^{l) = 21, v^il) u^{l) = 21+1, 
v^il+^)u%l+i)-u%l)v^{l) = ^^ 

where is a spinor matrix with 2k+ 1 rows and 2k columns, while VjJJe) has 2k 
rows and columns. Similarly for Upff) and v^Q,). Corresponding to definite 

values of k and I split up in 'Ia^{k, 1) (cf. Bhabha 1945 ). From ( 20 ) it is found that 

= (24a) 

= (246) 

from which it follows that 1) = 0 nnleas 

A:(A-H) = |, l{l+l) = i, 

i.e. unless k = \,l = ^. Therefore ( 20 ) reduces to 

~~ (25a) 

~ (256) 

where 7^^ is written instead of for brevity. Multiply (25a) by v/‘(i) so that 

from (23) 

On interchanging v, a and adding it is found that 

SO - ®.(i) = K««'‘(4) 7^4. 

or, on multiplying by yfH), 7^^ = «^(}) 7^, (26) 

where 7) = 4»'“(4)7^^. Similarly, by substituting (26) in (256) one obtains 

4) ~ ^a(4) ^j^(4) (27 a) 

^ = 4t’^(4) = 4®“(4) Ai) ic.fiih 4)- (276) 

r^M) = A\)A^)r*, (27c) 

-r* = ir^(4,4)«“(4)M^(4)- (27d) 


where 

Similarly from (14) 
where 
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In casej k, I, m, n form a complete system of commuting variables, ’I and P* are 
ordinary numbers. That h, Z, m, n do actually form a complete system of commuting 
variables for the various irreducible representations of the follows from the 
dimensionality of the 5- and 10-row representations (cf. § 6 ) which are the only non¬ 
trivial irreducible representations as shown by Kemmer. Therefore 7^^ and are 
determined completely except for a numerical constant. Incidentally (27) proves 
that non-vanishing 7^ and satisfying (12) and (14) always exist whenever the 
irreducible representation i Z = J is contained in the representation of the 

This condition is of course satisfied for the case of spin 1 and 0 (cf. § 6 ). 

Notice that from (27) 

SO that unless P * or 7 is zero Pf 7* + 0. However, from (13) and the non-singularity 
of A it follows that if 7 = 0 then T'* = 0 and conversely. Therefore 

unless P^ = 7 0. Thus if 7^. exists at all it can always be so normalized§ that 

r^7* - 4. 

This determines completely except for a phase-factor of modulus unity. On 
introducing this normalization (16) becomes 

mi = 9ia- (28) 

In view of (27), (19) is easy to understand. It has been shown by Bhabha ( 1945 ) 
that the only non-vanishing matrix elements of are of the type 

{k^l\Pr\^±\,l±\Y 

Since the only non-vanishing elements of P^ and 7^ are P^ih i) %{h 
follows that a product of any odd number of yff/s multiplied by P^ on the left and 
on the right would give zero. Also notice that if 9 be any operator commuting with 
then 67js and P^O satisfy equations entirely similar to ( 12 ) and (14). It therefore 
follows from the above result that 97 and P^ 9 can differ from 7* and P^ by a numeri¬ 
cal factor only. One such operator 9 is Thus 

numerical multiples of 7* and jTf. Due to (13) the multiplying factors are conjugate 
complex of each other. 

It may be mentioned here that all the results obtained so far depend only on the 
existence of and A satisfying (9) and ( 10 ) and are completely independent of the 
commutation rules ( 2 ). They hold therefore for the matrices occxmring in any 
relativistic wave equation of the type ( 1 ) (see Bhabha 1945 ). IVom now onwards 
( 2 ) will be used explicitly. 

J m n are the eigenvalues of and respectively. 

§ If necessary the sign of A may be reversed -without disturbing (4) and (5) to make 
positive. 
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Notice that from (2) {29a) 

and = (296) 

SO that from (17) and (11) 

= — ^'Iki 

i.e. ' (5-l)(5-3)7fc = 0, (30) 

where 5 is a number given by 

therefore .B = 1 or J? = 3. For the 10-row representation of the has only 

2 and 3 as eigenvalues, while for the 5-row representation the eigenvalues are 1 
and 44 Therefore for the 10-row representation £ == 3 while for the 5-row one £ = 1. 
Now consider From (12) 

~ ^IrP-r 9nr^T^m 

On the other hand, from (11) and (29) 


= (31) 

therefore {A/?n(3“5)-h)ff„A(l“-S)-hft^jB}7,. = gm'Ir+'^ynr^ (32) 

For the 10-row representation 5 = 3 and so 

— 97a^r^9nr^V (33a) 

Multiplying (33a) by 

= A(5->S"4)7, = 2A4 = 

i.e. = (336) 


t The easiest way to verify it is to calculate from the equation (100) of § 6. Notice 

that from (29 a) it follows that commutes with the and therefore for any 

irreducible representation of the yff^’s it is a multiple of the unit matrix. Thus for any irreducible 
representation Si — satisfies the equation 

{J'~5i)(^-52) = 0, 

where Bg are numbers with B^ -h Bg = 5. Also it is easy to prove from (2) that the character¬ 
istic equation for ^ is 

1) (J^-2) (^-3) (^-4) = 0; 
this, together with (29a), permits only two possibilities 

Bi = 1, Bg = 4, Bi = 2, Ba = 3, 
besides the trivial one B = 0 corresponding to Pi = 0. 
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Thus for spin 1, is antisymmetric in I, r. 

On the other hand, for the 5-row representation = 1, so that from (32) 



— '^l9nr 


(34a) 

Multiplying (34a) by f’’ 






therefore 

fn'Ir = = Pr'In- 

(346) 

The corresponding equations for are 




> 

II 

S 

1 

r 

K for spin 1, 

(36) 




Ptfii = rr^ic = l9iarif^~ 

Pk^lfm = 9mPm ■ J 

j- for spin 0. 

(36) 

Now introduce a matrix y? defined as follows: 




f = ij,r*K 


(37) 

From (28) it follows that 


(38) 


11 


(39a) 


II 


(396) 

also from (33) and (35) 




fnM = 9raP-'IiP* = for spiu 1, 


and similarly from (34) and (36) 




II 

II 

< 

for spin 0. 


Therefore in both cases = 

0. 

(40) 

Now put 


(41) 

then 

Sk&t^ MPi+fMP, 


since = 

0 from (19). Also from (40) and (38) 








therefore 

■ + (.9ktfim + 9mlfk) f + fi(9Mfm + 9nafik) 



= 9kl^m + 9n>l^k> 

(42) 

thus the 

satisfy the same commutation fules as the fij/s. Also from (19), (37) 

and (39) 

^k'^l — iffk'^fkfi) 

II 

(43a) 


33-2 
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The representation of the dj^s must be equivalent to that of the y(?j.’s since from (43) 


and the B values for two inequivalent representations are dififerent, therefore 

fi^ = 8e„S-\ (44) 

where S' is a non-singular matrix. Notice that from (41) 

^k^+^^k = ^k> (45) 

so that from (44) and (45) fik^'+^'^k = ^k> (46) 

where /?' = S/JSf-^ = S7j,r*’‘8-\ 

Put = JjQ. Then from (43) 

~ ~ 9kmPl'^9l7nPk' 

But = 8-^1]^ 8, and so 

— ~ffkm^P'^9lm^'Ik- 


Thus STj. satisfies an equation similar to (12) and therefore must be equal to cTj, 
where c is an ordinary number. Similarly, 8-^ is equal to c*Jf, where c* is another 
number.. However, 

• cc*r^7t = r^8-^87t = mi = gu, 

therefore cc* = 1 and 


jff' = ■87kr*’‘8-^ = cc*7^r*^ = TfcP** = 

so that M+fih = h- 

Collecting all the equations together 

— gn> 


g^Pm gkmPl 
r^gin^-Ffg^ 
h'Ii=-^i7j, 


for spin 1, 


r%Mra = gmr^ 

^Pm ~ 


for spin 0. 


(47) 

(48a) 
(486) 
(48c) 
(48 d) 
(48e) 


(49a) 


(496) 



Particle and wave aspects of meson and photon 511 

It will now be shown that the conditions (486) and (48c) are so restrictive that 
for any irreducible set of matrices (which need not in general satisfy (2)) there 
exist either none or just two matrices /? satisfying them. Notice that if /? is a solution 
then 1—yff is also one. Further /?=|=1—^5, since accoimt of (486). Now let 

/(?' be any other solution. Then 

so that Wk, if-m = Wu, 

where [.4, .8]+ = AB+BA. Since the are irreducible it follows that 
is a multiple of the unit matrix, i.e. 

(50) 

where c is a number. On multiplying (50) by /? or /S' 

/S/S'/S =(l-c)/S, (61a) 

/S'/S/S'= (l.-c)/?'. (516) 

From (48c) and (51) = (1 - c) h- 

Now [dJkl+f'/S 

= /?AA+Afc;^'^=(l-c)A, 
since = 0 as follows from (48c). Similarly 

W'Pf'Jk\ = = (l-c)Afc. 

Subtracting (526) from (52a) one obtains 

wp-m,^k\ = 0 , 

therefore is a multiple of the unit matrix, i.e. 

where is a number. Multiplying (53) by p from both sides 

dp = 0, 

therefore d = 0, since yff 4=0 from (48c). Thus 

Multiplying by P on the right gives 

P'P^PP'P={l^o)P, 
while multiplication by P' on the left gives 

therefore (1 — c)/S = (1 — c)/S'. 

Thus either J5 = ore = 1, in which case /S/S' = = 0 and therefore 

/S' = l-A 


(62a) 

(526) 

(53) 

(64) 


from (50). 
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Now consider the matrix y — (®®) 

for the case of spin 1 : 7 ® = 

= Wi^-hfh^Pi 

= \mi=^y- 

Further y = = i(l 

therefore from (29a) and (48c) 

. ry?fc+A &7 = Aft- 

Prom the result just proved above it follows that either y = fi ovy = 1—A- Bat 

A%y = A%.iAAA' 

= W-A%)AA' 

= 2y, 

7 = 1 -A 

A+iA*AAft = 1 for spin 1 . ( 56 ) 

r® = *A'{5-B)AA = iA'AA = r. 


while 

therefore 

and 

For spin 0 take 
Then 


Also 7 = = i(i = iCAftA^'-A). 

therefore TAft+AftT = Aft 

and y = y? or 1 — yff. But 


while 

therefore 

and 


AAr7 = iAft(5-A/)AA' = 47. 
A'AzA = A. 

7 = i-A 

A+iA*AA* = 1 for spin 0. 


(57 a) 
(575) 


Also from (495) and (57a) it follows that 

A^AA^ = g'^(l — yff) for spin 0. 

It is interesting to observe that for spin 0 

= g'*^(l -/?)y(?>»+/?*(l-;d)gr''« 

= (58) 

The condition (58) is stronger than (2) and may be used to separate the 5-row 
representation from the 10-row one. 

A few other interesting results can also be derived. For example, considerf 


+ Qklmn f 


is a tensor antisymmetric in h, I, m, n and e“i“ = 1. 


(59a) 
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It follows from (58) that w = 0 for spin 0. Therefore only the 10 -row representation 
need be considered. In this case it is easy to prove from (48) and ( 49 ) that 

(596) 

so that 

— Xddmnc mfn' f> rr o 

— 8 ^ ^mn m'Pn' 

= (59^5) 

It follows immediately from (596) and (59 c) that 

0)^ = (0, 

=A-= 

(ojS^o) = 0 , 

= 0 - 

Also from (596) 

^j,o>+cvdj, = 

= I (1 -iff) 

= i (1 -^) e/-™ from ( 2 ) 

= 9'srW® = ?«.«■ 

Therefore, as has already been pointed out by Schrodinger ( 1943 ) and Kemmer 
( 1943)9 ^ satisfies the same commutation rules as any of the y?**s. Thus if one puts 
<j> = and ^44 = 1 , ^ (*+^)9 ( 2 ) would hold for ( 0 , 1 , 2 ,3,4). 

3. The above results can now be applied to evaluate the spurs of any matrix 
composed of the y?;j,’s and their products. Notice that 

sp{^) = r*7^ = 4 , 

spifik) = ^pWk+M = = 0 , 

and sp(iffiA) = spifikPPi+MiP) = 

so that from (49) ^Pi^kfii) = ®pfr^ 

sp{M) = '^Sn for spin O.j 
Consider now the spin 1 case, so that 

Pk — 9kn9lm 9km,9xn~V[]Ahnn\' 

Pjc, fiki^kt • • ■ fikn Pkn+i ~ ^k, ■ • • fikn^^kn-n' 


(60a) 

(606) 

(60c) 

(61a) 


Due to (39) 
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In case n the number of factors ^ finds on using (40) that 

• • • Pkin-i^h^ ~ ^k,fiki ■ • • ~ (®1 b) 

On the other hand, for an even number of factors one gets from (38), (39), (40), 
(37) and (61a) 

^kt ^ki ^k^^^tn+i 

Vlk^killk^^ Vu^k^lki^ iftan—iltfcan^iaji+J* (^1^) 

NoTT- Wk,-fik„) = Spi^h,-Pk. + hM,-fikn) 

so that y 9 [ 4 fc,]Dfe.y ... 

+ (62a) 

Wi.../Jfca„J = 0. (626) 

For spin 0 nM^l^ = gu9mn, 

therefore ■■■^k^^'Ik^ = 0, (63a) 

^k,fiki • • • Aan ffkfjkiffkikt ••• 9kinkat.+i' (636) 

^Pifiki fiktr^ 9kiki9kikt "• dk^a-iknn'^9kikiffktki ••• Skjmkii (64a) 

«J>(Ax-.^w) = 0-. (646) 

Multiplying (626) and (646) by arbitrary vectors ..., ^(2n)fcm^ one finds 

that 

sp{(A(i)p) (A®p)... (Ae«)p)} 

• = + foj,gp^ 

while for spin 0 

sp{(A<«p) (A0)p)... (A(2»)p)} 

= (A(2)A®) (A<«A®)... (A(*»)A®) + (A»)A®)... (65 6) 

where (Afr^) = (A«A(»>) = 

= (A«A(»)) 

4. Let us now return to equation (1). First consider the spin 1 case. Multiplying 
(1) by 77 from the left 

Pk^fAx^fTp- = 0. 

Similarly, multiplying by 

i^kM^^+xr^Pif = 0 , 

or from (49a) ii?irj^f-durrir)+xr^Pit = 0. 

Pat W=17„ 


= (?«. 


(66 a) 
( 666 ) 
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On account of the antisymmetry of jT^/J^in 1c, I, Oj^^i is also antisymmetric. The above 
equations can now be written as 

(67a) 

^^Gja+X^U^=0, (676) 


which are precisely the usual equations of the wave formulation. To understand 
the equation 




( 68 ) 


■which follows from (1), replace by Then 

X 


Similarly f = = 

* X 

therefore from (68) 

Multiplying by jT*** one obtains 9*?7fe = 0, (70a) 

while on multiplying by J'*'*/?® it is found that 

+ (706) 


The equations (70) are completely equivalent to (69) or (68) because the latter 
follow from the former. 

In the same way the energy-momentum tensor 


Tu = ‘X}lr*i3u-Mi-^i^k)f (71) 

can also be transformed 

X 

and -h iy^VA:) ^ 

= W^U _^ mmiy j_ \_Q\mnQ 

therefore 
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The angular momentum tensor is given by 

^ia,m = {{3lf % - f*Xl) Pmf- 9| - ’A*(4/?m + Am4) • 

(73) 

It would be interesting to transform the spin term to the usual wave formulation. 
It is found that 

rMiM = U,g^-Gim U,- 

A 

therefore 

riuM = Gng,^-OUU:+ GtmU,-mG^+ UIQ,^. 

is minus the complex conjugate of Therefore the spin term 

4,m i® 

^ia.m ~ ~^-!l^*(4An+^m4) 

= S'!"[4 +complex conjugate}, (74) 

so that for k and I not zero 

%o = ^[{<3^. 4- ^iPk) + complex conjugate]. 

The commutation rules for ^ and when the second quantization is intro¬ 
duced, have been given by Kemmer. They are J 

(M'U = (75) 

where /t and v refer to the matrix elements of the 1-row and 1-column matrices 
-^*^0 and respectively. Now 

X 

X 

X 

X 

X 

f In IK-emmer s paper [A, 1B’\ denotes a Poisson bracket, so that in his case 

[A,B]^i(AB--BA). 

Also on the right is replaced by here so that the right side vanishes automatically 
for the matrix elements corresponding to the eigenvalue 0 of This artifice of replacing 
^fiv by {pDp^ was pointed out to me by Professor Bhabha. 
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where the underlined index A runs from 1 to 3 only. lYom (75) 

==-gjaB{x-x'), 

i.e. 

whicli are the correct commutation rules of the usual wave theory. 

It is now extremely easy to include nuclear interaction in the above scheme. The 
total Lagrangian can be written as 

where is the Lagrangian of the field of the heavy particle, of the meson field 
and of the electromagnetic field. and include the interaction of the 
electromagnetic field with the heavy particle and the meson respectively. 1/ is the 
interaction term between the meson field and the heavy particles, and is given by 

JJ = gi^*cd‘{Tp^r^f+Ttfpf*7,,) W+g^W*0L^a\Tpp,r^Pifr+T^pf*^Tlj,) W. (76) 

W and !P* refer to the heavy particle. a*’s are the Dirac matrices acting on W. 
IP* = where 1/ is a matrix such that 

Tpj^ and Typ are the operators corresponding to the conversion of a neutron into a 
proton and vice versa. In fact (76) is exactly the same as the usual interaction term 
in the wave formulation of the meson theory. Obviously (76) can be extended to 
include pseudo-vector interaction by adding terms of the type J 

and {Tpyr^^^f + Typf^P^T;^) w, 

where is a tensor antisymmetric in all the four indices and %23 = — 1* 

Let us now consider the case of scalar mesons. Multiplying (1) by jT*^ on the left 

t If ^ l — is taken as the reflexion matrix then is a vector and not a pseudo- 

vector, since 

= (1 —2^o) = 2 ^o&Tq— 

71 satisfies the relations 

= (^"4=0), 9?/?o = A??- 

For the 5-row representation the reflexion matrix must be taken to be ‘->3/ so that 
may transform as a vector since in this case 

= Ti; — 2'T5gr0j.. 
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Similarly, multiplying by aad using (496), 

= 0. 

Put nf=Vj, (77a) 

aad rtM = u, (776) 

then (1) is equivalent to 

djU^^Uj, d^u’‘+x^u==o, 

which are again the usual equations for the scalar field. Also it is found that 

V 

and 

so that (68) can be written as 

or d^Ui—diUj^==^0. 

The expression for the current vector and the energy-momentum tensor can be 
transformed exactly as above. They agree with the usual expression of the wave 
formulation. Further, from (58) it is found that 

u), 

V 

so that 

3[ Y 

'Sja.m = = U\g^TJ) + Q 0 m$\&s. conjugate}, 

therefore Sj^q = 0 in this case. 

Also +? mr*, 

% 

^oir = 7oUo-f.^rn7^U, 

so that ^ = C/J 

roM = ~^u, rjif=u^, 

V 


and 
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therefore from (76) 

[c/J, - f c^'] = [f U'^ = -8{x-x'), 

which are the correct commutation rules of the usual scalar theory. 

The nuclear interaction can be introduced in the scalar theory by exactly the 
same expression (76) as in the vector theory. However, on account of (496) and the 
fact that ofi(x,jQ = 4 the second term in (76) can be written as 

The ^2 term gives rise to the ‘charge’ interaction while the term brings about the 
‘dipole’ interaction. This is precisely the reverse of what happens in the vector 
theory. The pseudo-scalar interaction can be introduced through the terms 

and ^ P- 

In the case of neutral mesons the additional condition 

= r^f {ISa) 

has to be imposed in both the scalar and the vector case. It then follows from the 
equations of motion that 

= (786) 

Also for this case r^yp and Tp^ are both to be replaced by 

The above method of treating neutral mesons is completely equivalent to the one 
employed by Majorana ( 1937 ) and Belinfante ( 1939 ). Let a bar denote the complex 
conjugate and a curl the transposed of a matrix. On taking the transposed of ( 2 ) and 
reversing the sign it is obvious that the matrices — satisfy the same commutation 
relations as so that for an irreducible representation of there exists a matrix 
d having the property that 

-h = ( 790 ) 

From (79a) and the irreducibility of yffj, it is easy to proTe that (of. Patili 1936 ) 

d = ±d. {IQb) 

To decide between the two possibilities notice that from ( 11 ) and (79o) 

m+dP^ = (i. 

Put r* = Tfc. 

Then satisfies an equation similar to (14) and therefore 

rjf.6 = aPJ, 
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where a is a number. Since ^ is a non-singular matrix a =i= 0, and therefore without 
disturbing (79) 6 can be replaced by 6a-^. In other words, d can be so chosen con¬ 
sistently with (79) that 

rj = r|. (79 c) 

On taking the transposed of (79 c) and using (79 b) it is found that 

therefore = ±r^d.d-^Ir = ±r^Tf = tFflj, = ±g^. 

It therefore follows on account of (28) that in (796) only the positive sign is per¬ 
missible. (78) can now be written as 

= -FjdM = rA0ir 

= 

SO that jfrom (80) and (56), (57) 

= '(jrQ, 

As a consequence of (81) the current density vanishes since 

= fOAf = fhsf = - fdAf- 

Also the usual Lagrangian 

can be written in the form 

L = (826) 

% 

where ^ is written instead of ^ to emphasize the fact that now there is only one 
canonical variable ^ in the Lagrangian. 

The connexion between d and A is obtained from the equation 

-A = e^-^AAA-w^ = 

so that ff^-^A = cA-^, 

where c is a number. Due to & = B and A = At the above equation can be written as 

5-M = c2-i^. 

Multiplying by F* on the left 

W-^A = cFfA-^d = cFj,e. 

But n'^-^A = AA = F^, 

therefore from (79 c), c = 1 and 


(80o) 

(806) 

(81) 

(82a) 


e-M = A-'^d, 


(83a) 
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The matrix ^ of Belinfante ( 1939 ) corresponds to A~W. 

Let it also be remarked that dp = p6, 
since dp — dlj^F^d = Pd. 
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(836) 


5.. Equation ( 1 ) can now easily be adapted for the case of zero rest-mass. Instead 
of ( 1 ) write 

iP^dj^f + yfr = 0, (84) 


where y is a matrix satisfying the following conditions: 

y2 = y, 

yP^ + p^y = pj^. 


(86a) 

(856) 


In (84) y appears in place of the mass x of the particle. Multiplying (84) by ( 1 —y) 
on the left one obtains 

iP%(ytP) = 0 . ( 86 ) 

Thus yrjr satisfies (1) with x = 0. Also on multiplying (84) by d^^p^p^ on the left it 
is found that 


(87) 


therefore yfr also satisfies ( 68 ). The second order wave equation 

dj,d\yf) = 0 

follows from ( 86 ) and (87). Further, if ^ is any solution of the equation 

P'^dj,4> = 0 , 

then y/J^Sj-^i =/?*9j.(l—y)^ = 0 . 

Also since y(l—y)^ = 0 


( 88 ) 


{l-y)<j> satisfies (84). Thus (1 -y)^ is also a solution of (84). This corresponds 
to a gauge transformation of the usual theory. 

Equation (84) can be derived from the Lagrangian 


L = \ [dj,f*P^yf - ilr*yp^d„f\ + f*yf. 


yt = AyA~^. 


(89) 

(90) 


y must satisfy the condition 

In fact from the result that for any irreducible representation of the /S*’s there can 
exist only two y’s it follows that either (90) is f ulfill ed or 

AyA-^=l—y^. 

In our case y can be either p ov I—p, and since 

AP = 4'I*r** = = p^A 
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(90) is satisfied. The Lagrangian (89) is gauge-invariant, i.e. it remains unchanged 
when ijr is replaced by (1 —7)^ and <j> satisfies (88). This is why the expression 
(89) has been preferred to the following more obvious and simpler one, 

Xr = {9;^ 


■which, though it is not gauge-invariant, yields the same equations of motion. 

The expression for the current vector derived from (89) is the same as in the 
meson theory 

+r/?*) f = f*h t, (91) 

it is not gauge-invariant. 

The energy-momentum tensor derived from (89) is 


However, it can be verified that 

Tm = ^'ict~^^{ngMfim-9km^i)y-y(gkifirr.-9k„,m f}> 


(92) 


where 


^ [9* f*Pi h fl- 


T'j,i has the same form as in the usual meson theory. Also it is found that due to (84) 




where 


(93) 


= f*i3]d-hfii-Mk)yf‘ 

Therefore which is symmetric in A and 1 may be taken to be the energy-momentum 
tensor instead of (93) differs fi^om (71) only in having y instead of x- Thus in the 
present theory y formally plays a part somewhat similar to that of the mass in the 
meson ■theory. On account of the factor y, is gauge-invariant. 

The expression (73) of the angular-momentum tensor remains valid also in the 
present case. However, the spin is not gauge-invariant. 

The Hamiltonian formulation of (84) may be obtained in the same way as for the 
meson theory (Kemmer 1939). Multiplying (84) by /?j(l -y) 

^%%{Tlr)+Mk^(.yf) = 0 , 

while from (87) with Z = 0 

= 0 , 

therefore d^{yf) (^oAfc-A/o) ^{yf) = 0. (94) 

Tto gives the equation of motion of yf. No such equation exists for [l-y)rlr. 
This corr^nds to the weU-known fact that the Hamiltonian formulation gives 
the equations of motion only of the gauge-invariant quantities. Obviously y-dr is 
gauge-invariant while (1 —7) ^ is not. 
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In order to eliminate the ‘ longitudinal waves ’ ^ is to be chosen in such a way that 
it satisfies in addition to (87) the equation 

(95) 

This can be done by a suitable gauge transformation. 

There are now two possibilities. Either y = \-f o-c y - Consider first the 
case of the 10-row representation of the so that now 

It can be verified that in this case (84) corresponds to the usual Maxwell equations. 
The Lagrangian (89) becomes 

where F^ = (96®) 

1 / 

and Uj, = r^f. (966) 

From (69) it follows that the elimination of the longitudinal waves in this ease 
corresponds to imposing the condition d^Uj^ = 0. With this choice of y (84) may be 
used to describe the photon or the electromagnetic field. In this case the reality 
condition (78) or (81) has to be imposed. The interaction of the photon with the 
charged particles can be introduced in a way entirely similar to (76). For example, 
to introduce interaction with an electron of charge e the interaction term 

eW^ofiWrj^df 

has to be added to the sum of the independent Lagrangians of the electromagnetic 
and electron fields. On account of (81) and (83), (89) can now be written in the form 

U = + \f6y}}r, (97) 

' For the other choice y = /? (84) is equivalent to 

= UK (98a) 

im 

and Uj being still defined by (96). It follows from (98) that there exists a U 
such that Uj — diU and &diU = = 0. 

Equations (98) are thus formally equivalent to the equations of the usual scalar 
theory. The energy-monentum tensor turns out to be 

nu^+U^U^-guV^U^, 

and therefore agrees with the usual expression. The current vector and the com¬ 
mutation rules for the second quantization are, however, different. A gauge trans¬ 
formation consists in adding to F^ another antisymmetrical tensor F'^ satisfying 

= 0 , 
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The elimination of the longitudinal waves corresponds to imposing the condition 

Coming to the 5-row representation of the yJ^’s and taking y = 1—/? = 
it is found that (78) is equivalent to 

a^!7«^+C7 = 0, (99a) 

= (996) 

where U and are defined by (77) with X = energy-momentum tensor 

comes out to be 

-dn = guU^U. 

Ciauge transformation consists in adding to a tensor such that 

d^U'm = 0. 

(88) corresponds to imposing the condition dj^ TJi = 9^ The current vector has the 
same form as in the usual scalar theory 

\{WU^-UtTJ}. 

Since from (99) CT is a constant the energy-momentum density is also constant and 
therefore the field is of no physical interest. 

The case y = corresponds to the usual scalar theory, the equations being 

3*17=17* 3ft 17* = 0. 

The Lagrangian is TJ% 17*- (3*17+. 17ft-f 17j^3*17). 

Gauge transformation consists in adding to 17* a vector 17'* satisfying 

In this case (95) follows automatically from (87) since 

= from (573) 

6. Till now the theory has been developed in an abstract way. It is useful to 
know what the matrices Tj., J"** and actually are for a particular representation. 
For this purpose it is best to choose the following representation. For the 10-row 
representation, f and = y(?ftCr*A are 

1 )\ / 0 'Oa.U'^ 0 \ 

fih i) 1. Kk = M- 0 -Mn], (100) 

}^{1>0)/ \ 0 0 I 
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where = v„{^) and vf = u^(l) and similarly for others. The splitting up of ^jr corre¬ 
sponds to the decomposition of the whole representation with respect to the h and I 
values so that the components of are 1) (of. Bhabha 1945 ). For this repre¬ 
sentation 

( 0 0 0 \ 

0 1 o|. (lOlffl) 

000/ 


V 2 





^?A = 0 



Also 


(1) = 



(1016) 


(1016) is easily obtained from (596), (100) and (101a) if one notices that the spinor 
corresponding to is given by (of. Harish-Chandra 1945 ) 


where 

and 


■^(A/i)(i/p) ^(®A)5^P/5 "b ^py^Ap)* J 


On the other hand, for the 5-row representation 


f = 


mi) 

mo). 


PaX — 


0 

0 


(1026) 
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